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BSTRACT. The present paper extends previous analysis* to cover any degree of space- 
harge limitation. In addition to terms involving initial velocities and accelerations of 
lectrons, the effect of a magnetic field of constant value has been included. 

The potential-distribution is shown to be but slightly influenced by the magnetic 
eld under steady-state conditions. It is shown that Langmuir’s results for this caset still 
pply fairly accurately for potential-minimum calculations in the presence of a magnetic 
eld. Particular attention is given to the value of the electric field at the cathode and to 
he average initial velocity of those electrons which reach the potential-minimum and 
hus constitute the anode current. The prolongation of electron transit time by the mag- 
etic field is fully discussed. 

The electron-velocity is composed of a forward component parallel to the electric 
field and a drift component at right angles to both electric and magnetic fields. The 
forward velocity may be oscillatory in character but the drift velocity is unaffected by 
alternating fields. 

The general solution for the forward velocity contains two arbitrary functions the 
correct choice of which is fully discussed. The inclusion of a magnetic field is definitely 
of assistance in establishing that the choice of the arbitrary functions is governed mainly 
by the necessity for avoiding infinite values, rather than by boundary conditions of the 
usual type. This anomalous state of affairs arises from the non-linearity of the original 
equations, which involves the introduction at an early stage of the arbitrarily assigned 
boundary values of the steady-state components of velocity and acceleration as well as 
those of the direct and alternating current. 

Formulae are given for the components normal and parallel to the plates of the electron- 
velocity averaged over all electrons, and application is made to a real and to a virtual cathode. 


§1. INTRODUCTION 


to know the relations existing between direct currents and voltages, as obtained 

theoretically or by direct measurement, to be well acquainted with the processes 

that take place in high-vacuum tubes. At the present day the same outlook is still 
* W. E. Benham, Phil. Mag. 11, 457 (1931). + Phys. Rev. 21, 419 (1923). 
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I: the vacuum-tube theory of some twenty years ago it was considered sufficient 
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justification. In the design of 


1. and not without abundant ex erimental 
ieee eee : ion a number 


vacuum tubes for broadcast or commercial transmission and recept 
to be determined in addition to the static 


e electrostatic capacities 
Where curves 


of constants have now, of course, 
characteristic curves. The most important of these are th 
between the several pairs of electrodes associated with the tube. 
other than the static characteristic curves are quoted, such as those showing audio 
output power and efficiency as a function of output impedance, such curves can 
generally be regarded as known from the static characteristics, though in practice 
dynamic measurements are usual where the saving of time is a major consideration. 

It is generally true that the higher the frequency of the alternating current for 
which a given vacuum tube is designed the greater is the uncertainty that attaches 
to any estimate of the performance based on static characteristics. In addition to 
the limitations of efficiency associated with interelectrode capacities already 
referred to, dielectric and eddy-current losses may be paramount. In many cases 
the electron-inertia is rightly considered negligible in comparison with other factors. 
What is not generally appreciated, however, is that electron-inertia may be of 
importance even at audio frequencies. For example, the operating interelectrode 
capacities are known to depend on the space-charge conditions between the 
electrodes. If the electrons were possessed of charge but were fixed in space, they 
would invariably increase the capacity as compared with the electrostatic value. 
Owing to the finite mass of the electron the capacity is lessened by an amount 
depending on the space-current conditions and geometry of the electrode-pair 
considered, and only to a minor extent on the frequency (except at frequencies 
comparable with 7-1, where T is transit time of electrons). 

It is, admittedly, difficult to predict with certainty the effect of space-charge 

inertia in multi-electrode valves. It is possible, however, to say with confidence 
that a stage is rapidly approaching where greater attention will have to be paid to 
this question. In the pentagrid tube, for example, we have a virtual cathode formed 
between a pair of grids and serving as electron-source to succeeding grids. 
It appears that a virtual cathode is possessed of remarkable properties, accurate 
information concerning which can only be obtained by means of an exhaustive 
theoretical study covering electron-inertia, together with the initial velocities and 
accelerations at the real cathode. 

In the attempt to establish some of the properties of a magnetron oscillator, a 
magnetic field applied parallel to the plates of a parallel plane diode was studied, 
first of all by neglecting initial velocities and accelerations, and anomalous results 
were obtained at the critical plane, which is the turning-point of electrons in the 
diode. Now the critical plane in a magnetron differs from a virtual cathode* only 
in respect of the existence of a drift-velocity component parallel to the plates i 
study of the critical plane should therefore result in information which ir b 
applied to virtual cathodes in general. With a view to obtaining further Pree 
initial velocities and accelerations have been included, and the general solution h 
been derived. ma 

* L. Tonks, Phys. Rev..29, 913 (1927). 
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§2. NATURE OF THE PROBLEM 


(2.1) General conceptions. The problem involved in generalized electronic 
theory is very similar in nature to that of the motion of charged particles in free 
space under the influence of electromagnetic waves, but with one important 
difference. In illustration of this difference we may consider two equal electro- 
magnetic waves travelling in opposite directions. Let them meet at a point. If the 
electric vectors of the two waves are parallel, a quasistationary condition, in which 
the magnetic forces in the waves cancel one another, will obtain at the point con- 
sidered and also along the line of overlap of the waves. Further, if the waves 
considered have travelled sufficiently from their respective source to be considered 
plane, they will meet in a plane and a volume will be traced out in which the above 
quasistationary state applies. 

If in this volume we insert a plane thermionic cathode in a condition to emit 
electrons, and orient the cathode at right angles to the electric vectors of the waves, 
the motions of the electrons in the space will be governed by the same considerations 
as apply in the practical case of a valve subjected to alternating potentials. 

The illustration serves to show that the problem is somewhat simplified as 
compared with the general electromagnetic problem, which has hitherto defied 
solution, in that terms representing the magnetic vectors may be dropped out of 
the equations. This simplification is fortunate in that the complication is already 
considerable in view of the mutual repulsions of the electrons. Secondary magnetic 
effects due to the motions of the electrons themselves are small for velocities low 
compared with c, and these will be neglected along with the magnetic vectors, the 
only magnetic field considered being one of constant value. 

Still another conception which it is desirable to introduce at an early stage is 
the subdivision into alternating and direct-current components of certain of the 
physical quantities appearing in the equations. This operation is effected in the 
ordinary course of the analysis, but a word as to its justification may not be out of 
place here. In previous work the vector quantities all occurred in the same direction. 
Any vector could therefore be subdivided into components of a Fourier series 
which could be added together at any point where desired. In the present case we 
have to justify the operation of choosing components of the physical quantities 
parallel to the axes of co-ordinates and afterwards effecting the harmonic sub- 
division. In this connection we have to deal with the non-linear expression UV. U, 
which, when components are taken parallel to the axes, represents nine terms in all. 
While the velocity U of the electrons is itself a vector, UV denotes the scalar 
operator 

es a Usa)" 
The «-component of UV.U is thus 


(Ue t Ui at, =) Us. 


am % 
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Aa etek. h 
If we effect harmonic subdivision before dividing into components parallel to the 
axes, we obtain (U being independent of t) za 
UV.U=UV.U0+(UV.utuV.U)+uv.u. 
The x-component of (UV.u+uV.U) is 
0, 40,24 0,2) tat (te Rt ot tee) Oe 

(ae vByt ee) Uy ® Ox ” oy fae = : ao 
Benes Ole - = Oly oU; 

a2 (Deu) +( Ty Goth aye) + (Ue + U, az ), 

the result which is also obtained by choosing components first and afterwards 

effecting subdivision. We may therefore consider the method of harmonic sub- 
division as justified when used without further comment in § 5 at (5.1). 

A few preliminary considerations will now suffice to pave the way for the analysis. 


(2.2) Notation. In the case of the treatment applicable to individual electrons 
(2.4) the notation used is quite straightforward. The use of fluxional notation to 
indicate differentiation following the motion of the electron is quite usual and rather 
more satisfactory than the use of total differential notation d/dt, since the differ- 
entiation is, in fact, partial, 


ane. Woy ae 
i Gr? io). Eo eee? 
da 
Oto ob ee 


where #, (which <#) represents the instant at which the electron in question left 


the origin. Thus only in the time-steady state can x, y, 3 be regarded as total 
differentials. 


In the general case, the coordinate system used is 
(RV. 2). 
where x, y, 2 are now independent variables, and 0/d¢ denotes partial differentiation 
with respect to time at constant (w, y, z). The velocity in the general case is repre- 
sented by U having components U,, U,, U. parallel to the axes. At a later stage, 
when U, comes in for special consideration, the suffix x is omitted. This does not 
lead to confusion and permits of the use of the suffix o to denote forward velocity 
of emission. ‘The various components of U in the harmonic sense are represented 


by ieee of U into components of zero order U, first order u, second order wu’ 
and so on. 


(2.3) No restriction to small amplitudes. The values of the harmonic components 
of U are determined by assigning to the total current J the wave form 
J=J +h, sin pt+j, sin? pt+..., 


the number of available equations being equal to the number of harmonics it is 
desired to consider. Thus, at any selected value of x 


Df) 
PS (U, J; t); 
uw=h(U, f, U1) fry Je, t), 
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and so on. In general it is only necessary to determine the functions f and g. The 
function h was determined for planes and cylinders in the absence of a magnetic 
field, but the calculation is highly laborious. In cases where we are investigating 
the ability of a valve to give rise to oscillations it may safely be assumed that the 
_ tube and associated circuit will distinguish between harmonics and fundamental, 
so that we should always be able to pick out the latter. In most cases, therefore, 
determination of the properties of the fundamental component gives all the 
information necessary to the problem, and it is to be noted that with the inclusion 
of initial velocities and accelerations the restriction w <U disappears, the solution 
obtained being entirely independent of this assumption except when applied at 
points sufficiently close to the anode, for the electron current to be cut off during 
part of the cycle. This only occurs for magnetic fields in the neighbourhood of the 
critical value. 

The above applies equally to the solution for individual electrons, but in this 
case the solution is inadequate for other reasons; see (2.6). The treatment outlined 
in (2.4) is given chiefly in order to facilitate understanding of the main problem. 


(2.4) Equations and solution for individual electrons of the space charge. Consider 
the motion of charged particles under the combined influence of a uniform magnetic 
field H and an electric field X which will be non-uniform in general. Let the axis Jal 
of z be taken along H and that of x along X. If we choose a right-handed system 
(x, y, 2), the equations of motion of any selected particle are 


mx = eX + eHy 
Ee CLL Ee MAI ES. Vem eee (i); 
ms =O 
where m and e are the mass and negative charge of an electron. m, 
The four cases to be considered are as follows: (a) X uniform and constant; 
(6) X uniform, but varying in time; (c) X non-uniform, but independent of time 
at a given value of x; (d) X non-uniform and varying with time. 
The first two cases are dealt with in (2.41), the second two in (2.42). 


(2.41) Space-charge forces negligible. (a) X uniform and constant. 'The integrals 
of (1) are as follows: 


Y= x t+ Si t+ sin wt ncaa (2), 
X= Xp COS wWt+ Yo SIN w H 
xX 
Y = —X Sin wt+ Yo Cos wt —F; (1 — cos at) ee meee Gy 
Z=0, 
in which the suffix o corresponds to initial velocity components, and w is written 0, 


for (e/m) H. The quantity w represents the natural angular frequency of rotation 
of electrons about the lines of magnetic force, and will require such frequent 
discussion that for the future we shall refer to w as the field frequency, for want of a 
better term. In this and in other connections the word “frequency” will be freely 
used where ‘“‘angular frequency” is to be understood. 
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A further integration gives the path of the particles: 


_% | ‘(3 = r—coswt) wt (4), 
Ne sin wt + Yor ( 

° * : Be ‘ i 
po cos wt» sin Ol Desir = (wt—sin wt) aa en ee (5), 
eae 


We note from (4) the effect of tangentially emitted electrons on the forward path 


(that in the « direction). It can be shown that the maximum value of x is affected 
more by the 7) term than by the x, term. he 
The x component of acceleration at the origin 1s given by 


area Oe ie 
pe (6) (50+ 7) = oot a x weeeee (6). 


By equation (3) there is a mean transverse velocity of drift given by — X/H. This 
was referred to by Chapman as the drift velocity of the free charge*. Chapman also 
drew attention to the fact that the mean value of x was zero despite the electric 
field being in the direction of x. This conclusion corresponds, of course, to perfect 
freedom of motion of the particles. In the case of a valve the anode may collect 
electrons so that the cycloidal path is interrupted, and in this case there will be a 
resultant motion of electrons in the x-direction, 

By direct integration of the second equation of (1) we see that 

P=Po- OK ewww (7). 
This equation shows how the drift velocity varies with distance from the origin. 
It also shows that if we take up a position of observation at any selected value of x 
and watch charges moving in the yz plane, the average effect observed will be that 
of a constant drift velocity. It is to be noted that equation (7) holds good in all the 
cases (a) to (d) under consideration. 

(b) X uniform, but varying in time. Let 

A=X=Xcospt | eee (8), 
in which p will be referred to as the impressed frequency. Thus, in the concrete 
case of the magnetron oscillator, p would depend on the natural frequency of the 
associated circuit. On the other hand, p is also to be thought of as the frequency 
at which the system will oscillate, if it oscillates at all. We thus adopt the method of 
impressing a disturbance of frequency p on the system and studying the reactions 
of the system to that disturbance. The forward-velocity component may be 
obtained by solving for « by means of the equation 


at Hi , 
¥+w? w= XL sin pt 
The solution obtained is 


is ce ae oan e I 
X= Xy COS w (t fo) +7) Sin w (tt) + pX, 


pP- w2 
x | - sin pt+sin pty cos w (t— ty) +f COs ply Sin w (t— 4) er (10), 


* Proc. roy. Soc. A, 122, 378 (1929). 
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in which ft) represents the instant at which the electron in question left the t 
origin. 
It must be noted that #, is now a function of t given by substituting (8) in (1) 
and putting t=12, 
“3 : ery 
y= wy + (X —X, cos pip). 


(2.42) Space-charge forces not negligible. (c) X non-uniform, but independent of 
time at a given value of x. 
The non-uniformity of the field may be expressed by the Maxwellian equation 


tact] ee ae eg alee (10): 
where J is Maxwell’s total current. Since J will here be independent of time, the qf 
effect of space-charge is to give rise to a field X such that 
X=4ne?].t+Xp, J 


in which ¢, is taken as zero at the origin to indicate the time steady state. 
Instead of equation (8) we require the equation 
Sao Cd) irre (12), 
the steady-state solution of which is 


a! 


%=Xq COS wh +— sin wh + 4a — “9 (I —Cos wt) soe (13) 


in which 4, is given by equation (6). 

If we put J equal to o equation (13) reduces to equation (2), as would be ex- 
pected, since if there is no space current the number of electrons will be insufficient 
to give rise to a non-uniform field. It is important to note that J represents the 
contribution of all electrons to the space current: equation (11) is fundamental and 
applies exactly whether or no a velocity-distribution exists. 


(d) X non-uniform and varying with time. This is the general case. Writing 
J=J+j, sin pt 


in equation (12), we obtain the following solution: 


oss Ky: e 
X =X) COS w (¢—t)+— sinw (tf) +47 c= {1 —cos w (t—ty)} 


pay 
faye St 
pw 
The value of 4, is related to that of the field at the origin. We have, by integration 
of (11) with respect to ¢ over the interval (t—y), 


X-Xq=4ne| Jdt=4nc’ J (t—t) + (cos pty 0s pt) mrs): 


The right-hand side vanishes when t=), and we see that X, remains indeterminate. 
This, however, would be expected since it is not sufficient to know the space 
current, but we require also to know the total emission. If m) be the number of 


+2 | —sin pe+-sin pt COS w (¢—4)+F cos pty Sin w (t-%)| Baa) 
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of velocity lying between % and 


electrons emitted with forward components 
isplacement current, both reckoned 


x +dxy, and if Jy denote total emission plus d 
per cm? of cathode surface, BS 
Ps : 1 a 
Jo od /0 mye do rc? Ob oe ce: 
Now the Schottky* effect results in a slight variation of total emission with field- 
strength, but the alternating field itself may be considered insufficient to be 
effective in this respect. Again, the total emission is subject to random variations 
known as ‘‘Schroteffekt”’ +; these variations, which amount to a very small fraction 
of the total emission, could if desired be represented by regarding J, as modulated 
by the current to which they give rise. For present purposes we may neglect both 
Schottky and Schroteffekts. Then m will be independent of f,, i.e. the space charge 
immediately in front of the cathode is independent of the alternating field at the 
cathode, a consideration which also follows from the inability of the electrons to 
respond to periodic forces immediately on emerging from the cathode. Thus m 
and y will be independent of 4). We may then split equation (16) into two equations 


= eco 
ve — | No edX, 

0 

1 aX| 

4mc* Cty cathode 
On integrating equation (17) with respect to f, and subject to the condition that 
Ang when 2,05 


and J, sin pty= 


Xy=Xy+ 7-7 (1 —cos ph) tem (18). 


The acceleration at the cathode is given by 


: : ee 
Xy= ayy 4m Pf, (1—cos Pt) ae (19). 


The electric field at any poi is oF . 
: point of the system is given by c). whi 
the aid of equation (18) becomes ‘i 7 eaten Sh 


X=Xy+4nc? lJ (tn) +4 (1 cos pr) = (20). 


ie te a seen that the field frequency « does not enter into the expression, a 

rie oe eee to conflict with the potential-distribution obtained in bx 

(amen ies Aes at yaa paradox is explained by the alteration of 
given by equation (20) is thus to b i 

by a magnetic field through modification of the er one ein 


PEW nei ie ee 
a a) % Coe: of the solution in particular cases. When the field-frequency w 
A : 
eee ee seagate frequency p, casual inspection of the solutions (10) 
nance phenomenon similar to that corresponding to dis 


p rsi i i c V 


* Schottky, Ann, Phys., L 


: ope 
t Ibid. 57, 541 (1918); 68.7 nee bt bs 


» 157 (1922). 
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equation (14) is seen to remain finite in the case where w = p, and to assume the value 
N= X_ CO i= asi = = ewe’ 
0 COS p ( a)+s sin p (t bo) + 470 aa pu — cos p (t—ty)} 
Qiess 
277 7 C24; 
36 apipliat [cos pty sin w (t—t))—p (t—t) cos pi] ...... (20)s 


It will appear later that a form of resonance can occur when w=p. For the time 
being we note that equation (21) shows no signs of a marked resonance effect. 

Another case of interest is that of small magnetic field, w <p. In this case 
equation (14) reduces to 


B= ty + diy (tt) +2m ~ c2f (tf) 
ore 
4m — Cc"), 
+ abla [—sin pt+sin pty+p (t—ty) cos pty] ...... (22). 


The cases w =p, w <p may be compared by considering the square-bracket terms 
of equations (21) and (22) in the particular case f)=0. Writing 


Ca 
B=4m ch, 


we have to compare the expressions 


fi (sin pt — pt cos pt) 
and & (pt—sin pt), 


in which ¢ is now to be regarded as the instantaneous value of the transit time. For 
small values of pt we have in each case 

oP pt}, 
i.e. the expressions are identical near the cathode. This result suggests that the 
magnetic field is without effect on the velocity of electrons near the cathode. ‘This 
aspect of the solution is dealt with in § 4 at (4.5). For large values of ¢ we obtain, 
ae pt > 1, 8 


ap (— pt cos pt) 


i (pt), 
a result which shows that the amplitude of motion in the case of a small magnetic 
field may be double that obtaining in the case of a field-frequency equal to the 
impressed frequency. 

(2.6) The inadequacy of particle dynamics. From the mathematical point of 
view equation (14) represents the solution of the whole problem, for in order to 
embrace all the electrons it would merely be necessary to sum the solution over all 
values of the emission-velocity components x) and y). Furthermore, if it is desired 
to express the solution in terms of (x, y, 2, ¢) as independent variables, there is a 
technique of transformation for this outlined in appendix 1. Essentially, then, the 
problem is solved. When, however, we attempt to apply the technique of appendix 1 


and 
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d that it breaks down on grounds of intract- 
ability. It is therefore impracticable to convert from one coordinate system to oe 
other except in special cases. It follows that if a solution is required in terms 0 
(x, y, 2, t) as independent variables, then it must be obtained by working throughout 
in these variables. It will be seen that the only disadvantage of working in terms of 
the variables (x, y, 2, t), or equivalent variables, disappears when once a method 
has been found for handling the differential equations. 

The inadequacy of the solution (14) as it stands arises from the existence of a 
variation time arising from fluctuations in the transit time (t—f,). What is required 
for vacuum-tube purposes is a solution which has a readily ascertainable value at a 
given value of (x, y, 2). 


se) 


to the case under consideration, we fin 


§3. A GENERAL THEORY OF SPACE-CHARGE PHENOMENA IN 
A HIGH VACUUM 

(3.1) General equations for electron-motion on classical electromagnetic theory. 
The medium in which the electrons are moving possesses unit permeability and 
dielectric constant prior to the introduction of electrons. Because of the presence 
of electrons some modification in the dielectric constant will result. On the con- 
cepts of the electron theory, however, such modification leaves the dielectric 
constant of the space between the electrons unaltered, so that in the equations 
which follow we shall put «=,=1 everywhere. The effective change in dielectric 
constant comes about indirectly through the non-uniformity of the electric field 
resulting from the distribution of electrons, and since the effect of this non- 
uniformity is included in the first of the equations below it would be definitely 
incorrect to include a quantity « to represent the altered dielectric constant, for 
then the effect would be included twice over. 


In the six equations which follow all quantities are expressed in electromagnetic 
units. 


The equation satisfied by the electric potential V is 
ape 2 

| V?V a aa amp ee (23), 
where p is the density of distribution of electrons at point (x, y, 3). 

Maxwell’s total current density J is given by . 
Si oe 
| i=) or a) ae ei (24), 
where U is the velocity and E the electric field. 

The equation of motion is 

oU e 
| ae OV b=, My =" *) eee (25), 

where H is the magnetic field, 

We have also the two Maxwellian equations 


47] =curl H 


‘ 


Hf 1 
— >, = curl E 
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while the equation of continuity takes the simple form 
dive) 0. a oe eT. (28). 
Equations (23) to (28) are necessary equations for the determination of the six 
quantities V, p, J, U, E and H. It does not follow that six equations are mathe- 
matically sufficient, in view of the existence of partial differentials. 

In §2 at (2.1) it was pointed out that if the magnetic vectors of two electro- 
magnetic waves meeting in space cancel one another the general problem would be 
considerably simplified. Now in equations (25) and (26) the magnetic vectors 
are included in H, and if we drop the magnetic vectors H will reduce to a known 

‘quantity, that representing the joint effect of the magnetic field set up by the 
electron current and that corresponding to the applied magnetic field. In order, 
however, to appreciate to the full the extent of the simplification consider the 
equation 


0Q. 
E= — a, grad A ee a ere (29), 


where Q represents the magnetic vector potential. 
If now Q is equated to zero, equation (29) becomes 


Hos—gradV © tte (30). 


We may then eliminate E from equations (24), (25) and (27), thus reducing the 
number of unknowns to five, while still retaining six equations intact. 

(3.2) Case in which magnetic field is constant. If the applied magnetic field be 
invariant in time, the only alternating magnetic field present will be that correspond- 
ing to secondary magnetic effects, and these are negligible for an electron-velocity 
low compared with c. We may then equate 0H/0¢ to zero in equation (27), obtaining 

with equation (30) the known result for scalar quantities, 


curl (grad V)=o. 


Secondary electric effects are negligible for the same reason, which means that the 
electric potential in equation (23) need not be considered as a retarded potential, 
‘the term c~? 0?V’/dt2 may be omitted, and we are left with Poisson’s equation. The 
last term of equation (24) also includes secondary electric effects, but is itself by no 
means negligible in the case where the displacement current between a pair of 
electrodes is contemplated. We shall not require equation (26), since the effect on 
the electrons themselves of the magnetic field produced by their own current is a 
secondary magnetic effect and as such is being considered negligible. Our general 


equations are now 


V9Va—4me?p © ttre (21); 
0 
J=pU- ai (grad V) ttt (32), 
ae o(orad Vt El (33) 
eT UV.U=—— {gra HU, yt ans an) 


divi=Os ee 8 (34). 


W. E. Benham 
12 


i 7 the cases 
In our application of the above equations we shall restrict ce to eee 
where H is known everywhere. There are thus only four unknowns— IV, p, d 


(3.3) Application to plane diode with uniform magnetic ie mabe Were 
Choosing the electric field parallel to the axis of x and pean : ¥ Ps 5U Jey 
magnetic field along the axis of 2, we ae Bes ae. = pas 2 <a ‘ fi 4 

itted on account of consider J IAT. a 
wee. ree field and 0U,/ét 1s zero in the absence ot ee aes, 
forces in the yz plane. Thus only two of the nine* terms of UV. U difter trom : 
and the equations required are simply 


ee — 4mc?.p aang (35), 
nes ...(36 
Je=PUs— Tabatt ee ie) 
au, ou, e oV 
2 L__ ee U, some 37), 
ot Us 0x m Cx 
U, es woU,  § . eee (38), 
— se (39) 
Nx 


(3.4) Derivation of primary equation. Equation (38) gives by direct integration, 
after division throughout by U, 
Uy=—@~e et (40). 
The value of U, at x=o is zero since the y component of emission velocit 
y : Pp 


vanishes when averaged over all electrons. With the help of equation (40) we can 
eliminate U, so that equation (37) becomes 


OUD) + OU eer 
E  *(oe de (374). 


We differentiate this equation partially first with respect to f 


0 (0U, oU, e eV 
ai ae + Us a5) 
and then with respect to x instead of t 


) Ce OE eoVv 


a ee (41), 


—— a 8) eee (42). 
Multiplying equation (42) by U,, and adding to equation (41), we obtain 
0 0\ /0U, ou, 0 C 
Sa | ANY es ted NS 0\ oO 
(5 an) (ag + Us age (a+ U. =) Soe 
0 0\? 
or = oc i 
(s+ OF = U,=47 = cy .—w?U, 


ox \ Ot + Uz 


w*U, 


Equation (43) is the starting point for further calculations and will be referred to as 


* For the x component of UV.U see (oom) 
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the primary equation. It is to be noted that the primary equation contains only the 
unknowns U, and J, and we are able to impress a known value of J, measurable 
outside the system. ‘The unknowns U,,, p and V will all be expressible in terms of /, 
once the solution for U, is obtained. We shall thus have a relation between V and 
J, both of which are measurable* in the external circuit. The advantage of working 
with a known impressed current rather than a known impressed potential arises 
from the following consideration: when the current is known in the external 
circuit it is also known at all points between the plates, in view of equation (39). 
Every attempt to obtain a solution by working with V and / has so far proved 
discouraging. It is especially convenient to work with U when a magnetic field is 
present in view of the last term of equation (43). 


§4. SOLUTION FOR THE STEADY STATE 


(4.1) Average velocity and acceleration. We shall require equation (43) in which, 
for the steady state, 


0 GO) Gud. ai 7 
ie Oh aoe aay nL el oe 
Writing gre) =e 


we may henceforth think of C as the steady current, the constant 47 (e/m) c® being 
understood. Equation (43) reduces to 


iat ee 
U (0%)=C-» Lae izs 40 as. 2 (44) 
If 7 is the transit time in the steady state, we have 
~d_d 
U dx — ee 
We now introduce the variable @, which will be used throughout and is defined by 
Vee AE OC (45). 


Since 6/w represents the transit time to the plane x, we may think of @ as “x at a 
given w.” We may also think of @ as “w at a given x.” 
Equation (44) becomes 


Gelinas a © 
ri eee 
The solution of which is of the form 
v=5+A, cosO0+A,sinO6 = ene (46), 
a Cds As SO eae (47). 


* The question whether acceptable accuracy can be achieved with existing technique ape 
upon a number of considerations, such as frequency, amplitude, and ratio of alternating to direct 
current or voltage. In general the measurements would present difficulties. 


As, A, 


NM, Ny 
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The arbitrary constants A, and A, are completely determined by assigning 
values to U and dU/d6 at the cathode, which is taken to coincide with the plane 
x=o. We only have to consider the components normal to the cathode. As the y 
and x components of velocity vanish at the cathode when averaged over all electrons 
with y and z components ranging between —co and +00, the x component of 
initial velocity is also the initial velocity itself in the coordinate system now in use. 
This is nearly, but not quite, true of the initial acceleration as will appear im- 


mediately. 
Accordingly the initial velocity is given by 
(iacae os aa (48). 
The initial acceleration has the components 
e : 
(= Xo, —wUs, 0) sous (49), 


where X, is the electric field at the cathode. The y component of initial acceleration, 
which arises from the x component of velocity in view of equation (38), does not 
here concern us, since equations (46) and (47) refer only to the x components of 
velocity and acceleration respectively. Writing U=U,, when @=0, and also 
a0_re 
dd wm” 
we have at the cathode 
C 
Fie a 
U=— +4, — (9) (46a), 


Lr é 
ao Agp=Awe © (47a). 


avninoeel conditions (48), (49) suffice to determine U everywhere in terms of 
an 8. Equations (46a), (47a) determine the arbitrary constants A, and A 
Accordingly equations (46) and (47) become 2 
=z _C 
a(t —cos 6)+ U, cos 0+ he Xp sin @ 
_ wm : 
au G 


- = —. sin JU sind be aes 
Pere 0 oe we cos 6. 


For i 
convenience we define 7, and n, as follows: 


m=1 w*Uy ) 
Sees | 


VY 


Ny = WwW (¢ X,)C>| 
m 
Typical values of 7, and m, are o-88 and —0-48 
The quantity 7, may 
velocities, and n, 
nm, and n, reduce t 
Corrections disap 


& be thought of as a correcting factor for finite emission 
s SA Sa ie to the acceleration at the cathode. The fact that 
0 unity and zero respectivel 
y when w=o does not mean th 
: at 
pear for zero magnetic field. The values of U and dU/d0 in i 
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simplified notation are as follows: 
= C 
eal —M, cos 8+ n, sin 8) 


Ni Ha ©. ; 
70 =—3(m sin 6+ 7, cos 0) 


NR gt G8 REHM COST) yh anions (52). 
If now w > 0 we obtain, after writing 0=wT, 
Fi ; e 
oe GTI Unt XoT hogan (514), 
dU € 
apa Cl +7 Xo oe a (524). 
dU__n, sin 0 +n, cos 0 
Th t pee AA ae 
Ty pati mocos0t nisin «© (53) 
will later be seen to be of fundamental importance. 
he drift velocityisgivenby U,=—wx - = ———§ ( aneece (54). 
(4.2) The average path of electrons. In the steady state we may write 
dx _ dy 
eee eae a dT” 


By integration of equation (51) with respect to 7’, we obtain when x=o and T=0: 
C 3 
x= —,(—m sin 6 —n, cos 6+ m3) enc. (55). 
A further integration gives, if y=y) when @=o0, 
Os iit : 
Y=Io- =a (5 +m cos @—n,—m, sin 6+ 7,6) nner (56). 


The full-line curve of figure 1 gives the shape of path for electrons emitted with 
negligible velocity from the cathode under conditions of space-charge limitation. 


Figure t. 


The well-known cycloidal path* corresponding to zero space charge is shown dotted 
on the same diagram. The marked difference brought about by space charge may 
be understood by writing x in the form 


Cc ; 
x= (8—m sin 0) +2, (5, Xo) (1—cos@), esas (554). 


If we start with a very low cathode temperature, the anode current will be so 
small that the term in C is unimportant and may be omitted. 

The maximum value of x is then seen to occur when 6=7, the corresponding 
path being the dotted curve of figure 1. As the cathode temperature is raised the 
term in C begins to be of importance and (e/m) X, will become less on account of 


* J. J. Thomson, Phil. Mag. 48, 517 (1899). 
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space-charge limitation. The path will then be intermediate between the dotted 
and full-line curves. If the cathode temperature be further raised to that required 
for space-charge saturation of the space, X, vanishes and the full-line curve hee 
Any further increase in cathode temperature makes (e/m) X, negative but leaves 
the path substantially unaltered. The full-line curve may thus be regarded as 
corresponding to practical conditions in which the space current, when magnetic 
field is absent, is less than the saturation value. 


(4.3) Critical field. The solution for individual electrons is here of assistance as 
it clearly demonstrates the effect of initial velocities on the turning-point of electrons. 
In the steady state, equation (13) shows that the velocity of electrons with zero 
emission velocities is 2% cin peed co J (i-cos A} 9 See (13a), 

w m w 
in which we have written wt =6 (as we are entitled to do in the steady state) so as to 
avoid confusion which might arise from the different meanings attached to ¢ in 
the respective co-ordinate systems. Since the transit time will vary slightly over 
individual electrons, 6/w should be thought of as that interval of time which has 
elapsed since any specified set of electrons left the cathode. In §5 at (5.1) the 
conception of transit time to a given plane is adopted as it greatly aids the under- 
standing of the time-variable case. The given “‘plane”’ has actually a finite thickness 
due to initial velocity-distribution. As shown in § 4 at (4.4) the thickness of this 
‘‘plane”’ is of the order of 10-% cm. only. 

If, then, 6 = 27, we find from equation (13a) that x=0, i.e. the electrons emitted 
with zero velocity come to rest. If the magnetic field be of such a value that 6< 27 
everywhere, all electrons will reach the anode, but if @> 27 some or all of the electrons 
will be returned to the cathode. It is convenient to define that magnetic field which 
makes §=27 at the anode under the given conditions as the critical field. This de- 
finition results in an average velocity at the anode equal to the average initial 
velocity of electrons. It was pointed out in § 2 at (2.41) that the excursion of the 
electrons was affected more by the y component than by the x component of 
initial velocity. ‘This conclusion was intended to apply only to the case in which 
space-charge is negligible. The y component of velocity will not affect the position 


of the anode corresponding to critical field. Thus, by integration with respect to ¢, 
equation (13a) becomes 


x= (1—cos @)+4r = ct (O-sin®) oa. (57). 
Since, by equation (6), %=o7+£ Aes 
we see that when @=27 the value of y, is without effect on the value of x. Writing 
4n — J=G, 
we have for the cathode-anode separation for critical field 


d= an 
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fe e 
or writing Nis fees 


and rearranging = = (2nca-t): a (58a). 


_ Equation (58 a) gives the critical field in terms of the anode current and the 
anode-cathode separation. 


By integration of equation (37a) in § 3 with respect to « we obtain in the steady 
state, subject to V=o when x=o, 


é 
UP=Up—2 = V—wte?, 


For the anode potential corresponding to the critical condition, if 
x=d, U,=U), w=eH,/m, 
aN 2m) Hyd? a. (59). 
Eliminating H, between equations (58a) and (59) we obtain the relation between 
space current and anode voltage corresponding to the critical condition 
gh = (2e/—m)? Ve 

¢ C0 ee 
which is seen to be only 9/47 times the value without magnetic field*. 

Since in the critical condition even the slowest electrons are only just brought to 
rest, the above reduction in anode current as compared with the conditions obtaining 
for zero magnetic field is not attributable to returning electrons. The reduction may 
be regarded as due to increased space-charge limitation. This point will be considered 
again in (4.5). 

(4.4) Magnetic field in excess of critical value. The y component of velocity, or 

_drift velocity, will still be in the same direction, but the « component of velocity 
will be reversed in sign for those electrons which are returning to the cathode. If 
a fraction « of the outgoing electrons return to the cathode, then the space-charge 
density is increased in the ratio (1+«) provided we are only considering the steady 
‘state, in which electrons move back with a velocity which, at a given plane, is equal 
and opposite to the outgoing velocity. 

Let /, correspond to the space current flowing when the magnetic field is of 
value just insufficient to return any electrons to the cathode. If p, represent the 
space-charge density under the above conditions, we have under the new conditions 
a nett space-charge density p equal to p, (1+x). 

Let U,, U, be the velocity components under the new conditions; then for 
outgoing electrons we have the current /,, where 


J1=pc Us. 
For returning electrons we have the current /,, where 
J2= — Kp. Us. 


* Langmuir, Phys. Rev. 2, 450 (1913). 
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Then the resultant current J in the x direction is given by 
SO ee 61). 
J=SJitJo=Pc(t+*) U,=pUs -—, (61) 
The appearance of (1+«) in the denominator signifies additional space-charge 


limitation of current. 


02V : 
Now aaa —4nc*p, 
oU, eoV 
while Oe ae a ae aU, 
aU, : 
and Uy ere sot, © 0 | ee (62); 
after writing from equation (62), by integration, 
Uy=—@X etna (63), 
oU, CHV. ig 
we have U, a ag ee ee (64), 
0 aU a Se AE eas Ke 
whence Un 5 (Usa )=4" nd a wT, = mn ene (65), 
I—k ) 
where Je=J oe | 


The solution is substantially as before, e.g. 
U,=& I —n, cos 8+n, sin 6). 
WwW 


We can now determine the value of U,, for magnetic fields in excess of the critical 
value, since even if all the electrons are returned to the cathode, C, is to be inter- 
preted as the one-way current corresponding to the condition «=o. The value 
of U, will be affected by the larger value of w, so that at any point between the 
plates the outgoing velocity is lessened on this account, as also is the potential. ‘The 
velocity of the returning electrons is given by equation (67), but with the sign of C, 
reversed. 

As in (4.3) electrons emitted from the cathode with zero velocity come to rest 
when 6=27. In the case now under consideration such electrons reverse their 
direction when @= 27, and will be travelling back towards the cathode for values of 
@ given by 

am<@<4m, 
The electrons of average emission velocity reverse their direction when 
I—m,cos@+msmQ=0 = = ~~ Miss (67), 
which corresponds very nearly to 


1S ¢/ 
§=274 ——_1 


oe 
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_ Such electrons do not arrive back at the cathode until 


ie Lge 

47 + ee A Ty ee tee (69). 
; For a retarding field at the cathode surface m, will be negative. Giving m, and n, 
their values from equation (50), we find that 


For a magnetic field of 100 G.* and a retarding field} at the cathode of 100 V./cm. 
We 1:77 10" sec. 
j sas (74): 


e 
- Xg=— 1-77 x 10!” cm./sec? 


| If we take 2 x 107 cm./sec. as the mean emission velocity, equation (69) becomes 
Cee ee ee ee ee: 72)= 
This corresponds to a change of some 3 per cent in 6. The maximum distance 


travelled in the x direction by electrons emitted with average velocity is given by 
x, where 


© 


% = = (8+ m2 — Mp cos §—n, sin 0) 


in which (eo, a 
; the 


- Inserting the above value of 6 we obtain after reduction 
StL OF Oe 

B= gi 2 (ae) X, 
With the values of U, and (e/m) X, given under equation (71), the value of the 
- Jast term is only about 10-* cm., which shows that all electrons turn back at sub- 
_ stantially the same value of x given by amC,/w*. 
(4.5) Potential-distribution. ‘The value of the potential V at any value of x 
_ may be obtained from the equation 


ee Tee ees ye poet Rees : 
2(—\V U?—U,2?+0x (73) 


In this connection it is not convenient to express the velocity U in terms of x, 
and the most satisfactory method is to express V entirely in terms of @ and obtain 
the V, x relation by graphical means with the aid of the 0, x relation expressed by 
~ equation (55). The V, 4 relation is as follows: 


2 
V= Mae : E 62—n,@ sin 0+n,(1—cos 8) 
+ ny {(1—m,) sin 0+ (0+ m2) (1 —cos a); seer (74), 


* When w is positive, H has same sign as e/m. 
+ X is positive for a retarding field. 


Cl 
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while from (4.2) x= 2 (0-+n,—m, sin 6—M, COs () re (554). 


In the special case of zero nitial velocities and accelerations we obtain the following 


simplified relations for V and x 


aaa E ge 8 sin 0+1—c0s 6] Biot (742), 
—€W Pe 
x= 5 [6—sin rr re (555). 


Figure 2. Effect of magnetic field on potential-distribution (planes). 


pee eee and (55a) give the potential-distribution under any conditions of 
fas sae e Fade zero to the critical value. The potential-distribution under 
ition of critical field, from equations (74a) and (555), is given by curve (1) 


in figure 2. For comparison with : 
been added to figure 2 in thin lines a (x) the following curves (2) to (5) have 


(2) Vocx8, (3) Vocxt®, (4) Vora, (5) Voow® 0. rit 


The close cor ‘ 
Haha dbatene Paar of curve (1) with curve (2) indicates that the potential- 
y 1'5-power law very nearly for points not too close to the 
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cathode. Curve (3) corresponds to the potential-distribution for zero magnetic 
field, and curve (4) to that for negligible space charge, while curve (5) is purely 
hypothetical. 

The potential-distribution in the presence of a magnetic field is found to differ 
so little from that for zero magnetic field that the analysis of previous workers* 
for the initial velocity-correction and potential-minimum may be used for magnetic 
fields up to 100 G. with an error of only 2 per cent in the minimum potential. In 
view of the above considerations a full treatment of the potential-distribution in the 
presence of a magnetic field is thought not to be warranted. 

Following Richardson we write for the number dN, of electrons emitted per 
unit area per second with forward components of velocity lying between x, and 
Xo t+ dx, 

My oni : 
dN,=N, RT.° meyrPET Cy aes (76), 
in which the temperature 7, is provided with a suffix denoting “ cathode,” in order 
to distinguish it from T the transit time. 

If the current flowing to the anode is less than the saturation current (corre- 
sponding to N,) this deficiency must be due to a retarding potential-gradient close 
to the surface of the cathode by which the more slowly moving electrons are forced 
back to the cathode. If the potential of the anode is positive and that of the cathode 
zero, there must be a surface of negative potential between cathode and anode at 
which the potential is a minimum. This conclusion also applies when a magnetic 
field is present: those electrons which fail to reach the potential-minimum when 
no magnetic field is present will still fail to do so when the magnetic field is applied. 

If V,,, represents the potential at the potential-minimum surface, /,the saturation 
current and J the actual anode current, only those electrons which are emitted with 
sufficient velocity to overcome the potential-difference contribute to the anode 
current J. 

When we take the magnetic field into account the kinetic energy of individual 
electrons at any point is given by 

Aik? =4mky?— eV —ymw? xe sets C77). 
The initial energy 4x,” of the electrons will enable them to overcome the potential 
minimum if 
4mxp? > CV m+ 4mw? Xm", 

in which e and V,,, are both negative, so that eV, is positive. Electrons corre- 
sponding in number to J, are being emitted continuously from the cathode even 
when the current is not saturated, but a certain fraction of them are then made to 
return by the retarding field existing close to the cathode. me 

By integrating equation (76) with respect to xy between the limits 


(2eV,/m + 34H pn%)? 


* Epstein, Ber. dtsch. phys. Ges. 21, 85 (1919); Fry, Phys. Rev. 17, 441 (1921); Langmuir, 
Phys. Rev. 21, 419 (1923). 
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n.(=), 


we obtain the modified Boltzmann equation 


and co and dividing by 


J, = e—(eV pthmwra,,2)/kT, ec lnitle) ©») Veekees (78). 


s 


A little consideration shows that V,,’ is in fact the new value of the minimum 
potential. The magnetic field affects the space charge by curving the paths of the 
electrons. While at points very close to the cathode the direction of motion of 
electrons is hardly altered, the path of electrons at points further removed from the 
cathode is such as to increase the space charge. This in turn depresses the potential 
at all points, including those very near to the cathode. The term }mw*x,,* may be 
interpreted as electric potential energy arising from the influence of the magnetic 
field on the space charge. 

With the help of Langmuir’s analysis we then find the values of V,, and x,, 
corresponding to negligible magnetic field, and insert these values in equation (78) 
to see what effect arises from the term $mw?x,,”. 

In illustration of the procedure let us consider an example representative of 
present-day practice. Instead of a bright tungsten emitter let us take a chemically 


_ coated cathode operating at goo° C., so that T,=1173° K. This is the first occasion 


that we have had to consider the nature of the emitting surface. The theory can be 
applied whatever the values of A and b, the thermionic constants of Richardson*. 
Provided that there is no positive emission from the cathode we are free to apply 
the analysis to any form of emitting surface free from irregularities. 

The proportion of the total emission which can safely be taken from a chemically 
coated cathode varies considerably with the nature of the coating, but would not 
generally exceed 25 per cent for a reasonable life. In the case of a typical coating 
operating at 1173° K. the total emission will be around 200 mA./cm? Let us then 


take J to be 50 mA./cm? Neglecting magnetic field and following Langmuir} we 
find that 
ee 


CV 
Yn ee be ek 


kT, ae log, 
Langmuir’s table II connecting the variables €, » defined by his equations (5) 
and (6) may then be used to determine the value €, of € corresponding to 7,. We thus 
obtain 
— £1 = 1°7950. 
From Langmuir’s equations (19), (20) and (21), if we write x,=o to correspond 
with the cathode, we obtain 
Vin= —0°14022 V. 
ny = 17753 K 10 cm ee (79). 


* Emission of Electricity . 
+ Ton ee of Electricity from Hot Bodies (Longmans, Green & Co., 1921). 


——— 


tii gee i le eRe 
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From equation (78) we have 


, m e , 
= Pipe Cee 
Via =Viaatk 0 tnt = Vat am gl Sores (80). 


Taking H as 100 G. and substituting for V,, and x,, from equation (79), we find that 
, Vni = —0°1402 — 0°0027 = —0°1429 V., 

thus confirming that the potential minimum is increased by the magnetic field by 
2 per cent only when H= 100 G. 

But for a magnetic field equal to the critical value we find by equation (58a) 
when J=50 mA./cm? and d=o'5 cm. 

He 37 00. G. 

Insertion of this value of H in equation (80) shows that in the example under 
consideration the correction for magnetic fields up to the critical value amounts to 
3-5 per cent inV,,. A reduced anode current as compared with that for zero mag- 
netic field, as given by equation (60), must receive explanation on the basis of an 
increased number of electrons being unable to overcome the potential-minimum. 
A reduction of 28-4 per cent in J seems at first sight too great to be accounted for 
by a 3°5 per cent increase in (—V,,), but it must be borne in mind that, since J,= 4, 
the corresponding change in the returning current J,—J 1s much less, amounting 
to some 14 per cent only. 


(4.6) The electric field and the initial velocity. As compared with equation (74) 
for the potential, we have for the electric field the refreshingly simple relation 


Cm Cm 
= AS pee Hae (81). 


Equation (81), which is equivalent to equation (20) of § 2, may be confirmed by 
_ taking —dV/d@ from equation (74) and dividing by dx/d0. 
When 6=27 we have for the electric field 


eee 
= X,+— —. 


WwW €é 


If 9=27 at the anode we obtain with the help of equations (58) and (59), writing 
X=X, and eliminating C/o, 

SE 220.6 1 A, eee sare (82). 
Equation (82) gives the electric field at the anode in the critical condition. If 
XG = a , we note that equation (82) gives a value of (—X,) 50 per cent greater 


than the value 4V//d corresponding to zero magnetic field. 

Of more importance than the electric field at the anode is the electric field at 
the cathode. Negative at all points to the right of the potential minimum, the 
electric field vanishes at the potential minimum and becomes positive at the 
cathode. Equation (81) shows that the value 0, of 8 corresponding to the potential 


minimum is given by 
ip Ss Ny . 


Sos 


° 
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The transit time to the potential minimum is accordingly Ti, where 
eet et! ee (83). 
Pm= oe me 


In order to determine T,,, and X, let us write 9=9,, 2= —6,, in equations (74) 


and (55a). We then obtain 


Vo mCP E 6,2 —Om Sin 8, +7, (I — Cos en) yes (84), 
m—eu*|2 
Xn = iS (0;, cos 6, =n, st. 0,,) 2 eee (85). 
(63) 
Eliminating m, between equations (84) and (85) we obtain 
A Onan ie w?Xm_\ (I —COS Om | 86 
Vm= 5 63 (Om+ ee) (Sa ) ee Cn) 
When the magnetic field is negligible equations (85) and (86) reduce to 
t,,=U,jT.—3Cig® 9. aaa (85a), 
ee mC™ 7 4 
Vin= —$XqXm+ er T*  . _/ aae (86a). 


Now in (2.4) it was shown that for regions in which electrons are moving in 
two directions at once the value of C at any point corresponds to the outgoing 
current at that point. Now at the cathode we have a total outgoing current of 
200 mA., but since electrons are returning to the cathode at all points between the 
cathode and the potential-minimum, the outgoing current continually decreases 
until at the potential-minimum itself the outgoing current becomes equal to the 
anode current, namely 50 mA. in the example of the previous section. The value 


of C corresponding to an outgoing current of 50 mA. is (if we take oS 1-766 to 
m 


correspond with Langmuir’s figure) 
C=0:9987 x rot"? emjsec® = ee (87). 

If Vin, Xm are regarded as known, there are still three unknowns in equations 
(85a), (86a), namely X), U, and T.,. 

We must therefore use a third equation, e.g. (83), to eliminate X, from equation 
(86a), when we shall be able to derive T,,,. Having once determined T.,,, we can 
then obtain X, and U, from equations (83) and (85 a) respectively. 

Eliminating X, between equations (83) and (86a) ; 

2 Cig Tat OT at 
m 12 


Inserting in the above equation the values of V’,,, x,, and C given in equations (79) 
and (87), taking —e/m equal to 1-766 x 107, and e.m.u. per gm. multiplying V, 
by 108 to bring it to e.m.u., we have : 
4°9517 x 10!4= 17770 x 1074 T,, + 8-3112 x 10° T,4, 
The solution of this equation may be found graphically and is 
Tm = 2°0154 X 10-1 sec, 
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With the above value of 7,,, equation (83) gives for the retarding field at the cathode 


surface 
AGE 37O0. Vel Clea Ge | age: (go), 
while from equation (85a), which may be written 
a Xm Le 
ears 


we obtain for the average emission velocity of electrons constituting the anode 


current 
= 272330 X10" cm./sec, 


The above value of U, exceeds by only 0-35 per cent the value U,,, defined by 


2eV 
eee ) 212-2253 X10" Cm.) Sec: 


On 


so that the percentage of electrons in the anode current which have velocities greatly 
In excess of the minimum value required to enable them to overcome the potential- 

minimum must in the present case be very small. For comparison with equations 
(gt) and (92) we have the following expression for the mean velocity of emission 
_U, of all electrons emitted from the cathode, including those which turn back to the 
cathode without reaching the potential-minimum 


ae (7 ay 
I= : 


2m 
where k is Boltzman’s constant and = 1-372 x 10°" erg./deg. 
This equation gives in the present example, in which T,=1173° K., the value 


U,=1-6750 x 107 cm./sec. 
The small difference between U, and U,, may be associated with the exponential 
character of the Maxwellian law of distribution of velocities, with the fact that U, 
is considerably less than U,,, and with the finite probability that electrons of velocity 
less than U,, will succeed in penetrating the barrier*. 

The data relevant to the example, and also for the case in which J /Js=o074 are 
summarized in table 1, in which columns 3 and 11 give respectively the approximate 
anode voltage for negligible and critical magnetic fields. As has already been pointed 

‘out, the potential-minimum and associated data will remain sensibly unaffected 
when a magnetic field is applied. 
Table 1. J,=200 mA./cm? T,=1173° K. d=o'5 cm. 


3 + 5 6 7 8 9 10 Il 

+ V — Vy, LON 10° Tn Xo Moe NUfy || te Whe To Us V, 

/cm?) 3 (V.) (V.) (cm.) (sec.) | (V./cm.) (cm./sec.)|(cm./sec.)|(cm./sec.)| (V.) 
0°25 | 300 | 0714022 1°7753 | 2°0154 113'96 | 2°2330 | 2°2253 1'6750 | 380 

o'4 410 | 0:09266 | 1°1925 1°3479 121'97 1'8524 | 1:8095 1'°6750 | 520 


believed to have importance only 
minimum would probably be somewhat less on 
indicate a smaller space-charge density than classic 


* Quantum-mechanical considerations have generally bee 
very near to the cathode. 
on wave-mechanical considerations, 


al theory. 


n omitted in this paper, as they are 
The absolute value of the potential- 
which seem to 
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athode corresponding to the above data 
is indicated on figure 3. The values of Xo and U, given in columns 7 and 8 fy es 
regarded as typical and will be used in future examples. It is noteworthy that Ay 


comes out greater when J/J,=0-4 than when J/J s= 0°25. This does not anger a 
greater proportion of slowly moving electrons reaching the anode, the value of the 


minimum potential being the deciding factor. 


The potential-distribution near the c 


10°Xm 
0-2 0-4 06 0:8 1:0 1-2 1-4 1-6 1-8 2-0 


Figure 3. 


(4.7) The transit time between cathode and anode. (4.71) Influence of space 
charge. We now come to the most important of all factors affecting the oscillations 
obtained in practice, whether by the magnetron method or by using a triode valve. 
Any error in the estimation of electron transit time might result in a completely 
erroneous conception of the mechanism which governs the excitation of ultra- 
high-frequency oscillations. 

Neglecting space charge and initial velocities, Okabe* finds for the relation 
between transit time and critical field 
_mem 
=e? 


which in our present notation and units corresponds to 


E 


O, =a. 
But we have already seen (4.3) that the critical condition corresponds to 
6, = 27. 


Since Okabe’s result applies to both planes and cylinders in the absence of 
space charge effects, we cannot account for such a large difference in 8, on the basis 
of electrode-geometry. Moreover, comparing Okabe’s equation (9) (and putting 
i a in it) with equation (59) of the present paper, we see that the relation between 
critical magnetic field and anode voltage is the same whether space charge is 
neglected or included, so that we must conclude that the difference in 6, corresponds 
entirely to a difference in transit time. The roo-per-cent increase in transit time 
indicated by the present paper is to be regarded as a result of including the effects 


* Proc. Inst. Radio Engrs, N.Y., 17, I, 652 (1929). 


ce oy 


~ somewhat large percentage having regard to 
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of space charge: it would perhaps not be altogether true to say that the increase 1s 
brought about by the space charge itself, but rather that the neglect of space charge 
cannot be justified except in cases where the total emission is too small to be of 
interest. Except for very small emission currents, equation (55) of the present paper 
shows that the maximum value of x is not reached by electrons until 6=27. In 


order to check this point we may try putting @ equal to 7 in equation (55). We then 
obtain . 


CG 
v= 93 (7+ 2n,). 


In all cases where the anode current is less than or just equal to the total emission, 
ny will be negative or zero and the value of x corresponding to §=7 will be less than 
or equal to half the value 27C/w* corresponding to O=27. If the cathode-tem- 
perature is reduced considerably below that corresponding to the space-charge 
saturation value, then 7 <4, < 27 but, as we shall see, this case is not of importance. 


C 2G: 
Gat +1) =a Up. 


Thus, in equation (51) for the velocity, if we write #=7 we find that U has the value 


The condition @=7 could only correspond to the critical condition if the anode 
current were of such a value that U= Us, or 


2C 

aed 
- _  wU, 2 2 
giving = Zen e “ 104 mA./cm., 


which corresponds to 6 mA./cm? in a typical case. But we have already seen that, 
for 0=7 to correspond to the critical condition, the cathode-temperature must be 
‘below the space-charge saturation value, so that we must take J,=/. A total 
emission-density of 6 mA./cm*? is too low for oscillations to occur, and the condition 
@=7 must therefore be ruled out as corresponding to a total emission-density much 
_ smaller than the generation of oscillations in practice requires. If the anode current 
is only slightly below the space-charge saturation value, m, will be slightly positive 
and 6, slightly less than 277. While oscillations in a magnetron may sometimes Occur 
under these conditions, the degree of space-charge saturation will always be such as 
to make §,=27 very nearly. 
Summarizing the above, we may say that the critical condition will be given by 
§,=27 in all cases where the anode current is less than the total emission, and also 
when the anode current is equal to the total emission and the system is in the 
condition of space-charge saturation. A typical transit time (J=s5omA., J5/J =4) 


is given by putting equal to 2°33 x 10°, which gives 


T =2°70X 10~* sec.* 


* From table 1 we see that Tm, which is included in T, amounts to some 7°5 per cent of 1, a 
the fact that x,,/d=0°355 per cent only. This state of 


affairs was predicted in Phil. Mag. 5, 641 (1928). See for example figure 2 of that paper. 
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netic field. We have next to consider to what extent the 
transit time is increased by the magnetic field, and for this purpose we shall require 
to examine our knowledge of transit times in the absence of a magnetic field. 

The author first gave the formula for the transit time in the plane case* and 
also for the cylindrical case,+ neglecting initial velocities, but including the effect 
of space charge. His expressions for zero magnetic field and Okabe’s expressions 
for negligible space charge give nearly equal values for T at a given anode voltage. 
This suggests that the modification of transit time on account of magnetic field is 
just about as important as the modification on account of space charge. Megaw] 
finds by graphical solution of his equation (9) that the transit time in the cylindrical 
case including magnetic field is increased some 36 per cent on account of space 
charge if R/a is of the order of 100. McPetrie§ gives a semi-graphical method 
of computing transit times in the absence of a magnetic field. McPetrie’s study 
leads to the same results as Benham’s formula for cylinders and provides a rapid 
method for direct computations of transit time. It will appear that Megaw’s 
estimate of 36 per cent for cylinders is much below the corresponding figure for 
planes, i.e. 100 per cent. 

If we express our transit time in terms of the anode voltage by means of equation 
(59), we can compare the transit times with and without magnetic field. In the 
critical condition we have, if V be the anode voltage, 


(4.72) Influence of mag 


eee 
WwW 
a and 
/(—2Ve/m)° 


If the magnetic field be removed the transit time 7” corresponding to V is 7” 


where 
oa 3d 


~ 4/(—2Ve/m)* 


Thus l/T =tr= 2°094. 


If, however, we had neglected space charge we should have had for the transit 
time corresponding to critical field 


W 7d 


Oo V(—2Ve/m)’ 


= 


ee sae : 
bes the suffix 1 is inserted to correspond with negligible space charge. For 
magnetic field and negligible space charge the transit time is 


1 2d 
4/(=2Ve/]m)’ 
so that Lees 
GMa — bea (0 


* Phil. Mag. 5, 65 
- 9, 653 (March 1928) + Phil. Mag. 1 i 
. Mag. 11, 
1 J. Instn elect. Engrs, 72, 326 (1933). | Pan Mae 10 saci) eae 


Electronic theory and the magnetron oscillator 29 


If we start with no space charge and no magnetic field, the effect of either, supposed 
to be separately applied, could be to increase the transit time in the ratio 3 to 2 
approximately. ‘Thus 

ie r, 
T= Cr T= PS 71 


The overall increase corresponding to space charge plus critical magnetic field as 
compared with zero space charge and zero magnetic field is 


if 
Tie cate 


Summarizing the information thus far available for planes and cylinders, we 
may construct table 2. 


Table 2 
a i T; 1 gE ip 
fat 5 TT of ih Remarks 
Planes 15 | 17571 | 2 | 2°094 | 3°142 Dashed letters correspond to zero mag- 
Cylinders | 1-5 | 1-571 | — | — — netic field, suffix 1 to zero space charge. 
For cylinders, R/a has been assumed 
to be large. 


While the transit time for cylinders “including magnetic field and space charge 
has not yet been worked out, table 2 suggests that 7/7, will have the value 2. 
Against this there is Megaw’s graphically determined value T/T,=1-36*. Megaw’s 
figure was obtained on the assumption of no change in the potential distribution 
due to the magnetic field, and would be somewhat too low on this account. 

Regarding the equation T/T, =2 as established on theoretical grounds for plane 
electrodes, we see that the period of the characteristic oscillations of a plane solid- 
- anode magnetron must be equal to the time of a single transit between cathode and 
anode, and not to twice this transit time. The analysis of the present paper points 
to the conclusion that any electrons returning from anode to cathode contribute 
nothing to the negative resistance. ‘The electrons which return to the cathode may 
in fact arrive with high-frequency energy sufficient to result in deleterious cathode 
bombardment. This would raise the cathode-temperature and emission. Megaw* 
has obtained this effect experimentally in the split-anode magnetron. The split- 
anode magnetron} is not considered in the present paper, nor has the effect of 
tilted magnetic field been included. 


* Loc. cit. 

+ I understand from Mr Megaw that he is at present attempting an explanation of the dynatron 
characteristics obtained with the split-anode magnetron, taking into account the non-radial com- 
ponent of electric field at all points. 
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FOREWORD TO §5 AND 6 


We now come to consider in §§ 5 and 6 the ultra dynamic condition ee by 
the presence of rapidly alternating currents. The aim throughout these iw as _ 
is to arrive at a complete solution for the alternating-current component se ectron 
velocity, hereafter referred to as alternating velocity, in terms of the a 
current itself, and to examine the solution obtained in particular cases. € 
alternating current is assumed as a boundary condition; but since the value of the 
alternating current is specified, not only at both boundaries of the valve but also at 
all intermediate points, the assignment of a value to the alternating current amounts 
to something more than the determination of a boundary condition. As has been 
“established in previous work*, the physical quantities potential, space-charge 
density and alternating velocity will all be delayed in phase with respect to the 
alternating current, which includes both electron and displacement current. It i8, 
of course, possible to work out the electron current separately, and when this is 
done the potential is seen to lead the electron current in phase. From the practical 
point of view no means of distinguishing between electron and displacement 
current is available, since these combine at the boundaries of the valve. To be able 
to express the alternating velocity and potential in terms of the total alternating 
current is thus of paramount importance from the practical viewpoint, and in order 
to see whether work is done on or by the electrons all that is necessary is to multiply 
together the in-phase components of current and potential, and if the sign of the 
coefficient of sin? pt thus obtained is negative, power will be expended on the 
electrons by the alternating forces, and oscillations may result. Since the in-phase 
component of current is assumed positive, it is not even necessary to take the 
product of the in-phase components, but merely to examine the sign of the coefficient 
of — sin pt in the potential to see if this is ever positive. Since the quadrature 
component of current is zero by definition, the quadrature component of potential 
contributes no power either positive or negative, when averaged over a complete 
cycle. 

The mathematics of §§5 and 6 require a knowledge of partial differential 
equations and of circular functions, but nothing else of an advanced nature. A 
word of warning may not be out of place to those attempting the details of the 
calculations, some of which are the result of a considerable amount of work. (1) No 
shortening of the work is possible by recourse to complex notation, and the chance 
of a mistake is thereby considerably increased. (2) 'The process of solution is 
rendered more difficult if the magnetic field is taken as zero. The result for zero 
magnetic field may always be obtained by letting w tend to zero in the final solution. 
(3) In the case U,=0, X,=0 alternative methods of arriving at the general solution 
may suggest themselves. The method given in the text for the solution of equation 
(98) has the advantage of being strictly orthodox. 


* Megaw, loc. Cit. 
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§5. GENERAL SOLUTION 


(5.1) Reduction of primary equation to linear form. No method has yet been 


found for solving directly for U,, equation (43), except (4.1) in the steady state. 


It is, of course, possible to find variables 7, fy such that 


r) r) 0 | 
Bilt Ue Balen Or 
it x x t Or to 
But in this case 7 is the instantaneous transit time and the solution obtained will T 


be the same as that for individual electrons, in which the arguments of the circular 
functions all have a fluctuating component at a given value of x. Now we are 
particularly anxious to avoid this feature, and we therefore seek to express equation 
(43) in terms of variables of which one shall be independent of time at a given 


value of x. Now equation (43) as it stands does satisfy this condition, since one of 


the independent variables is x itself. That we seek a change of variables from ~ 
and t is due entirely to the fact that the operator (U, 0/0x) does not apply when f is 


: ae : : : 0 
constant, since U, is itself a function of t; alternatively if we regard = as the 
t 


operator, we are faced with a partial differential equation of the third degree in U,. 
The only method available for achieving the desired results is that of harmonic 
subdivision already described in (2.1) and (2.3). We shall then merely have to find 
variables T, tf) such that 
Came ele 
Ot |x ox|, of 
a relatively simple matter, since U is independent of ¢ and T will therefore be the 
steady state value of the transit time to the plane x. We can in fact replace U 0/0x 
by @/0T so that equation (93) becomes 
d\-. 0 
Ot |p nar 


to 


eo 
Foor 


to 


The following analysis suffices to show that ¢, represents the instant at which 
electrons leave the cathode. Let f be any function of t, T and let f be the same ths 
function when expressed in terms Ol til 


a I ee 

Then ott aol =a, Sot aq Ol 
; ot Ot aay 
Writing bT = 5, Sot gqrot 


Of / ot Ce eee ee Ola 
we find that oy (5p Of ays + gh dT =F) Stat gy 52". 
Since 37’ =5T we have, comparing terms in 67, 


af ot , af _ of 
Ber ol mal 


at 


ps 
ps 
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The function f is seen to satisfy equation (94) provided | 
Glam F 
aie 
which gives on integrating partially with respect to T, t, being constant 
t=T'+[t, 
or writing 7’ = 7 we obtain i,=t=T, 
Since [=o at the cathode, f, represents the instant at which the electrons left the 
cathode. Thus one of our independent variables is now the same as in (2.4), namely 
ty. The other independent variable T differs from the (t—t) of (2.4) in that the 
latter represents instantaneous transit time: at a given value of x the (t—f)) of (2.4) 
contains a fluctuating component, whereas T is constant. We may thus think of 
T as x itself, and no confusion will arise if we refer to the plane x as the plane T, 
bearing in mind the slight spread in 7,, see (4.3). 
We shall require to replace U, by U+-u+... in equation (43), which gives 


4) Pil ge — 
[yt (O+u+...)| (U+ut+...)=47[c2J—w* (UO +ut...). 
Applying equations (93) and (94) we obtain 


u\ 0 uo pee gS ie 
i(: +3) or nt | (T+u)=4r£c2J—ot (T+) ......(95): 
Let us extract all terms containing u once only. Let the sum of these be %,. Then, 
since 0U/ot=0, we have 
O7u 
= are 


1dU\eu| ,(2@U 1 d0\?, 4) 
to’ a oT |,.t pat tala?) Ee Ree anes (96). 


We now assume a known value for J of the type J=]+ Sn sin" pt. If %, denote 
i 


the sum of all terms containing w twice and over ys, the sum of all terms containing 


u three times over, equation (93) may be resolved into discrete equations of zero, 
first, second, third, ... order respectively 


i Of 277 e 97 
qr te U=4 = ey = = a (44a), 
aoe ; 
pb, = 47 e*j sin p CN > eee! (97), 


; e a+ +S ’ 
by t= 4m CF, sin® p (t+ T), 
wr / : ; i 
Wa” ha +a 4m © jy si? p (6! +7), 
Ya aban!” + Yaa! +O= gor 02 sin‘ pt 


eee eeenees 
CVC E Ce COC OCL CURE CERIN CS €O a Bibel O Ore 
He eee eee 


/ ur 
hy’, 4,'" correspond to the second and third-order velocities wu’, u’’ which, for the 
> 
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sake of clearness, were omitted from equation (95). #,’ represents the sum of 
third-order terms containing wu once and w’ once. There is no difficulty in obtaining 
Po, Wo and ws but, as was pointed out in (2.3), we shall only require the fundamental. 

Writing wT=6 and giving U its value from equation (51), we obtain from 
equations (96) and (97) the equation 


Ou Ou I—n?—n,? Boe 0 
age + % a0 (a —n, cos 0+ mp 8in BF we (+, ia (98), 
. : ano 
hich =e 
* ile 00 00), 
ee dU _ n, sin 0+n, cos 6 
inp dom 11, cos Oe ngsin Uf ae (99). 
erie: 
B=4n— on 


(5.2) Derivation of general solution. In attempting to solve equation (98) we 
are assisted by our knowledge of simpler cases, which prompts us to notice that o, 
is itself a solution to the equation when B=o. When any one solution has been 
obtained for the equation for 8 =o, it is a simple matter to obtain the general solution 
for B=o. This is found to be 


n,2+n2—n, cos 9+n, sin 6 
where o,= 1—__+ : 


Ao,+ Bo, 


I—n, cos +n, sin 6 


The general solution in case 8 40 then proceeds as follows. Let us change the 


variable to 7 where 
ih a ee (101). 


| Equation (98) becomes, after being divided through by 9, 


02n 2 do,\0n_A_.. 

92 + (+, = =A) a6 =o. sin (pt, +70) voeeee (102), 
where fee, ed ety (103). 
w w 


“Since equation (102) contains no term in 7, the integrating factor is 


2 ah) 
Op =a ' 
J ee which =o,” orke =o,2(1—m, cos 9+n, sin 0). 
Solving for 6/00 we obtain, writing A (n,2+n,*) for the constant of integration, 


én _1—m, cos 0+n, sin 8 heen ay 18 eae eA 
60 (m, sin 8+, cos 8)? eA eaten) eg (Thy Suny, tla £08 ) sin (pto ne 
Poor I . 


The integral appearing in equation (104) presents no difficulty, but the next 
stage will involve rather unusual integrals. These have, however, given little 
‘trouble and can all be evaluated in circular functions. For example 
I —n, cos 9+, sin 4 _N*—n, cos 6 +n, sin 8 
| (n, sin 0+, cos )* ~ N2 (n, sin 6+, cos 4)’ 
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7 _ N2®=n, cos 0+n, sin 8 
Writing o; for the quantity n, sin 8 + Mz COS 6 


ot 


, we also require 


x inf. 
oy le ne Say sin [pt)+(r—1) 9] dé 
= : : 
— 2 8in 9f, cos [pt) +(r—1) 6] 40 
i—A 


a i 6) dé 
fos (nm, sin 0+1, cos 8) sin (pt, +79) dd ={(N?—n, cos 6+7, sin @) sin (ptp+76) dé, 


om r 
where N2=n,?+n,”, =—, dees ae 5 (105). 
1 


With the help of the above integrals we arrive at the equation 


r a? sin (pt—6) sin (pt+4)) 
q=Ao;,+ B+- cos pi + yp (mom) | {p /-—ar SS 
cos (pt—@) _ cos (pt+8)) 
— (n,03+M) Apr tg ‘at 
Aj sin pt t 
which simplifies to 14=Ao;+B aay ee +b wasn (106). 


To obtain u we multiply by o,, equation (101). Giving A and r their values from 
equation (103), we obtain the following general solution for u: 


. W 
u=Ao,+ Bo, ae sin EDS a, COS pt] snaone (107), 
in which A and B are arbitrary functions of f, and o,, o, are given by equations (99) 


and (100) respectively. 


(5.3) Notes on the general solution. It is immaterial whether we regard wu as a 
function of 6 and ¢, or of 6 and ¢ or of all three variables @, ¢) and ¢. We shall in any 
case retain #, inasmuch as o, and oy are expressed in terms of 6. Comparison 
with equation (14) reveals that the factor (p2—w*) is common to both solutions. 
In other respects there is little obvious resemblance between equations (14) and 
(107). The solutions are nevertheless equivalent, the large apparent difference 
arising from the different meaning attached to ¢ in the two coordinate systems, as 
has been pointed out in (5.1). 

We note that the form of equation (107) is similar to that obtained in the very 
much simpler case of zero initial velocities, accelerations, and magnetic field*. 
To obtain this case all we need to do is to write 


ot E __sin@ 

Se +" 1—cos 6’ (208 
ange 108). 

é—0 p 7 pe pT g 


* Phil. Mag. 5 (1928), equation (19), p. 649. 
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§6. BOUNDARY CONDITIONS 


(6.1) General. It is usual at this stage to declare that the mathematics of the 
problem is at an end, for the determination of arbitrary constants and of arbitrary 
functions 1s governed by purely physical considerations. The determination of A 
and B in equation (107) is, however, not devoid of mathematical interest. In- 
Spection of equation (107) reveals the existence of singularities when p= + and 
also when p=o. It will be seen that these singularities can be removed by choosing 
the arbitrary functions in such a way that infinities do not occur in wu either when 
p= + or when p=o. 

Any suggestion that an infinity might occur when p=w is refuted by working 
out the solution with p equal to w at the outset, when it is found that no sign of 
resonance occurs. Experiment, moreover, confirms this point. In general nothing 
unusual occurs experimentally either when p=w or when p=o, unless 6 has certain 
values. We therefore seek to remove the singularities for all values of 6, including 
those which are favourable to electronic oscillations. For even in this case the 
alternating component of velocity cannot be infinite though, as we shall see, it may 
assume large values. 

The number of physical conditions we shall need will not exceed the number 
of arbitrary constants, provided such conditions are truly independent. Now it is 
an experimental fact that reversal of the current in the field coil of the electro- 
magnet is without effect on the behaviour of a magnetron, apart from experimental 
errors such as slight lack of alignment, and we may thus introduce as a condition 
governing A and B the assertion that the solution for u remains unchanged when w 
is changed to —w. We cannot then, however, regard the condition p= +w as 
providing two independent physical conditions. The condition p=o is an inde- 
pendent physical condition. 

We have thus far three physical conditions wherewith to determine A and B. 
But the most general form of A and B compatible with the problem involves four 
arbitrary constants: 


A=A, sin pt,+ A, cos pty 
B=B, sin pt) +B, cos te 
We shall accordingly require a fourth condition in order to determine A and B 
completely, unless it should so happen that A,, A,, B,, B, are in some way related, 
so that they cannot all be regarded as arbitrary. While it will eventually appear 
that simple relations exist between the A’s and the B's, there is not sufficient evidence 
at the present stage to assume that fewer than four arbitrary constants exist. We 
therefore have to seek a further physical condition which must also be independent 
of the three already obtained. Now while the solution must certainly remain finite 
when «w =o, this condition is already satisfied in equation (107). Suppose, however, 
it should happen that in the satisfaction of other conditions terms were introduced 
with singularities at w=0; we should be justified in adjusting such terms in 
accordance with the condition w=o. It will appear that this state of affairs does 


arise, and it does seem probable that the condition w=o is of paramount importance. 
3-2 
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Now the acceleration of electrons must never be infinite, but in regard to the 
avoidance of infinities, care must be exercised in ensuring that any conditions 
imposed shall be truly independent. The question we have now to consider is 
whether the condition that the velocity shall never be infinite automatically excludes 
the possibility of an infinite acceleration. This brings us back to the old enigma of 
the irresistible force acting on the immovable body. Now whatever happens in 
this case, the irresistible force could be achieved by causing a finite momentum 
to suffer a change in an infinitesimal time. If, moreover, the change in momentum 
be brought about by a change of density rather than by a change of velocity, the 
velocity must remain finite, since by hypothesis it was finite before the change 
took place. 

More than sufficient has been said to establish the fact that an exceedingly high 
value of acceleration could occur with an exceedingly low value of velocity, and we 
therefore see that by applying our conditions to the electron-acceleration the 
number of available physical conditions is doubled. 

” When the electrons leave a hot cathode they do so with a distribution of velocities, 
but whatever the velocity of an electron at the instant of emergence the alternating 
component of velocity must then be zero. Now the strange thing about this 
condition is the fact that it has been found of no assistance whatever in the deter- 
mination of the arbitrary functions in the general case now under consideration. 
All attempts to arrive at the final solution on the basis that u must vanish at the hot 
cathode proved unavailing; yet, when the final solution was obtained on the basis 
of conditions connected with the avoidance of infinities in uw, the condition u=o at 
the cathode was found on inspection to be satisfied. The explanation of this apparent 
anomaly is as follows. 'The condition u=o at the cathode is actually inherent in the 
analysis owing to the non-linearity of the primary equation, together with the 
introduction at an early stage of the assumed boundary values of d.-c. velocity 
and acceleration and of the total current. Llewellyn in a recent paper* has proposed 
a general form of boundary condition for u in the simple case where emission 
velocities are assumed to be zero. One object of Llewellyn’s extra condition 
imposed on u was to enable the analysis to be extended to cover the case of virtual 
cathodes, where there is strong experimental evidence that the alternating velocity 
and acceleration must be very different from zero. It appears, however, from the 
ania paper that the value of w is completely determined at a virtual cathode, no 
Pape 
consulted for the opposite poi i one arities. Llewellyn’s paper should be 

point of view, which also appears at first sight to be the 
natural and correct one to adopt. 
teed ons, other han the fllorcg, ee ER a 
remains finite at all values of 7: (ii - Paes hii eit aes veto 
at all values of 7’; (ii) when w is changed to —w the solution remains 
unchanged; (iii) when p =o the solution remai fini ; : 
#=0 the solution remains finite at ; emains finite at all values of 7; (iv) when 
at all values of T. 


* Proc. Inst. Radio Engrs, N.Y., 21, 1532 (1933). 
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We also have corresponding conditions imposed on the acceleration, but it 
appears that A and B are completely determined by conditions (i) to (iv) above. 


(6.2) Determination of arbitrary functions. Inspection of the general solution, 


€.g. ae ane 

¥ u=Ao,+ A a sin pt — oe =G) COS ple sian (1074), 
‘reveals that the last term has singularities when p=o and also when p=w. It is 
therefore desirable to make use of the identity 


@_p_p-o? 
pee tip. (110) 


Sr oe eee yoda 


so that we obtain 


Bo, 


wp 


u=Ao,+ Bo,— p Spee a oy cos pt+ cos pt 


pr-w? p 2 


We have now separated out the singularity occurring when p=o, so that the one 
term which stands in need of condition (iii) does not now require condition (i). 
It is true that in effecting such a separation we have produced two terms with 
singularities when w=o, whereas none existed before. We know, however, that 
these two terms balance one another, so that all we have to remember is that any 
values assigned to A and B must not lead to a singularity in Ao, + Bo, when w=o. 

Condition (iii): Concerning ourselves with the removal of the singularity 
which occurs in the last term when p=o, we find that the necessary and sufficient 
condition that u shall remain finite when p=o is that the arbitrary function B shall 
contribute 8 

eee 8 sade (LIE): 


Condition (i): Concerning ourselves next with the removal of the singularities 
in the two terms of equation (107) having p?—* in the denominator, we have to 
give o, and o, their values from equations (gg) and (100) and select the coefficient 
of sin pt, and also the coefficient of cos pt). Since for uw to remain finite when 
p= to, u(p?—w?’) must vanish, the above-mentioned coefficients are respectively 
equated to zero for the case p= tw. 

Since factors of the type (p/+)* may be introduced with impunity without 
affecting condition (i) per se, we have to decide the value of g with the assistance of 
conditions (ii), (iii) and (iv). We thus find that A and B contribute as follows: 


eet (jeep : p ; 
A’s contribution =F at Nt ( N SiN ply + Mz 7 COS pto 


ie: o I 
B’s contribution = roa N2 (n, sin ply + my f cos pty) 


The quantities o, and n, change sign when w changes sign, while o, and 7, 
‘remain unchanged. Let us now confirm that condition (ii) is satisfied, i.e. that the 


solution remains unaffected when is changed to —w. 


and t may approach infinity 


* It must be noted that whereas T is always a finite interval, tp 
must therefore always 


since the choice of time-origin is arbitrary. In taking limits when po we 
Jeave sin pt and cos pt intact. 
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We have, if equations (111) and (112) represent the entire contributions of 


A and B: 
Ua ni(—% sin pty + Mz p cos pt) om 
ths ni (m, sin pt+m? cos plo) O71 
ogee (sin pe+# oe pt) +f a, (cos pt—cos phy) .....- (113). 


Changing w to —w, m, to —n, and a, to —a,, we obtain 


U=ai we ( nN, sin pty — ni, P- cos to) o2— (n, sin pip +m, P cos to) (- x) 
Pe 


B (sin ptt+ a (—o,) cos pt) + aon (cos pt —cos pty), 


pa? 


showing that uw remains unaltered. 
We now confirm that condition (iv) is satisfied in equation (113). There are 
four terms in equation (112) with singularities when w=o. 


We have 
eet (nz) =0, 
w—>0 
Lt (4,)=1= Lt (V%), 
wo—>0 w>0 
= Ba, tt 
whence pie if ae NE p cos pF a, Cos Pre| =o ee 
eects 114). 
—Bo, p 
and ke E - = 5 Seis £ oy COS pt] =0 


Thus condition (iv) is satisfied. But since in arriving at equations (111) and (112) 
all four conditions have been used, A and B must be completely determined, and 


equation (113) must be the final solution for u. In view of equation (110), equation 
(113) may now be written 


Ny 02 — Ny O71 . Ww Ny Cs 
Az Sin plot ? a, (cos pty—cos pt) + P Mee cos ply 


w N* 
N2— 
oe o, COS pt | segs (113). 


— 


poo | -sin pe 


§7. DISCUSSION OF FINAL SOLUTION 


é : we ar 
(7.1) General. For purposes of comparison with simpler cases it is convenient 


Be eae. out terms correcting for initial velocities and accelerations. We then 
obtain 


byedsae Ba : 
as - sin pt— oy sin pty “y) a, (cos pty —cos p*)| 


N?- ot Ms 
ea B ( wayne! sin py 2 Wm) or mon 


cos pro} meee (1138). 


: 
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In the event of initial velocities and accelerations being zero the terms between 
curly brackets reduce to zero, while the terms between square brackets remain. 
Except for very small values of @ we may write 


sin 6 


——— (Oh hs 
ra cose: 


O7 
‘We thus obtain for zero initial velocities and accelerations 


Wm |- sin pt — sin ply + a (cos pty — cos pt) | ions (113.¢); 


which is seen to correspond with equation (20) of my 1928 paper, but with ? re- 


é 


on! . Actually we shall see immediately that o, <1 at points very 


p 1-—cos 6 
near the cathode, so that for this reason alone equation (113¢) cannot be applied 
near the cathode. 

As a searching test on the uniqueness of equation (113) let us seek the value 
of wu at the cathode. We have to let T tend to zero, so that 


placed by 


N2— No 
Lt (%2)=" t= n+ Pears), 
al, 2 
Ake Ss gaa oe (116) 


When ¢, is equated to ¢ equation (1134) becomes 


Ta 
ars a [ -sin pe—* sin pt| 
= Tiel 
Bp (N2—1)? +13? _ p(N?=m) n, —(N?—n,) nz 
Sim wien) so Gan) 
=f (a ema sin pt + [0] cos pt 
Ed) etl 


=0; 

We thus see that the inclusion of initial velocities and accelerations provides all the 
boundary conditions required at the cathode: the value of u, the alternating velocity, 
reduces to zero at the cathode without the imposition of any such boundary 
condition on u. All attempts to arrive at equation (113) with w=o as one of the four 
boundary conditions met with no success. 

From consideration of equation (115) it is seen that the value of oy at the cathode 
is approximately —TI. It is exactly —1 at the potential-minimum. This is an 
interesting state of affairs which corresponds to a change of sign in o,, where 


N2—n, cos +n, sin 6 
I —n, cos 0+n, sin 8 


09> 


at some point which must lie close to the cathode. Under these circumstances, 
giving m,, , and N* their values from equations (50) and (x05) and writing @=wT, 
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we obtain when wT is small 


mC bs c 2 
°= U, eX, 1 i 
C me ty 


Writing T,, for the time taken by electrons to travel from cathode to potential- 
minimum, we have in accordance with equation (83): 


eXy 
image tor ioe 
so that 
T me — U,/C—TmT+4T? 


2S C= ta ae 


which has its minimum value (—1) when T=T,,, i.e. at the potential-minimum. 
If, however, o,=0 we obtain 


(ew kee / ?e- re) ; 


so that it is not at the potential-minimum that o, changes sign but at some point 
further removed from the cathode, probably nearly at x=2x,,. If the potential- 
minimum coincides with the cathode, then the approximate solution equation (113) 
applies at the cathode with —sin pt, replaced by + sin pf,, thus removing any 
doubt that u may not vanish at the cathode according to equation (113¢). Actually 
it may be regarded as somewhat remarkable that equation (113¢) as it stands does 
vanish at the cathode, for if we place t=f, straight away we obtain 


Uy= — se 25in ph... eee (118). 


> 
On taking limits we find, however, a contribution from the terms in cos pt, cos pty 
which exactly balance equation (118) if o, is taken as 2/@ at the cathode. This, in 
turn, 1s now seen to be impermissible since, writing o, in full, we have when w is 
small 


é 
m 


Uy+< X, T+3CT? 


bee ob 


(w0,) = 


Only if we write X,=o=U, before equating T to zero can we obtain o,=2/wT, and 
clearly the true value of o, at the cathode is 


eXy 
lex = | 
( wo ma Uy 

For the case of zero magnetic field, for which o, becomes infinite, 


A : the interestin 
uantities in the solution for w are a, and Lt (wa). F 
w>0 


| 
{ 
If we adopt the typical values of 
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C, T,,, Xo and U, worked out in (4.6), equation (87), and table 1, e.g. 
C=0:9987 x 107” cm./sec?, 
T= 2-OL54 < 10-7” SEC., 
Ege 2200) 10" e:10-11., 
Wj -=32-2230 10" Cm. /SCC., 
we obtain, using equations (117) and (119), 


24 _ (1°8254 x toe) = (e Orga 107 1) Fos 72 
2~ (2:2360 Xx 10-™) — (2°0154 x 10-2 igeieo — ne (1174), 


dere —2:0127 x 1017+ 09987 x 1077 T 
wo  (2°2330 x 10") —(2-0127 x 10177) + (0-4999 x 107” 7) 


If we give T its value corresponding to transit time between cathode and anode, 
we have, taking V =300 volts and d=o'5 cm. from table 1: 
. 3d f 1°5 
| V(—2Velm)  V(3°54 3 x 10") 
We obtain further 


T 


= 1741577 10. ° SEG. 


_ 18254 x 107% — 2-8529 x 10~ + 1:0020 x 107 


Oo= me 
2 2:2360 x 10-% — 2°8529 x 10719 + 10020 x Pore 

— 2°0127 x 1017 + 1-4138 x 10% 
Lt (wo,)= 2256 9 
sa ) 2°2330 X 107— 278490 X 10° + 10006 X10" LE 


The above values are to be compared with the corresponding values obtained 
when a magnetic field of critical value is applied: under these conditions it is readily 
shown that at the anode 


= —° = — 9:02 x 10°, 


which shows that the value of a, at the anode is not greatly affected by a magnetic 

field, but that wo, has a negative instead of a positive value. By comparison with 

equation (119@) we see that the value of wo, at the anode in the critical condition 

ss the same as its value at the cathode. But from equation (99) 

| wdU _1 dU 
o= Ty dp ~U aT 

In the critical condition U has the same value at the anode as at the cathode, 
namely U,. Thus dU/dT also must have the same value in both places, namely 

(e/m) X,. We see therefore that a virtual cathode exists just in front of the anode 

having just the same properties as the real cathode in respect of the forward 

component of direct-current velocity. 
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al plane. When we come to consider the 
for the value of u at the anode in the critical 
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(7.2) Alternating velocity at critic 
alternating velocity, we find, writing u, 


condition, | 
“== , | (x08 MP eS sin sin 
Cam w ile ih) w 
amp, Nl, @ ( 278 
= = cos —— }; cos pf }...... 120), 
{sin je I on Pp (120) 
. } ft, tXy ees 
in which er ert iE UH.’ 


where H, and X; are both positive. 
Table 3 contains useful particular cases of the above expression corresponding 


to different values of p/w. 


} 
: 
; 
; 
: 


Table 3 

plo = 
oF (ig) 
Bl odd sewe (ti oe 
: ¢ £G-) sin pt—(1 +) cos pt| 
I = 3 | cos ptt+ rth sin pt| 
: AG) mens tim oe 
rk : f nia cos pt—sin pt| 
(oo, )oo (0) sna] 
2 ° 


The alternating velocity u, as given by equation (120) should strictly be regarded 
e a first instance as corresponding to the critical plane rather than to the anode. 
n pe Ae sabre however, to the electrons coming to rest exactly 
Be ae ie at the ean is apparent rather than real. The point was 
Ben ae Lee the way for a further conclusion which requires a little 
ec A Me to be settled is as follows. Does the existence of an 
esa e = 0) bes superimposed upon the steady component of 
ie ae ' - ter t fronaers under which equation (120) was derived? 

ener be we noted that whatever the value of u,, the value of U remains 

- ‘fis may be shown by referring back to equations (44a) and (97). 
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Thus the value of @ is 27 during the whole cycle of events, 6/w being the steady- 
state transit time. Thus we do not have to regard the critical plane as moving 
backwards and forwards in the ultradynamic condition, for the critical plane 
coincides with the anode during the whole cycle of events. ‘This is, of course, in 
accordance with the original definition; but as it appeared in the section dealing 
only with the steady state, some further definition for the ultradynamic state might 
have been necessary. Actually we see that it is not, the position of the critical 
plane as defined in the steady state being preserved in the ultradynamic condition. 
We have thus achieved what we set out to do, namely to determine our ultradynamic 
solution at a fixed plane. 

As to what actually happens to individual electrons in the critical condition, it 
is clear that we cannot investigate this point by reference to the solution for individual 
electrons as given at () in (2.42), since it is not permissible to take w (t—%) as 27 
to correspond with the critical condition. 

Associated with the critical condition is the obvious conclusion that, during that 
half-cycle which corresponds to an anode potential below the mean value, electrons 
would, at low frequencies, fail to reach the anode at all, except for voltage- 
amplitudes comparable with the initial velocity Up expressed in volts. ‘This con- 
clusion is satisfactory in the case of negligible space charge, but the existence of 
space charge concentrated near the anode may alter the situation. To investigate 
this point, we may write down the electron current I, at the critical plane as 
follows: 

I,=P, Uy + Pe Uy+upP.+ pete, 
where P, is the steady-state value of space-charge density at the critical plane, and 
p, is the fluctuating component of space-charge density at the critical plane. Now 
electrons will reach the anode at all instants of the negative half cycle of u, if J, 
has the same sign as (P+p,), which requires that 


U3 — 4. 


This shows that the conclusion still applies when space charges are present. This 
does not prevent u, from being greater than U, during the positive half cycle, but 
equation (120) can then only be applied during the positive half cycle and that part 
of the negative half cycle for which the condition | u,/U, | <1 is satisfied. 

With the above reservations, figure 4 gives the alternating velocity u, in arbitrary 
units for values of p/w between o and 2, for the case where X,/U,)H,.=4, which 
corresponds closely enough to the values of X,, U, and H, used in the example 
standardized in previous sections and also for the case X,=0 (dotted). In figure 4 
is shown only the coefficient of (— sin pt), designated (—d,). In figure 5 is given the 
value of (—#;) corresponding to negligible space charge (@;= 7), 

(7.3) Alternating potential at critical plane. Now the following equation con- 
nects the alternating potential v, at the critical plane with the alternating velocity 


existing there: 
6=2 Ou dx 


o-o ot dd 


= 6 


— U,— Use + | dé. 
m 
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Figure 4. 


Figure 5. 


Eley 
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Figure 4 may evidently be regarded as referring also to the alternating potential 
for values of p/w which make the above integral of negligible value in comparison 
with U,u,. The integral has not yet been evaluated, except in the case where Up, Xo 
are Zero. In the absence of definite information regarding the importance of the 
integral term, figures 4 and 5 will be treated provisionally as referring to the alter- 
nating potential, subject to revision at some future date. ‘The alternating potential 
-will cut off in general during a part of the negative half-cycle, so that the dynamic 
condition has a distinct resemblance to the condition obtaining in an ordinary 
triode regenerative circuit. For p/w=1 the peak value of », is 


4r’mc?X, « 
eH, Ji 
Taking X, as 114 V./cm., H, as 131°6 G., —j, as 1 mA. or 1o~* e.m.u., we obtain 
Y,= —0°57 V. The above condition corresponds to a negative conductance of the 
order of 2 mA./V. 


(7.4) Oscillatory properties of planar magnetron. Inspection of figure 4 reveals 
that the coefficient of (—sin pé) has positive maxima when 


pHw; P=23. 
The relative insignificance of the maximum at p=2-3w is in accordance with 


expectations (q.v.). The range of possible oscillation indicated by the positive values 
of (—sin pt) around the value p /w=1 is as follows, when 7) is written for 27/p 


O26 gl das TOS 6 peer (q2¥): 


The oscillations predicted by the range (equation 121) depend on the im- 
portance of electron-inertia and probably correspond to the characteristic oscil- 
lations of a solid-anode magnetron. ‘The rapid clamping of the curve of figure 4 
‘precludes the likelihood of obtaining any oscillations of higher frequency, the 
counterpart of which is well known in connection with the retarding field triode*. 
This result is in accordance with observation. On the other hand, figure 5 (for 
negligible space charge) would predict ranges of higher frequency oscillation. 
“Oscillations with a cylindrical magnetron were produced by Zacek, originally in the 
year 1924f. An excellent summary of the present position of our experimental 
knowledge of magnetron oscillations is provided by Megaw{. The corresponding 

oscillations in the retarded-field triode are the original Barkhausen-Kurz oscilla- 
tions§. These have been extensively studied by workers too numerous to-mention. 
Excellent summaries are to be found in papers by Hollman||, Pierret@, and 


Megaw**. 


* Scheibe, Ann. Phys., Lpz., 73, 54 (1924); Potapenko, Phys. Rev. 39, 625, (1932); Hollmann, 
Le f. Hochfrequenztechnik, 37, 145 (1931); Benham, Electrical Communications XI, 39, 223 (1933): 
ees: f. Hochfrequenztechnk, 32, 172 (1928). 
LOC. CtL. 
§ Phys. Z. 21, 1 (1920). 
\| Hochfrequenztech. wu. Elektroakust. 44, 2, August 1934. ; 
q L’Onde Electrique, 8, 373 (1929). ** J. Instn elect. Engrs, 72, 313 (1933). 
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(7.5) The effect of cathode-temperature on oscillation-intensity. The existence of 
an optimum in the relation between cathode-temperature and oscillation-intensity 
has been known since 1920*, but no satisfactory explanation has to my knowledge 
been proposed. The present paper contains all the material necessary for the 
establishment of a relation between cathode-temperature and the high-frequency 
energy developed by a planar magnetron diode in the critical condition. Comparison 
of theoretical results with experiment will constitute as severe a test as any of the 
fundamental correctness of the analysis. 

In order to obtain the desired relation we shall first of all require to know the 
relation between cathode-temperature and total emission. It has been found that 
Richardson’s lawt holds quite accurately for any one coated cathode, provided it 
has been properly formed and aged. Measurements on several oxide-coated cathodes 
have led to the following average value of Richardson’s constant } 


46 


b=14o%io iS ; 


For a total emission of 200 mA./cm? at a value 1173° K. of T, the corresponding 
value of a in the simplified Richardson equation J,=ae~/7, with J, in mA./em*, 
is given by 

logy, @=14°4. 
With the above information and with the assistance of (4.5) and (4.6) we obtain the 


results in table 4 for J,, U) and X, as functions of 7,, the anode current being 
supposed constant at 50 mA./cm? 


Table 4 
J =50mA./cm? 
c J's ds —V», | 10°, 10°" 7 xX 16°" O, Pe fee 
° oa n | “m m = 7 10°X,U x 
(Ky |\G@aA" fem)" 47 (V.) (cm.) | (sec.) (V./cm.) (cm./sec.) (V.-sec. cm?) 
1279 2000 40 0'407 ea5t | | . : 

2 3°030 175" “86 : 
wags | fee | 26 | ons | sass | argo | xiae | Sag 1) are 
=m me A Dee 2 nso 2°580 | 146 3°05 47°9 
ee a 3 I'920 2-165 | taes | 2446 50°! 
oe ste 4 O° 1402 '775 | 2015 | r14°0 | 2:233 Sir 
1132 a eyo 1°330 1498 | 848 | 1637 | 51°8 
Hp jor |) Es) com | 256) aya eee a 
at Ke : ahs ed | fees | 45°8 | =a ) “2 


The : te ene 
arnt aan aoe 4 gives the ratio X,/U) which from table 3 is seen to 
portant factor in determining the val f : 
note that when p= mite hing the value of u,. In particular, we 
For i ate we WwW the coefficient of (- sin pt) 1s directly proportional to X,/Up. 
* So value of B which is determined by j, we may say that the effect 
emperature on the oscillation-intensity is to be measured by the ratio 


X,/U,. This ratio i ; 
es ratio Is seen from figure 6 to be a maximum when 7',= 1145° K. In 
optimum will occur below or above this temperature according to 


% : 
Barkhausen and Kurz, loc. cit. ee } 
oc. cit. 
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hether the emission-density when T= 1173° K. is above or below the value here 
ssumed, e.g. 200 mA./cm? 

The form of curve shown in figure 6 is quite characteristic of experimental 
haviour, though in some classes of oscillation* a maximum at one temperature 
as been found to be followed by a minimum at some higher temperature. No trace 
f this minimum has been discovered theoretically by working with still higher 
mission-densities, but the reason for this is not difficult to see. Table 4 is adjusted 
0 a fixed anode current of 50 mA., whereas, in practice, if the cathode-temperature 
)e progressively raised the anode current will continually rise. This applies in the 
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40 
O% 
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LH AATS) 
Figure 6. 


case of coated cathodes for values of total emission up to many times the value of 
s effect is well known among valve engineers as “poor 
saturation”’, though this term is also frequently applied to the other end of the scale 
(voltage saturation) in cases where the lack of a flat top to the anode characteristic 
) saturation is less noticeable with bright tungsten, 
but is still very noticeable when the tungsten filaments are external to the anode, 
in McPetrie’s case. The output curve as given by McPetrie corresponds to an : 
current continually increasing as the temperature of the cathode ie raised, 
continually increasing value of | would be accompanied bya ae y pees 
value of j, which would per se tend to increase the oscillatory output as the tempera 


is raised. 


space current taken. Thi 


* See McPetrie, Wireless Engr, p. 121 (1934). 
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Now McPetrie’s curves show output as a function of filament current. The high- 
ped will be proportional to the square root of the output 
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frequency voltage develo 


power O. If we divide this by the anode current we shall obtain a curve suitable for . 
comparison with figure 6. The quantity O}/J is shown roughly on figure 7, and it is ~ 


seen that there is no minimum following the maximum. In view of the marked 
difference in geometry and operating temperature and other differences, further 
information is required in order to establish quantitative agreement between theory 
and experiment. 

In so far as theory predicts an optimum operating-temperature, the agreement 
with experiment may be regarded as promising. It will be seen that the theoretical 
optimum corresponds to an anode current of roughly half the saturation value, 
whereas experimentally the optimum is generally considered to occur for anode 
currents nearly equal to the saturation value. This difference may be due in part to 
the difference in geometry and operating-temperature but possibly also to a con- 
servative estimate of the total emission. The accurate measurement of total emission 
requires a circuit which applies to the valve a sufficiently high voltage for a time 
insufficient to harm the cathode. The description of a suitable circuit for total- 
emission measurements is beyond the scope of the present paper, but it is of interest 
to note that emissions well over 2000 mA./cm? (see the first row of table 4) have 
been measured directly. 


(7.6) General conclusions concerning electron oscillations. The expression (equa- 
tion 120) for the alternating velocity existing at the critical plane of a magnetron is 
thought to be of fundamental importance as typifying the nature of virtual cathodes 
generally. Thus, whilst the virtual cathode as now understood is obtained by 
electrical and not by magnetic means, the only essential difference appears to lie in 
the existence in the magnetron case of a drift velocity parallel to the plates. It is 
possible that equaticn (120), suitably modified, may be used for the retarding-field 
triode. If T denotes the transit time between the real and virtual cathode of a re- 
tarding-field triode subject to no magnetic field the corresponding value of u, is 
likely to be given by an expression of the type 


U, -f I(- I+cos pT =o, sin pT) sin pt 
; eX, pT ) ; 
- jsin pr+ th zat —cos pay cos pt | ee (122), 


which differs from equation (120) only in that we have replaced (p?—w*) by p? and 
nee by T. Actually equation (122) as it stands does not remain finite when 
=0. 

Aes Tonks* was the first to draw attention to the important part played by the 
formation of a virtual cathode in the retarding-field triode, and proposed ae sort 
of combination of his theory for the steady state with the dynamic theory of Gill 
and Morrell}. ‘The present paper is directed largely towards the fulfilment of the 


* Loe. cit. 


+ Phil. Mag. 44, 161 (1922). 


a 
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equirements postulated by Tonks, and it is believed that the analysis here given 
for the plane magnetron is accurate as far as it goes. The cylindrical case is likely to 
present grave difficulties judging by preliminary analysis, and it is to be hoped that 
many of the conclusions arrived at as a result of the study of a plane geometry will 
not be substantially modified when the results for cylinders are eventually derived. 
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APPENDIX. CHANGE OF COORDINATES 


The theory as given in two earlier papers* involves the solution of the equation 


0 d\ (0U OU\ _ 4nc*e 
Gey ol a nia tar a 
Equation (r) is the electrical counterpart of Euler’s form in which and ¢ are in- 
dependent variables of the equation of motion for fluids moving in streamlinesf. 
If we wish to employ coordinates which specify the position of an individual electron 
in the course of its passage between cathode and anode, we shall need to specify that 
the distance travelled by a chosen electron is dependent on the time (measured from 
some arbitrary zero) and also on the instant at which the electron in question started 
from the cathode. 
Taking z’ and ¢, as Lagrangian variables, we shall have 


Kea (tf, ty), 
t=t', 
ie. the electron which started at time t, (which <t’) has reached the plane wx at 
time ?’. 
Let f be any function expressed in Eulerian coordinates, and f the same function 
when expressed in Lagrangian coordinates, i.e. 


f(®, =f, t). 


Tp hye el One 
Then 7 ay Ot +a, OX = ae dt + 34, Glas 
Of, F (Oh a1 , )= torr 
a A ot+a (ae Be’ + 5P Bly) = 5p Ot +57 Sto, 
a 
and, since dt’ =dt, u=%, 


* Part I: Phil. Mag. 5, 641-62 (1928); Part I: Phil. Mag. 11, 457-517 (1931). 
+ See Lamb, Hydrodynamics, p. 2 (fifth edition). 
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50 
we have, comparing coefficients of dt, Ot, respectively, 
ae Sd 
ot ox ot (2) 
ap Of _ ef | 
Of Ox Oto) 


Equations (2) are the formulae for change of variable, and show that, in the Lagran- 
gian scheme, equation (1) simplifies, if we now write t’=t, to 


03% 4mce 
_4 re 


oe —C—st 


in which the independent variables are ¢ and ¢, though the latter does not appear 
explicitly. 


2 
47e* J=B+B sin pt, 


— | 


Writing 


and integrating with respect to ¢, while t, is constant, we have (assuming theelectron | 
starts with zero velocity and acceleration) 


a2 
at = B (t—t) +f (cos pt, —cos pt), 
CoD 
Ua => (t—t)*+ x ees (3), 
B 
t= ((—-AP4¢ .. 4» 9s 9 ee (4), 


in which we have abbreviated by writing 


at 
er 


b 
and p= ap [p? (tt)? cos pty + 2p (tty) sin pty +2 (cos pt—cos pty)]. 


(t —t)) cos pty tp (sin pty —sin pt), 


Having obtained a solution for U (equal to @x/@t) which is very simply arrived 
at, te seek to express the solution in the original coordinates in order to enable us 
to calculate physically interesting quantities, such as conductance, admittance, etc. 
From equation (3) we obtain 

6 (x—w)]* 
(t—t)= | Das 1) 


J 
ee B/6\i 
“5 t-t)'=F(p) oH) 
Agee 
. at ¢ S 
where we have written U, for the value of Ox/Ot i | 
we ¢ in the steady state (=o). 
Writing U instead of dx/ét, and (T+ 8T) instead of (t—t,), where is to be © 


regarded iati 
g as the deviation from the mean or steady state value of transit time, we 
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obtain, from (2) and (4), 


2 


U=U, (3 aaa, (ver) 


§ 
=U, (x-¥) + x (T, t)+terms in 57. 


‘It is readily shown that the fundamental component of U contains no term in 
oT , while the sole contribution to the fundamental arising from the term in ¢% is 


Writing x37 
we obtain, for the fundamental u, 
u=—2T18+y. 
Giving x and ¢% their values, we have 


B : ; 2 Zee 
ar pelt Die ly Lear sin phy | , 
in which . tp=t—T, 
in agreement with the solution given on p. 648 of part I. 
Let us now derive the potential in Lagrangian coordinates. In Eulerian co- 
ordinates we have 


GN HES pele 
m ox ot Ox * 
In Lagrangian coordinates ¢, tf) we have, using equations (2), 
_e@ OV _ Ox Ox 
M Oty Oty Ot?’ 


dx/t, may be obtained from (3), thus 


0 B ; 
a =~; (tb)? (B+B sin pt). 
; 0 
Hence 
ae ON Ese BB BB (t—t)? - 
Be (t¢—t)? ao (t—t))* sin pty) — s oie (cos pt,—cos pt) 


as = ee (sin pty cos pty—sin pty Cos pt). 


This equation shows incidentally that harmonics are present in the potential if the 
current through the system is free from harmonics. Interesting ourselves only with 
the fundamental, we shall omit the last term. Integration with respect to fy yields 

the result 
274 ‘ 
ac ae aA [ p37? cos pty + 2p°T” sin ply — 4pT cos pty 

m 

—1p°T° cos pt+ 4 (sin pt—sin pt), 


where T=t-h. 
4-2 


W. E. Benham 


The above equation may be reconverted to Eulerian coordinates by a process 
similar to that adopted in the case of the velocity, and the result agrees with the 
solution obtained by working in Eulerian coordinates throughout (see p. 510 of 


52 


part IT). 
Turning now to the cylindrical case, equations (41) and (42) on p. 501 of part II, 
0U ai oU_ —eoV 
ct Or om or’ 
0 0\f aU 0U\]_ 2ec? 
(a+U a) ae tU ~~) |= a 
These become, as before, 
Or eT eor 
Ot, ot2 m Oty’ 
ay OT\ 206 
aa) a 
The last equation requires the integration of an equation of the type 
Or 
Y 0 =F(t): 


The difficulties in connection with such an integration are such as to render a 
treatment in Lagrangian coordinates hardly less intractable than the treatment 
already given in Eulerian coordinates -on p. 501 of part II. : 

Summarizing the above, we see that by means of a suitable change of variable 
it is possible to avoid the necessity for solving tiresome differential equations. A 
simplification of the equations results also in the cylindrical case, which, however, 
does not appear to permit of exact solution in either system of coordinates. The 
above conclusions break down in more complicated cases. Thus if initial velocities 
and accelerations, or a magnetic field, be included, the process becomes intractable 
and the method may become too inaccurate to be of value. 


DISCUSSION 


Prof. C. L. Fortescur. What is the exact mechanism whereby a two-electrode 
us Ive can have amplifying properties which give it the nature of a negative re- 
sistance? And are there any experiments to prove the author’s theory to be correct— 
can a parallel-plate diode oscillate? Llewellyn says that this is probably impossible. 


eee ae Bad Prof. Fortescue’s first question a little difficult to under- 
De ae ce eee ae property is hardly less fundamental than the elec- 
ae ere bee se oes for phase-ditferences corresponding to a negative 
er aah ae ie ‘ conditions. The amplifying properties, if any, would 
ean ce ST idental to the negative resistance, and depend also on the 

cuit, e mechanism of electronic oscillations in diodes and triodes is 
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dealt with in an article due to appear in the Wireless Engineer. With regard to experi- 
mental confirmation, Miiller* has recently established the existence of oscillations in 
a carefully constructed low-loss full-wave parallel-plane diode. These oscillations 
lie within the zone predicted by my theory, which also predicts the correct intervals 
for dwarf waves in a triode oscillatort. 

~The above remarks all refer to diodes or triodes without magnetic field. So far 
oscillations in a parallel-plane diode with magnetic field have not to my knowledge 
been observed. Any experiments conducted with a view to obtaining such oscillations 
| would be subject to the difficulty of obtaining a sufficiently uniform magnetic field 
throughout the space between the plane electrodes. If these electrodes are not large 
| compared with their separation edge, effects occur which may mask the oscillations 
or which may result in spurious oscillations due to a proportion of electrons 
missing the anode and returning to it from behind. 


* Hochfrequensztech. u. Electroakust. 43, 6, 195-199 (1934). 
+ Elec. Comm. XI, 39, 223 (1933): 


Mi 
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ABSTRACT. A rotating coil of mean radius « lies symmetrically between two fixed twin 
coils of radius a. If the ratio «/a lies between 0-58 and 0°53 it is easy to arrange, by merely 
adjusting the distance between the twin coils, that the mutual inductance M between the 
rotating coil and the two fixed coils shall be very accurately proportional to the angle 6 
of displacement from the conjugate positions over a range of some 10° of arc on either side 
of the zeros. The constant K of the relation M= Ké can then be accurately measured by a 
method here described in which 6 is deduced from a mutual-inductance ratio. At the 
same time errors in the calibration of the inductometer used are eliminated. 

If such a coil spins with an angular velocity w, while a current C traverses the fixed 
twin coils, a uniform e.m.f. aCK can be drawn off a commutator on the rotating shaft 
and made to balance an e.m.f. CR drawn off an adjustable resistance R carrying the 
same current. Thus R=wK. 

If now the twin coils are brought rather closer together, the law of variation of M 
with @ takes the form M/§=K+Aé?— B# over a displacement of 35° of arc from the 
zeros, where A and B are very small positive constants and /7/@ attains a maximum value 
K’, where 6?=A/2B and scarcely changes over a range of 3° in this neighbourhood. 
This allows larger sectors to be used on the commutator and the constant K’ of the 
relationship R=K’w can be accurately determined for a suitable commutator in situ. 

The experimental work is mainly devoted to a study of the laws of inductance on which 
the method depends and to the determination of the constants K and K’, but preliminary 
spin experiments are very hopeful and resistances of between 0-32 Q. and 0-64 Q. have 
been measured absolutely by means of commutators with sector contacts of 23° and 47° 
of arc. Owing to the relatively large e.m.f.’s involved, the method is very sensitive and a 
fluxmeter can be used as the balance-detector for hand-controlled stroboscopic spins. In 
other experiments a synchronized television motor was used. 


§1. INTRODUCTION 


HE well-known method of measuring electrical resistance absolutely with the 
aid of a spinning coil was originally suggested by Weber and put forward 
x independently by Kelvin to the Electrical Standards Committee of the 

British Association in 1863. It is very fully described in the reports of the British 
Association covering the period 1862-67; the experiments were carried out prin- 
cipally by Maxwell, Stewart, and Jenkin. Later determinations by this method 
were undertaken by Rayleigh and Schuster*; Rayleight and H. Webert. 


* Proc. roy. Soc. 82, 104 (1881) Phil 
y. Soc. 82, : . Trans. 
t Der Rotations-inductor (Leipzig, Teubner, +882). “ies fea 
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The method involves fundamentally the measurement of a coil-area, a galvano- 
meter constant, a speed of rotation, and the deflection of a needle at the centre of 
the spinning coil. Corrections are necessary for the moment of the magnetic needle, 
the torsion of the supporting fibre, and the self inductance of the coil. It is not 
surprising, therefore, that the method has largely given way to the methods of 
Lorentz and Campbell which involve quantities more easy to determine and are 
applicable to the measurement of external resistances with potential-leads. 

In 1880 Carey Foster* suggested an interesting null method involving the same 
principle as the British Association method. In this arrangement a steady current 
is passed through a tangent galvanometer of known principal constant and through 
the resistance to be measured. The e.m.f. across the potential leads of this resistance 
is balanced against that derived from a coil spinning in the earth’s field, the balancing 
circuit being completed through commutators only over some 20° of arc. ‘The middle 
of the period of contact was made to coincide with the instant when maximum 
e.m.f. was induced in the spinning coil, and the extreme variations of the e.m.f. 
during contact was 1-83 per cent. Though this null method has the great advantage 
of dispensing with the corrections necessary in the original method and is applicable 
to the measirement of an external resistance, the same fundamental quantities are 
involved. The correction necessary for the angle of contact, which must be measured, 
depends for its validity on a symmetrical setting of the commutators about the 
position of maximum e.m.f. which is difficult to locate with precision, and thermo- 
electric effects are likely to be troublesome. 

The object of the present communication is to describe a preliminary investi- 
gation of a sensitive null method by which a resistance may be measured absolutely 
in terms of a mutual inductance and a frequency. 


§2. THE THEORY OF THE METHOD 


Simple form of the method. A coil spinning uniformly about a horizontal diameter 
lies between two larger fixed twin field coils having their planes horizontal and so 
separated in the theoretically simplest type of experiment that the mutual induct- 
ance M between the rotating and fixed coils in series and conjunction is, over a 
range of some 10° of arc on either side of zero, very accurately proportional to the 
angle @ of displacement from the position of zero mutual inductance. The axis of 
rotation lies in the magnetic meridian and the earth’s vertical flux through the ro- 
tating coil is neutralized by a small current passing through large compensating 
coils in the Helmholtz position. 

A steady current C of about one ampere is passed through the twin fixed coils 
and through a variable manganin resistance which is adjusted until the e.m.f. across 
its potential-leads is balanced by that across the commutating sectors of the ro- 
tating coil. These make contact through fixed brushes with a galvanometer over 


some 20° of arc, during which the e.m.f. arising from the uniform spin 1s constant. 


* B.A. Reports, p. 426 (1881). 
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Since the mutual inductance M at any position @ over the range of contact Is given 


by the linear relationship 


M=K0 «> ae (1), 
where K is constant, we have for the flux F through the spinning coil at any position é 
F=CM=CKO — esses (2), 
and for the numerical value of the e.m_f. 
E=dF/dt=CKw = = eves (3), 


where w is the constant angular velocity of rotation. Whence, equating this to the 
e.m.f. CR across the balancing resistance R, we have 


R=Kw=2mnK = — ——— ———_ eeneee (4), 


where is the number of revolutions per second. 


In view of the remarkable accuracy of the linear law connecting M and @ over ~ 


considerable range the constant K can be determined with precision, and a method 
of doing this is described below which not only avoids the direct measurement of 
angles but at the same time eliminates errors in the stud-calibration of the mutual 
inductometer used. Further, on account of the linear law which gives rise to a 
uniform e.m.f. the exact angle of contact is not required and, although symmetry 
of contact is readily obtainable by means of inductance measurements, slight 
departure from symmetry is unimportant. Thermoelectric effects are rendered in- 
significant by adjusting the earth-coil current for zero galvanometer deflection 
when the current C is broken and the resistance R is connected across the contacts 


of the rotating coil spinning at the frequency ”. On application of the current C © 


relatively large opposing e.m.f’s. come into action, giving high sensitivity, and on 
reversal of C throughout the balance is preserved. 

Extension of the method to large angles of contact. So far we have supposed that 
the twin field coils are so separated that the linear law = Ké@ is rigorous and that 
an unvarying e.m.f. CKw is drawn off the rotating coil over an angle limited to 
some 20° of arc. Let us now consider a more general case applicable when the 
commutator sectors are enlarged to some 50° of arc. 

Let M’ be the change in the mutual inductance between the rotating coil and 
the twin fixed coils over the angle of contact 6’ of the sectors with the brushes in 
the region of the first conjugate position, and let 1” be the change in mutual in- 
ductance over the corresponding angle of contact @” around the second conjugate 
position. Then the flux changes CM’, CM” occur in times 6’/w, 6” /w respectively. 
Thus the average e.m.f. during the contacts of one revolution is Cw (M /0’ + M"/0")/2; 
and if this is balanced on a ballistic galvanometer or fluxmeter by the oppasine 
e.m.f. CR, drawn off the adjustable resistance R, we have: 

1/M’ M” os 
ie (or + gr) =0K eeeees (5). 

Now while in general it would not be possible to measure precisely the sweeps 

of inductance M’ and M"” over precise sector angles 6’ and 6”, it is easily possible 


R= 
2 


_ 
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to measure with great precision the ratios M’/#’ and M"/6" provided that M /0 is 
rendered constant in the neighbourhoods of the sector-extremities. This, it has 
been found, can be readily accomplished by bringing the twin field coils rather 
closer together than when they are set to yield the linear law, so that their mutual 
inductance for a range of some 35° of arc on both sides of the zero obeys a law of 


the form 
NEN Se IS i ee ea cers (6). 

It will be seen below that the coils were so separated that 

Ad/G = 124°932--3°005 XK 10 407— 3°05 X10 ae es (Gar 
where M is in nominal microhenries and @ is in degrees of arc. ‘This gives a 
maximum value for M/@ of 125-042 wH. per degree at 24°-5. The value 125-040 
corresponds to both 22°-8 and 26°-1, so that over this range of 3°-3 of arc M/0 
may be regarded as constant and equal to dM/dé. 

By making one sector larger than the other so that the range of contact is deter- 
mined by the smaller sector, 6’ and 6” were made equal at a value of about 46°°8. 
M’/6’ and M’/6", rendered almost equal by symmetrical setting, were measured by 
observations of M and @ in the neighbourhoods of the sector edges, readings being 
taken when the sectors were (a) just on and (b) just off the contact brushes, the 
differences in angle between the on and the off readings being narrowed down to 
about 0°-1. Under such circumstances, the constant K’ can be measured with high 
precision. 

It should be observed that although in this method of working with a large angle 
of contact the e.m.f. drawn off the rotating coil is not quite constant, the extreme 
variation of e.m.f. is only 0-16 per cent over a contact of 47° as against 1°83 per cent 
over 22° of arc in Carey Foster’s method. Moreover in this method the e.m.f. at 
the point of leaving the sectors is equal to the average e.m.f. over the whole contact. 
Design and arrangement of coils. The design and arrangement of coils which 
provide the simple inductance laws stated above are based on the following theory. 
If two concentric circles have the ratio of their radii «/a equal to o 506078* the 
mutual inductance between them is so accurately proportional to the angle of dis- 
placement from the conjugate positions that the rising deviation from a straight-line 
law amounts to only 4:2 parts in a million at 7° of displacement and 18 parts in a 
million at 10° of displacement. With a slightly larger ratio of «/a, the deviation may 
be distributed so that over a range of 7° it never exceeds 0°75 parts ina million. On 
the other hand, if a coil of radius « lies between two circles of radius a separated by 
a distance 2x, the ratio «/a must be increased to bring about a similar approach to 
linearity. Thus if x/a=0-19438, the ratio a/a must be raised to 0-5461 to preserve 
the limiting linear law, the deviation at 7° being now 5:1 parts in a million. This 
deviation may likewise be distributed and diminished by slightly raising the 
ratio «/d. 

The practical significance of this theory, coupled with the fact that the primary 
effect of multiplicity of layers is to alter slightly the effective radii of the coils, lies 

* Nettleton and Llewellyn, Proc. phys. Soc. 44, 195 (1932). 
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in the result that if «/a lies between the limits o- 58>«/a> 0-52, linearity 
the accuracy of experimental measurements may be secured over some oz ge 
multiple-layered coils by merely adjusting the distance of separation pene e 
larger twin coils. Such twin coils may at any time be joined in opposition, thus 
enabling the smaller coil to be set symmetrically. : ! 

In general we may express the mutual inductance between twin coils eae 
smaller coil displaced from the conjugate positions by an angle @ by a series of the 
ns M=K60+A6?4+ BO+......0 tees (8), 
where the constants K, A, B etc. depend on «, a, x and the number of turns, and 
may be evaluated with the aid of Legendre functions, though the process 1s laborious. 

If «/a lies between the limits given, the coefficient A may be rendered zero by 
adjusting the separation 2”. The succeeding coefficients are then small and negative, 
and a limiting linear law with accuracy of the order already stated results. If now 
the separation 2x is reduced, A assumes a small positive value and we have in 
practice with high accuracy over 30° of arc 


M=K@+AG—BO — — = — & ‘snnwns (9), 


which gives a maximum value of M/@=K + A?/4B at positions given by 6?= A/2B. 
These positions are those proposed for the sector edges and define the ideal angle 
of contact for the new and closer distance of separation. 

The e.m.f. on uniform rotation is everywhere proportional to dM/d@. Thus the 
minimum e.m.f. over the sector contacts is represented by K when @=o0, the maxi- 
mum e.m.f. by K+9A?/20B when 6?=3A/10B, and the average e.m.f. by 
K + .A?/4B (which is the actual e.m.f. when 6?= A/10B or at the sector edges) where 
G2 =Ay 2B: 

Measurement of angle by a mutual inductance method. This method of measuring 
an angle of displacement is particularly suitable for the present purpose and is based 
upon the fact that the mutual inductance between a small solenoid of designed 
dimensions and two large twin coils between which it rotates can be rendered with 
great accuracy proportional to the sine of the angle of displacement from the 
conjugate positions. 

The mutual inductance between twin circles A and B, figure 1, and a single 
layered solenoid C of radius « and length 2L, rotated from the conjugate position 
by an angle 0, is given by the expression 


n=0 n—1 ) 
Mel, = aa e (: ’ Pn+i (cos $) 
eC 2 ee ) Py! (cos ¥) dos BP (sin 8) ......(10), 
where P,, is the Legendre function of the first kind, of order ; P,,’ its differential 
coefficient; n an odd positive integer, G the galvanometer constant of A and B 
together at the origin of symmetry; q the total area of C; and s, r, d, and ¢ are 
sufficiently defined by the figure. 


If the angle solenoid C is of small radius, this series converges rapidly and only 
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he first three terms are of importance. They lead to the expression 


Me/Gq=sin 0+-K,P; (sin @)+ K,Ps(sin@) — eaeeee (TE); 
here pees caer Lo 
ate 4113 4 
é OnE 4) P74 LQ? 4 
and Keo Eee ie OSE 
uty: AE 3 wats S| | 2 +f, 


or when the result is expressed in powers of sin 6 
M,/Gq= sin 6 [1 —3K,/2+15K,/8] 

+ sin? 6 [5.K,/2—35K,/4]+sin® 0 [63K,/8] ...... (12); 
If «/a is less than }, and K, is rendered sensibly zero by making L?/3 equal to an? /4, 
or x? equal to a?/4, K, also is always small and a close approach to the sine law 
resuits. If the coils are multiple-layered to the extent used in this research, this 
effect may be treated by a method due to Maxwell* and shown to be negligibly small. 


Figure 1. 


In the angle solenoid used in our experiments 2L = 3°78 cm. and «= 2°18 cm. 
as found with the aid of a standard solenoid. ‘The mean radius a of the twin coils 
was 16-41 cm. and in the least favorable position used, namely when the coils were 
closest and Y=78°, these figures give K,= — 1:09 x ro and K,= —3'20x 10-. 
Whence if Mmax. denotes the value of M when 6=g0° 


sin 0-3) [1 +7 x 10-7—2'5 x 10-4 (sin?@—sin*6)] —....-. (13) 

max. 
and the sine law is very accu 
necessarily uncertain as errors in the measurements of L and « 
ed value. Some experimental tests upon this angle coil have already 
pecial advantage of the method for the 
nsiderable 


rate, but it should be observed that the value of K, is 
have large effects on 


its calculat been 


described by Llewellynf, but in view of the s 
present purpose and its sensitivity to two or three seconds of arc over co 


* Proc. phys. Soc. 42, 507 (19309). 
+ Thesis, Ph.D. degree, University of London. 
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range, further improvements in the method and in the tests of its accuracy are 


contemplated. ay 
Method of eliminating local inductometer errors. Essentially the methods here 


- . - 
described with either large or small angles of contact require the determination of 
a constant //0, the angle @ being measured from the relationship sin 4 = Mo/Mmax- 
All mutual inductances are measured on a Campbell inductometer. This inducto-_ 
meter is first carefully calibrated so that all the stud readings are known in terms of 
100 divisions of the scale, so that inductances can be read in nominal microhenries, 
subject to calibration errors. Further, the rotating coil is wound with such a number 
of turns that its mutual inductance with the twin field coils is so close to the value 
of the mutual inductance between the angle coil and the same field coils that up to 
at least 25° of arc the readings are within 100 microhenries; thus the same thousands 
and hundreds studs are in use for both readings. With the widening gap between 
the radian law and the sine law, the difference of reading at 40° of arc is still only 
some 300 H. 

Under such circumstances it is easy to show that any errors of the order possible _ 
in the calibration are rendered quite negligible as regards the determination of the 
ratio M/Mg, and the accuracy of M/6 is solely dependent on the accuracy of the 
inductometer at the angle-coil reading Mmax., which in our case was some 7000 #H. 

In future work we shall aim at a maximum angle-coil reading of just over 
10,000 #H., which will enable the fundamental dimensional length measurement to 
be checked by a 10 millihenry standard without any resort to the calibration curve. 


§3. THE APPARATUS 


The formers of the fixed twin field coils A and B, figure 2, were constructed of 
dexonite. The channels, of radial depth and axial breadth 3-6 cm., were each filled 
with 504 turns of double-silk-covered copper wire, s.w.g. 16, the mean diameter 
of winding being 32-8 cm. The coils, separated by distance pieces D, D, were locked 
together and firmly supported. 

The rotating coil C consisted of 80 turns of double-silk-covered copper wire, 
s.w.g. 26, wound on a solid mahogany former, the channel having axial breadth 
1 cm. and radial depth 0-3 cm. The mean diameter of winding was about 19-0 cm. 
A hole of diameter 5 cm. through the centre of the former served for the insertion 
of the angle solenoid when required. The hole was lengthened by attaching to each | 
face of the former wooden rings, one of which is seen at E; to the ends of these 
rings were fastened small brass brackets with screw adjustments enabling the angle 
coil to be set centrally and secured in position. 

| 


The portions of the brass shaft to which the rotating coil C was attached 
terminated in pieces of channel brass F, F which held the coil by brass bolts. Some 
play within the channel pieces, which allowed room for packing, enabled the coil 
to be set symmetrically about the axis of rotation before the bolts were screwed up 
tightly. ‘The brass shaft was of external diameter 1:27 cm. and had a central hole of 
bore o: 5 cm. which permitted bell flex leads from the rotating coil to be led through 
the portion G of the shaft to terminals t, t on the sectors of the commutator M. 
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The commutator M consisted of a cylindrical ebonite piece some 6-5 cm. in 
diameter and 3-3 cm. long, through the centre of which passed stout brass tubing 
hich enabled it to be slipped over the shaft and fixed thereon by heavy screws. ‘The 
brass sectors let into the ebonite were diametrically opposite. In the particular 
commutator shown inset in figure 2 ona larger scale, one sector S consisted of a brass 
piece tapering along its length from 44° to 51° of arc while the other sector was 
parallel along its length and of width equivalent to 60° of arc. The framework NV 
carried spring brass brushes adjustable in width and height and provided with 
terminals. The fly-wheel L, the stroboscopic disc R, the flexible unions U and 
the well-separated motor 7 are seen in the diagram. 


Figure 2. 


The large horizontal coils V, V of sides 49 x 55 cm. are placed in the equivalent 
Helmholtz position and serve for the neutralization of the earth’s vertical flux 
through the rotating coil when fed by a small current derived from accumulators. 

The main electrical circuit will be readily understood from figure 3 with little 
description. The current of about 1 A., derived from accumulators, can be sent in 
either direction through the twin coils A and B, the quadrant key Q, serving to join 
them either in conjunction or in opposition but always in series. The same current 
passes through standardized resistances of 0-20029 ©. and 0-50006 Q. and through 
the variable resistance R to be adjusted and measured, all of which can be connected 
by potential leads with a good thermoelectric potentiometer which reads from o to 
go millivolts so that the value of R can be checked by comparison within a few 
minutes of measuring its resistance absolutely. The resistance consisted of a box 
of manganin resistances of nominal values varying from 0°005 Q. to 2:0 Q. in series 
with a short semi-circular copper wire, of s.w.g. 18 provided with a movable poten- 
tial contact. The e.m.f. across R can be adjusted to neutralize that across the 


ng 
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being observed on a galvanometer 


brushes b of the uniformly spinning coil, balance 


or fluxmeter provided with a tapping key. 
The circuit also readily permits of the measurement of the mutual inductance 


between the rotating coil, when stationary, and the twin field coils as well as of the 
measurement of the angle between them. For this purpose the primary of a Camp- 
bell mutual inductometer is switched in at the quadrant key Q, to be in series with 
the fixed coils. The rotating coil through the sector terminals ¢, ¢ is thrown into 
series with the secondary of the mutual inductometer at the quadrant key Q, and the 
galvanometer is included in this loop and detached from R by rocking over the 
mercury switch D. Alternatively, the angle coil may be thrown into the secondary 
circuit at H instead of the rotating coil and mutual inductance, and hence the 
angle between it and the twin coils can be measured. Balance is easily obtained to 
within 0:1 »H., which represents in the case of the angle coil 3” of arc. 
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Figure 3. 


The most constant speed of revolution was obtained by using a synchronized 
television motor, the cogged wheel of which had thirty narrow teeth separated by 
gaps four times the width of a tooth. The synchronizing impulse is fed to coils 
actuating an electromagnet pulling upon the teeth of the cogged wheel. The im- 
pulses used were derived from valve-maintained Kénig tuning-forks which had 
been calibrated against one another by the method of visible beating*. In figure 
the complete valve circuit is shown for maintaining the fork aL rhe 
motor and supplying a neon lamp with the tuning-fork frequency for esas the 
stroboscopic disc R, figure 2, now provided with thirty lines. Because the televiaan 
motor was rather weak in power, it was somewhat overrun and required careful 
rheostat adjustment to maintain synchronization for brief periods, but perfect 


* Nettleton and Balls, Proc. phys. Soc. 45, 545 (1933). 
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balances were obtained on the galvanometer at three different speeds, viz. 8-533 
10667 and 12°800 revolutions per second corresponding eqns OR forks of 
frequencies 256, 320, and 384 vibrations per second. 

For other speeds a stronger motor was used in conjunction with other strobo- 
scopic disc rulings, viewed by means of the fork-controlled neon lamp, and the 
average speed was maintained as constant as possible with rheostats and hand- 
friction control. Though the imperfections of this control were manifested on a 
galvanometer by the oscillations of the spot of light, excellent balance was obtained 
by means of the following artifice. A Grassot fluxmeter of the silk-fibre-suspension 
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type* shunted by some 80 {2. was substituted by a rock-over switch for the gal- 
yanometer, and the tapping-key was depressed while the average known speed of 
revolution was maintained. Any advance of a stroboscopically viewed line was 
immediately rectified by increasing the friction and enforcing its return. Departure 
from balance was then manifested by the growing drift of the fluxmeter pointer in 
one or the other direction, and was rectified by adjustment of R until, after a con- 
siderable run, the pointer maintained its zero value. This method was proved to be 
satisfactory by deliberately allowing lines to escape and return in a time small 
compared with the period of the fluxmeter. Moreover the sensibility was good, the 
balance of R being sharp on the slide wire, while even small departures from the 
correct current in the earth coils used for neutralizing the earth’s vertical com- 
ponent could readily be detected by this fluxmeter method. 


§4. EXPERIMENTAL TESTS 


Attainment of the linear law M= K0. ‘The distance pieces between the twin field 
coils A and B were adjusted by trial, a few readings of the type given in table 1 
sufficing until close approximation to the linear law was attained. Symmetry of 
setting was acquired by throwing A and B into opposition and moving them to- 
gether until the mutual inductance between them and the rotating coil was as closely 


* The recent control-less jewel-pivoted type is less satisfactory owing to solid friction. 
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as possible zero in all positions. The angle coil likewise was set symmetrically by 
opposition tests, and its positions of zero mutual inductance with the fixed coils in 


conjunction were made to agree very closely with the corresponding conjugate © 


positions of the rotating coil. Readings of the mutual inductance M between the 
rotating coil and the field coils, and the readings of the corresponding mutual in- 
ductance Mg between the angle coil and the field coils, were then taken over all four 
quadrants at closely corresponding positions. The maximum angle-coil inductance 
was observed also and the angle @ in seconds of arc was then evaluated from the 
sine law for all positions. The corresponding values of M and @ in all four quadrants 
were added together and the ratio M/@ was obtained from =M/=é. The values 
obtained for the final setting of the field coils for spins with a commutator of small 
angle are recorded in table 1. 


Table 1. Values of M/60 for various angles 6. x/a=0-247, Mmax.=7085°17 


XM nominal 4 (seconds | 6, approximate | M/@ nominal | 
(#H.) of arc) / (degrees) (#H./degree) | 
2560'6 74,726 5-2 123°3s9 | 
3279°2 95,698 6-6 123°3s8 
4033°9 117,726 8-2 123°35s | 
4833°2 141,050 9°8 123°357 | 
5649°5 164,875 11°45 ) 123°355 
6448°8 188,209 13% / 123°351 
7320°8 213,675 148 / 123°34, 

8148-6 237,844 16:5 123°337 | 
8947°9 261,176 18-1 123°336 

9781°3 285,502 19°8 123°336 
10659°4 311,146 21°6 123°331 | 
12450°2 363,614 25°25 1237265 
15043°9 439,795 30°5 / 1237144 | 


A plot of M/@ against 6 reveals peculiarities due to imperfect symmetry, but the 
approach to linearity is remarkable and the value of A for contacts of approximately 
known angle can be readily determined with precision. 

With the coils in this position the semi-angle of the contacts used in the spin 
experiments was 11°-6, and accordingly the value of the constant K was taken as 
123°355 nominal microhenries per degree. The correcting factor to convert to true 
microhenries was found with the aid of a standard inductance to be 1-00035, and 
hence for this arrangement of coils and contacts the experimental value of K is 
123°398 wH. per degree of arc. 

Spin experiments with small angle of contact. The small commutator was readily 
adjusted systematically with the aid of the inductometer until the mutual inductance 
between the rotating coil and the fixed coils had approximately the same value, at 
the four boundaries of make and break between sectors and brushes, which me 
crossed during each revolution. The value in question was some 1425 oe corre- 
sponding to a semi-angle of 11°-6. The current in the earth coils was then adjusted 
when the rotating coil was spinning with the main current broken, until no deflection 
was obtained on the galvanometer when closed through R and the commutator of 
the revolving coil. 'The speed of revolution was then maintained at a constant value, 
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determined by the tuning-fork and the stroboscopic disc in use, while R was 
adjusted until accurate balance was obtained on the galvanometer or fluxmeter 
when a main current of the order of an ampere traversed the circuit in either direc- 
tion. ‘The balancing value of R was then immediately checked on the thermoelectric 
potentiometer by comparing it with one of the standard resistances—usually the 
0°50006-®. resistance. The value of R in c.g.s. units is given by the expression 


R=36 x 123°398 x 104 xn, 


where n, the number of revolutions per second, is obtained by dividing the frequency 
of the fork by the number of lines on the stroboscopic disc. Table 2 gives the results 
obtained. 


Table 2. Absolute measurement of resistance. K = 123-398 wH./degree 


ise Sectors n Rak Ome Resistance by 
(c.Jsec.) on disc (rev./sec.) (c.g.s. units) eee asa 
256 30 8533 |  0°37908 0°37889 
320 30 10°667 0°4.7385 0°47365 
384 30 12°800 0'56862 0756842 
384 36 10°667 0°47385 0°47386 
512 36 14°222 0'63180 0°63193 
384 40 9:600 0°42646 0°42647 
512 40 | 12-800 056862 0°56879 


The use of the synchronized television motor was limited of necessity to the 
first three experiments. Fluxmeter balances were taken in the other tests. 

Adjustment of twin coils for use with large contacts. The twin coils A and B were 
now brought closer together and set symmetrically with respect to both the rotating 
coil and the angle coil by opposition inductometer tests as previously described. ‘The 
variation of M and @ was then explored over all four quadrants by taking readings 
of M and M, in closely corresponding positions. 

On adding the corresponding values of M and @ in the four quadrants we obtain 
from XM/=0 mean values of M/@ at various angles of displacement. These results 
are given in table 3 and are well represented by the relationship 


M/0 = 124-932 + 3°665 x 10-4 6? — 3°05 x 10-7 04 


as will be seen from the fifth column, which gives the values calculated from this 
expression. The differences between the observed and calculated values of M/@ are 
given in the last column. 

This setting of the coils with a maximum value for M/@ of 125:042 nominal 
pH. per degree at 24°50 appears ideal for use with a commutator having sector 
contacts of semi-angle between 23° and 26°. Accordingly the commutator M, 
figure 2, with smaller sector of angle tapering from 44° to 51° was adjusted on the 
shaft. 
Determination of the constant K' for large angle of contact. The larger commutator 


was adjusted systematically and firmly fixed in position. The constant K’ of equa- 
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Table 3. Values of M/@ at various angles 0. x/a=0:212, Mmax.=7249°37 


| | me | me | 
(@ seconds / 6 observed | calculated | Difference 
(nominal of arc) | (degrees) | (neminal (nominal | 
(#H.) | | pH./degree) | pH./degree) 
. : : 124°947 +0:002 
: ,961 6°53 124°949 4°94 : 
be io II | 9°69 | 124°963 ee? q pear 
7247°3 208,722 14°49 1257000 | = -124°99 eh 
9690°8 279,048 19°38 | 1257021 | 125°027 a 
10957°8 315,489 21:91 | 125°038 1257038 pyc: 
12255°2 352,824 | 24°50 | 125°045 soar: bile: 
13625°1 392,298 | 27°24 | 125°033 125 ses peice 
14927°4 429,860 | 29°85 | 125°014 | 12501 
168349 485,007. | 33°68 | 124:958 124°955 +0:003 


tion (5), equivalent to (M’/6’+M"/6")/2, was found for it directly in situ by taking 
readings of M and @ at the sector edges over all four quadrants with the brushes 
(a) just on and (6) just off. The data are recorded in table 4. 

Table 4. Direct determination of K’ for contact of 47° 


x/a=0:212, Mmax.=7249°37 


i Sa) nS. Aor « | = 

Quadrant | Contact | “ Cece | ia spans : ns ory 
r On = 2945°7, | «= 2890°0 84,579 
: Off | 29682 | 2910-7 85,222 
Z On 2924°6 } 2885-9 84,451 
+ Off 29027°2 | 2888-1 84,520 
3 On 2880°8 | 2827°8 82,653 
3 Of 2888-3 283570 82,876 
é On 2937°2 2898-4 84,840 
2 Off 2953°0 2Q12°5 85,278 


The mean value of K’ for the on and off positions, which owing to the closeness of 
the ratios involved is equivalent to XM/Z0 for all readings, is 125-040, nominal 
wH. degree or, when corrected by the factor 1-00035 to convert to true micro- 
henries, 125-084 .H. degree for a semi-angle of contact of 23°°4. 

Spin experiments with an angle of contact of 47°. A series of spin experiments 
was performed in the manner already described, and the balancing value of R in 
c.g.s. units was given by 


R= 36 x 125:084 x 10!x n. 


Table 5 shows the values of R so obtained and the corresponding potentiometer 
checks. The synchronized motor was used in the first three experiments. 
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Table 5. Absolute measurement of resistance. K’=125:084 wH./degree 


EAS ray Sectors yi Rx10— Resistance by 
(c./sec.) on disc (rev./sec.) (c.g.s. units) les heat 
256 30 8-533 0°38426 0°38398 
ace 30 10°667 0°48032 orgare 
3 é 30 12°800 0°57639 0°5 7614 
25 24. 10°667 0°48032 0°48008 
320 24 13°333 0:60040 0759982 
ae 36 fais a 0°32022 0°32047 
25 30 14°222 0°64043 0°64036 
512 36 14°222 0°64043 0°64026 
320 36 8-889 0°40027 0°40002 
384. 36 10°667 0748032 0748033 
512 40 12°800 0°57639 0°57627 


§s5. CONCLUDING REMARKS 


As this method of measuring resistance absolutely is based on the constancy of 
the ratio 1/6 in the neighbourhood of an angle 6 which determines the approximate 
semi-angle of the contacts employed, the greater part of our time has been given 
to an investigation of the relationship between M and 6 and to devising means of 
measuring the ratio accurately. Once the laws of inductance made use of have been 
established, a few readings suffice to determine the constant K for any commutator 
in position and to set its value between close limits. We favour the use of contacts 
of some 50° of arc owing to the great accuracy with which K can then be measured. 

In view of the high sensitivity and the rapidity and ease with which balance can 
be obtained, we propose to undertake further work with coils of rather greater 
diameter (allowing more space between the fixed pair and the rotator) so wound that 
resistances of the order of an ohm may be conveniently measured. Further in- 
vestigation is also being undertaken of the limits of accuracy of the sine law for the 
angle solenoid. It is proposed for the purpose of measuring @ to use two additional 
twin coils always in the Helmholtz position and possessing a maximum mutual 
inductance of some 10 mH. with the angle coil. ‘The essential length and time 
measurements will then be dependent upon the value of a convenient standard 
inductance and upon a standard tuning-fork frequency. 
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DISCUSSION 


Dr D. OweN. The method described is not really related to that of the B.A. 
revolving coil, as appears to be implied in the introduction to the paper. Its affinity 
is rather with the Lorentz method, as is clearly indicated by the formula R=Mn 
which applies to both. The idea of using a momentary contact at the instant of | 
maximum induced e.m.f. of the moving conductor was proposed by Lippmann, who ~ 
used a coil rotating in the uniform field within a solenoid carrying the same current 
as that passing through the resistance to be measured. ‘The advantage of the present © 
method lies in the application of the investigation previously made by one of the 
authors of a type of variable mutual inductance in which, over a wide range of 
angular movement, the mutual inductance is very closely a linear function of the 
angle. This at once puts the determination of resistance on an altogether higher 
plane of accuracy. Compared with the Lorentz revolving-disc method, it is now 
possible to use a multilayered coil, and consequently the scale of size of the whole 
apparatus, or the speed of rotation of the coil, may be greatly reduced. These 
advantages may well engage the careful consideration of those concerned with 
future work on the determination of the ohm at the various national laboratories. — 


AutTuors’ reply. The method here described resembles the B.A., the Carey 
Foster and the Lippmann methods in that an alternating e.m.f. is generated in the 
revolving coil. It differs from them in that the e.m.f. is not sinusoidal and is very 
uniform over the contacts particularly at the contact edges. In Lorentz’s method the 
magnetic lines of force are cut throughout a revolution at a constant rate and the 
e.m.f. is unvarying. 

We thank Dr Owen for drawing our attention to Lippmann’s method, the formula 
for which may be written R= Mn if the contact is momentary. Our remarks in the | 


paper on the correction for arc of contact in the Carey Foster method are equally 
applicable to the Lippmann method. 
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ABSTRACT. In this paper is given a description of a colorimeter (or tintometer) in 
hich use is made of a simple optical system for juxtaposing the two beams of light. Also, 
ovel methods are introduced for equalizing the tints of the two columns of liquid and for 
etermining the difference between their lengths. 
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quantities of iron, and for that purpose the precision colorimeter which is 

the subject of this paper was designed and constructed. The chief features 
0 which attention may be drawn are (i) the simplicity and consequent inexpensive- 
ess of the optical system; (ii) the plan used for varying the length of the column of 
the standard solution; and (iii) the differential method employed for ascertaining 
the relative values of the two solutions contained in the tubes A and B. 


©) late I have had occasion to carry out many determinations of minute 


§z2. CONSTRUCTION OF APPARATUS 


Figures 1, 2 and 3 are largely self-explanatory. It may be seen that the several 
glass and other parts of the instrument are, as usual, mounted upon a vertical 
board C. The tubes A and B, graduated in centimetres, are supported by a shelf D 
having suitable apertures for the transmission of light reflected from the mirror M*. 
Variations in the inclination of the mirror are producible by means of the screw S. 
On emerging from the tubes A, B, the two beams of light enter and pass through 
the V-shaped block of glass G, G, and are thus brought close together. Each limb 
of the vee is 18 mm. thick and the faces are polished and parallel. The two plates, 
united with Canada balsam, meet and form as shown in the figure an angle of 78°. 
After traversing the prismatic block the beam of light is, by means of a diaphragm 
F, F having an opening 4 mm. long and 3 mm. wide, so limited that the central 
portions only pass upwards into the eye-piece E. The level of the standard solution 
in B can be varied and adjusted by a glass plunger P contained within a cistern T. 
The plunger, of uniform diameter, is suspended from a pin N bya platinum ribbon O 


* The tubes A and B are not enclosed. Theory and experiment alike show that the use of a 
cover to exclude light other than that reflected by the mirror 1s wholly unnecessary. A decided 
advantage, however, accrues from the screening of the prismatic block for which an aluminium 


cover is used. 
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is so loaded with mercury that even when 
bbon still remains taut. For keeping the 
a, b, c were formed and then attached by 
fusion as shown. In the absence of these the plunger makes contact with the walls 
of the cistern, thus causing inconvenience and inaccuracy. Two stops d, e impose a 
limit to the degree of rotation of the disc X carrying the index J. A ring L having 
upon its outer rim a millimetre scale as shown can be rotated independently of X 


7° 
or mm. wide and 0-08 mm. thick; and it 
it is immersed to the fullest extent the ri 
plunger central three solid glass pimples 


Figure 1. Figure 2. 


and ie secured in any one of a number of positions by a pin q fixed to a steel 
pear . For convenience, the diameter of the cylinder Y and that of the graduated 
ne a so proportioned that when X is rotated and P raised or lowered until the - 
ne + t . cee in B has been changed by + 10 mm., the reading as shown by 
ered by +20 scale divisions. Under these ci visio 
(1 mm.) corresponds to a variation i "liquid in B ial ee 
in the level of the liquid in B + 
Smaller quantities are a matt imati pines ec 
er of estimation. The plunger is retained iction | 
in any position to which it may be brou ti hich is Te 
ght, and the friction, which i is 
produced by an appropriate adjustment of the nut U. ee ae 
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In figure 3 is shown the posterior surface of the ring L with its series of equally 
spaced cavities* for the reception of the pin g. The distance between any two cavities 
is such that it is equivalent to a difference of 0-2 unit (cm.) of the scale upon either 
glass tube, and to 4 scale divisions of the ring L. 

The plate Q is pivoted upon the pin Z, and thus any required adjustment of the 
prismatic block about a horizontal axis can be readily effected; the plate can then 
be clamped by means of a nut (not shown) at the back of the support. 

_ For attaching the parallel-plane plates to the tubes A and B, use was made of a 
cement sold under the name of ‘‘ Durofix.’’ This cement, which is not affected by 
water, has proved highly satisfactory. 


§3. EXPERIMENTAL PROCEDURE 


The colorimeter is used in the following way. First, the coloured solution under 
examination is introduced into A and the level of the liquid adjusted so that it 
coincides with an appropriate division, say 3, 6 or 8. The most convenient length 
for the column obviously depends upon the intensity or depth of the colour. Let 
us suppose the length to be 5 cm. Secondly, the plunger P is moved by turning H 
until the index J is in the position indicated by J’. Thirdly, V is now pulled back 
so as to withdraw the attached pin q from its cavity: then the graduated ring L is 
rotated until the zero of its mm. scale is in close proximity to the index at J’. On 
releasing V and slowly turning L to the right or left g springs into an adjacent cavity 
and thus for the time being maintains the ring in a fixed position. ‘The index is then 
set at zero. Fourthly, the standard solution is poured into the cistern 7 until the 
level of the liquid in B coincides with the graduation 4 (not with 5 as in the case of 
A). By adopting this plan, the level of the liquid in B can by means of the plunger 
be varied within the limits 5++2 and 5—2 cm. Lastly, by means of the milled head 
H the plunger is alternately raised and lowered until finally the two patches of 
colour as seen through the eye-piece are precisely matched. The index reading is 
then noted, and as this at once gives the difference in the levels of the two columns 
the required value may then be calculated. 

It will be observed that differences measured in the way just described assume 
values which are positive when the plunger is lowered and negative when it is 
raised. Accordingly all graduations of the scale on the left of zero as seen from the 
front are marked +, whilst those on the right are marked —. 

It may be desirable to point out that if some level other than 5 be more con- 
venient for the measurement in hand the procedure remains unchanged. For 
example, let the length of the column in A be increased to 7. This column is 2 cm. 
longer than the former, and as each 1 cm. is equivalent to 20 divisions of the gradu- 
ated ring, the ring must be rotated through 2 x 20 to the right and then, as in the 
first case, secured by the pin g. Next, the index J having been brought to the zero, 

‘an additional quantity of the standard solution is introduced into the cistern T and 
the level of the liquid in B is adjusted so as to coincide with the graduation marked 


* Actually the cavities are five times more numerous than those represented in the figure. 
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6. That is with 7-1 instead of with 5-1 as in our first illustration. Finally the two 
colours are matched as already described and their relative values calculated. 
When the instrument is to be used for liquids which are affected by rubber the — 


side-tubes at ¢ may be united by fusion. 


§4. ACCURACY ATTAINABLE 


To those experienced in the practice of colorimetry, it will be quite obvious that 
the degree of accuracy attainable with the instrument just described must be, and | 
is, of the same order as that ensured by the use of other precision colorimeters. And — 
here we remark that the chief difficulty associated with the use of colorimeters arises | 
not so much from the form of any given instrument as from a lack, on the part of 
the observer, of a necessary sensitivity for apprehending differences in colour- 
density. Some observers are able to match particular colours with ease but ex- 
perience considerable difficulty when dealing with others. In this respect my own ~ 
observations are uncertain and irregular in the case of yellow, pink or red solutions, 
but are reasonably uniform for those which are blue. And so for the research — 
which, as we have already stated, involved the determination of minute quantities — 
of iron, choice was made of Prussian blue rather than of the red compound iron- 
potassium thiocyanate. Curiously enough a friend engaged in a similar research 
prefers the latter to the former compound. 

For ascertaining the mean error attending the use of the new instrument, the 
following experiments were made. First an acid solution of iron in the ferric state 
was prepared, the concentration of which was 56 mg. of iron per 100 cm? Of this 
solution 1 cm? was transferred to a 100 cm? measuring-flask and freely diluted. Then 
the required potassium ferrocyanide was added, and the whole was well mixed and 
finally made up to the standard volume. Newly prepared, such a dilute solution 
remains quite unclouded for some days. 

Next, both tubes of the apparatus were charged with standard solution and the 
necessary settings and adjustments carried out in the way already described. For 
the first experiment the column of liquid in 4 was 40 mm. long. Finally, column 


A was repeatedly measured in terms of column B with the results set forth in 
table 1. 


Table 1 


Length of column (sta, 


Observed True Differences (mm.) 
Plunger raised ie 40°0 ors 
40°0 +o: s 
Plunger lowered i 39°5 40°0 —0'5 
pick sul | +10 


MeAn = 40's Mean= +o'r3 


The mean difference +o'r3 is equivalent to +0-065 mm. (vide supra). Hence the measured 
weight of iron differs from that known to be present by id amit bed 


40°065 OF 0°56 — 0°5 599 mg. 
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In continuation of the series of tests, A and B were again charged with the 
solution containing 0°56 mg. of iron per 100 cm? The procedure detailed above 


was again followed, and other 3 columns of the standard solution were measured 
with the results set forth in table 2. 


Table 2 
Length of Mean measured Iron content 
column in length of 
tube A column in ‘True Observed Differences 
(mm.) tube B (mm.) (mg.) (mg.) (per cent) 
60 59°62 0°56 075564, —0'64 
80 ~ 79°88 0°56 0°5591, —o'l4 
100 I00'0I | 0°56 0°5600, + 0°04 
Means = 0°5586 —0'25 


Finally, with the object of rendering these tests more complete, several solutions 
having concentrations less than that of the standard liquid were prepared and 
measured with the results shown in table 3. 


Table 3 
| Iron content 
Solution erie of | 

no. ee call ‘True Found Difference 
ae) (mg.) (mg.) (per cent) 

I go 0'187 0:1865 —0'27 

2 90 0°250 0:2485 —o'60 

3 60 0:280 0'2770 — 1:08 

4 60 0°373 0°3720 —0'27 

Mean= —0:56 


From tables 2 and 3 it may be seen that the final mean error is of a negative 
character and that therefore, in general, the weight of the iron was underestimated. 
But given another observer, having a personal equation differing from my own, the 
corresponding mean error might well be dissimilar not only in magnitude but also 
in sign. 
| § 5. EFFECTS OF EYE-FATIGUE 

In conclusion, attention may be drawn to the way in which the effects of eye- 
fatigue resulting from an indispensable critical observation of the colour-patches 
were met and overcome. Experiment showed that for a series of readings the great- 
est uniformity in apparent values was obtained when the two columns were balanced 
quickly, or by first approximating to the true value and then resting the eye before 
the final adjustment was made. Another and most helpful plan was that in which 
the main adjustment was carried out with the aid of one eye and the final and more 
precise setting accomplished with the aid of the other and unfatigued eye. ‘The 


_ apparent increase in the brightness of the field, as judged by the second eye, is usually 


very considerable, and so any residual difference in the depth of colour of the two 
columns is the more readily detected and balanced. I am not aware that these 
important matters of detail have hitherto received the notice they seem to merit. 


Hr ¢ 
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ABSTRACT. The energy of agitation of positive argon ions was investigated for a range 
of electric forces Z from 5 to 50 V./cm. and for a range of pressures p from 3 to 0-24 mm. ~ 
by means of the Townsend method of measuring the lateral diffusion of a beam of ions 
moving in a uniform electric field. 

In pure specimens of gas the energy of agitation of the ions was the same as that of 
the atoms of the gas, and independent of the pressure, when the ratio Z/p was less than 
about 20. For higher values of Z/p the mean energy was increased by the field; the values 
obtained are compared with those calculated on the assumption that the ions behave as 
perfectly elastic spheres which attract the atoms of the gas with a force varying as the 
inverse fifth power of the distance. 

The motion of the ions was found to be very sensitive to the presence of impurities, 
and the general effect of the impurities at pressures greater than o-4 mm. and when 
Z/p was less than 80 was to reduce the mean energy of agitation of the ions to the value 
possessed by the atoms of the gas. This is probably due to the formation of ionic clusters. 


§2. INTRODUCTION 
Wis a stream of positive ions moves through a gas at a pressure of mm. 


in a uniform electric field Z their mean energy of agitation is not very 
different from that of the molecules of the gas when the ratio Z/p is less 
than about 10*. When Z/p is increased, there are various processes which determine 
whether the mean energy of the ions also increases. The influence of these processes 
has been fully discussed by Tyndall and Powell} in their investigation of the 
mobilities of positive ions in pure gases. If the gas contains impurities, molecules 
of the impurity may collect around the monatomic ion to form a cluster of many 
times atomic magnitude, This would especially be the case at high gas pressures 
and if the impurity molecules have a permanent dipole. Owing to their large mass 
the mean energy of agitation of these clusters would then be the same as that of 
the atoms of the gas, even for higher values of the ratio Z/p of the order of roo. 
However, as the pressure is reduced the influence of impurities decreases rapidly. 
The chance of a cluster being formed will decrease, and, as the electric intensity is 
increased the clusters will be broken up by collisions with atoms, and the ion will 
become monatomic, Again, the process of electron-transfer from a neutral atom 
to the positive ion with which it collides is considered by some physicists to modify 
* Z expressed in V./cm. 
+ A. M. Tyndall and C. F, Powell, Proc. roy, Soc. A, 129, 162 (1930); A, 134, 125 (1931). 
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the energy of agitation of the ions, owing to the fact that the charge may not remain 
associated with the same ion as it moves through the gas*. This process is the more 
important in the case when the ions are those of the gas through which they move. 
It is suggested} that electron-transfer introduces short-range interaction forces 
between the ions and atoms of the gas, so that the total force between a positive 
ion and gas atoms must contain these exchange forces in addition to those due to 


the polarization of the neutral atoms by the charge on the ions. The mobility of the 


ions, and hence their energy of agitation, depends on these forces. Hassé and Cook] 
have shown, however, that if the collisions between the ions and atoms resemble 


‘those between elastic spheres the transfer of charge makes no difference to the 


mobility of the ions, but in general, when the ion exerts forces on the atoms, the 
mobility is reduced by the process. 


§2. DESCRIPTION OF APPARATUS 


In order to investigate the variation of the mean energy of agitation of positive 
ions with the ratio Z/p the following experiments were performed in argon. The 
best method for the determination of the energy of agitation of ions in gases in 
uniform electric fields is that due to Townsend§, which consists in measuring the 
lateral diffusion of a narrow beam of ions moving in a uniform electric field between 
two parallel plates. 


Figure 1. 


The apparatus employed is shown diagrammatically in figure 1. The design of 
the electrodes C, D and E was similar to that used in an apparatus for measuring 


* F. M. Penning and C. Veenemans, Z. Physik. 62, 746 (1930). 
HPallotee Lennard-Jones, Proc. phys. ne a ee 
. R. Hassé dW. R. Cook, Phil. Mag. 12, 554 (1931). | : 
; j: soar Proc. roy. Soc. A, 81, 464 (1908) and Motions of Electrons in Gases, Clarendon 
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the ionization produced by positive ions described previously*. wae 
discs 3-4 cm. in diameter, fitted with cylindrical rings, and ee . cm. a4 
on three pyrex rods. The slit S; in the electrode C was 1:25 mm. wide and 5 mm. _ 
and the slit S, in D was 2°5 mm. wide and 6°5 mm. long. A shutter forming par 
of the electrode D could be placed over the slit or withdrawn to the side to leave it 
was operated magnetically. 

te eicretene se ieee these slits were generated in a side “> 
by means of a direct-current discharge between the molybdenum wire anode F an 
the electrode B. A fraction of the ions which passed through the slit S, were 
repelled by the electrode A and passed through the slit S, and finally entered the 
space between C and D. Slits S,, S;and S, were in the same straight line. Ions were 
prevented from reaching the electrode C except through the slit Sy by confining 
the discharge within a glass tube 7, 6 cm. long and 1-5 cm. in diameter, which 
fitted tightly into a collar fixed to the cathode. Also, no ultraviolet light from the 
discharge in T' could pass through the slits S; and S,. The electrodes were made 
of copper 0-5 mm. thick and were insulated by pyrex bars. The glass envelope was 
also of pyrex and the connections to the electrodes were brought out through 
molybdenum seals. 

The electrode C was maintained at earth potential, and the potential difference 
between A and B was about ro volts. The electric force Z between the electrodes 
E and D was the same as that between D and C, which was approximately the same 
as that between the electrodes C and B. Under these conditions the positive ions 
attained the mean energy determined by the ratio Z/p before entering the slit S;. 
The potentials of the electrodes were obtained from a battery of small accumulators. 

The source of high potential for the discharge tube was a 600-volt direct- 
current generator. The current could be adjusted to any desired value by means of 
a diode valve interposed in the positive lead from the generator. Thus the intensity 
of the current of positive ions was controlled by the filament rheostat of the diode, 
and their mean energy of agitation was determined by the potential-difference 
between the electrodes B and C. The simplest method of cutting off the stream of 
positive ions was found to be by means of a single-pole switch placed in the anode 
lead to the discharge tube in series with a high resistance of the order of 1 MQ. 
In this way the difference between the sparking and the maintenance potentials of 
the discharge was set up across the resistance, and the discharge current always 
attained the same value on closing of the switch. Thus the apparatus was readily 
adjusted to give any required positive ion current to the collectors. 


§3. PURIFICATION OF GAS 


The experiments were made with argon which was obtained commercially pure 
from the General Electric Company, Ltd. Further purification was effected by 
circulating the gas over red-hot calcium, in the manner devised by MacCallum 
and Klatzowt. The calcium was contained in a silica tube which could be raised 


* J. S. Townsend and F Llewellyn Jones, Phil. M 
; : . Mag. 15, 282 (1 ‘ 
+ S. P. MacCallum and L. Klatzow, Phil. Mag. 15, 829 (1933). 
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o red heat electrically. ‘This tube was connected to the apparatus by means of a 
ground-glass joint, vacuum grease being used on only the outer half of the seal. 
The diffusion of mercury vapour from the Mcleod gauge and vapour pump into the 
pure gas was prevented by means of a liquid air-trap in the usual manner. 

_ The pyrex apparatus was heated for several hours to expel gases from the 
electrodes and from the surface of the glass, and a discharge was also maintained 
in the side tube. The argon was kept in contact with the red-hot calcium for some 
time before entering the apparatus. The gas was then withdrawn by absorbing it 
ina charcoal trap cooled by liquid air, again passing over the heated calcium. ‘This 
operation was repeated many times and the argon was stored over the calcium 
while it cooled to room-temperature before being finally admitted to the apparatus 
for the measurement of the currents. The circulation of the gas over the hot calcium 
was also repeated during the course of the experiments. 


§4. EXPERIMENTAL PROCEDURE 


The discharge current between the electrodes A and B had a value between 
60 and 120 pA., depending on the pressure of the gas, while the currents of positive 
ions passing through the slit S, were of the order of 10-t A. Larger currents are 
undesirable in order that the space charge may not distort the electric field between 
the electrodes. Under these conditions the currents were measured by observing 
the charges received by the electrodes D and E when a discharge was maintained 
for 10 seconds in the side tube. The charges were measured by an electrostatic 
induction balance consisting of a quadrant electrometer, screened air condensers, 
and a potentiometer, in order that the potential of the insulated electrode may not 
change while the electrode was receiving a current of positive ions. 

At some pressures it was found that a visible stream of positive ions passed 
through S; into the space between A and B. Some of the ultra-violet light emitted 
passed through the slit in the electrode C and caused the emission of electrons 
from D and E. In order to estimate the currents due to the positive ions it is 
necessary to correct the observations by deducting from the charges received by 
the discs D and E the small charges received when the electrodes B and C were at 
the same potential, for then the positive-ion current passing through the slit S3 
was negligible. These corrections were of the order of 5 per cent of the positive 
ion current at the higher pressures but rose to 20 per cent at the lowest pressure 


with the higher forces. 


§5. RESULTS OBTAINED 


As the ions move from C to E under the electric force Z the beam diverges so 
that some fall on the electrode D, and the rest, when the slit S, is open, pass through 
to be collected on E. When the shutter closes the slit, the whole beam of ions is 
collected on electrode D. The experimental part of the investigation consisted in 
to the electrode E, the current 7, to the electrode D when 


measuring the currents td 
hen it was shut. If all the ions which 


the slit was open, and the current 7, to Dw 


14) 12 
ts 
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pass through the slit are collected on £, then ig=1, +193 and this was found to be 7 
case in all the measurements. The ratio 7,/13 was determined at various pressures | 
of gas from 3 mm. to 0:24 mm. for a range of electric forces from 10 to 50 V./cm. _ 

The results of the experiments with the purest specimens of argon are shown 
by the curves in figure 2, in which the ordinates represent R, the ratio 4,/ts, while 
the abscissae represent the electric intensity. 


0°8 
07 


0-6 


0:5 


Ratio R 


0-4 


case when the energy of the ions is the same as that of the atoms of the gas, the 
ratio Z/p being less than 17. When the pressure was reduced to 1 mm. curve (2) 
was obtained, and for values of Z/p less than 20 it is identical with curve (1). This 
shows that values of Z/p less than about 20 have little effect in increasing the energy 
of agitation of the positive ions. However, for higher values of Z the divergence of 
the ions increased, indicating an increase in the mean energy. Curve (4), obtained 
at a pressure of 0-3 mm., shows that the energy of agitation was increased still 
further, and the ratio R at about o-5 was independent of higher values of the 
electric force. 

However, during the course of the experiments it was found that the presence 
of minute quantities of impurities had a large effect on the energy of the positive 
ions. Thus at a pressure of 1 mm. a specimen of gas was allowed to remain in the 
apparatus and was not circulated over the calcium during the measurement of the 
currents. ‘The curve thus obtained practically coincided with curve (1), showing 
that the energy of agitation of the ions was the same as that of the atoms of the gas 
for values of Z/p up to 60. Highly purified argon has been prepared by MacCallum 
and Klatzow*, who found that the presence of impurities in minute quantities has 
a large effect on the sparking-potential and the electrical properties of the gas, 


* Loc. cit. | 
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Figure 2. 
Curve (1), obtained at a pressure of 3 mm., may be taken to correspond to the 
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Experiments were also performed with positive ions in specimens of argon which 
were known to be impure. Purified argon at a pressure of 1-52 mm. was admitted 
to the apparatus and frequent discharges were produced in the side tube, currents 
of 200 A. being used in order to cause the emission of impurities. The ona was not 
circulated over the heated calcium for a period of many weeks. Measurements of 


the ratio R were made for a range of pressures between 1°52 mm. and 0-24 mm. 
The results are given in the curves of figure 3. 


0:8 i" Brel eea 


0:7 


0°5 


Ratio R 


0-4 


0 10 20 30 40 50 
Force Z (V./cm.) 


Figure 3. 


For pressures of 1°5, 1-0 and 0°54 mm. the curves are all very close together, 
all roughly corresponding to the case when the energy of the ions was equal to that 
of the gas atoms. Thus the presence of the impurities appears to prevent the energy 
of agitation of the ions from becoming greater than that of the atoms of the gas 
for pressures greater than about 0-5 mm. with electric forces less than 60 V./cm. 
However, when the pressure was reduced to 0:24 mm. the energy of the ions was 
increased by the electric field just as in the case of the purer specimens of gas. 
A reasonable explanation of this effect is the increase in the mass of the ions due 
to the clustering of molecules of the impurity around them; and the experiments 
show that these clusters may exist even when the ratio Z/p is about 80. It would 
thus appear that impurities have much less effect at the low pressures of the order 
of 0-25 mm. in reducing the energy of agitation of the ions. ‘This is doubtless due 
to the smaller chance of the formation of clusters, and the strong electric field 
breaking them up. 

_By comparing the curves for a pressure of 1 mm, obtained with the pure and 
impure specimens of argon it is seen that the effects produced by the impurities 
appear not to depend very greatly on the quantity of the impurity present. Thus the 
curve for argon containing only traces of impurities-—approximately curve (x), 
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figure 2—1is practically the same as the curve obtained with the very impure 
specimens, curve (2), figure 3. The effect due to the first trace of impurity is very 
great. The high sensitivity to impurities of the motion of the positive 1ons in argon 
makes it probable that the values of the ratio shown by curves (2), (3), (4) ¥ 
figure 2 are too high, that is that the electric field increases the mean energy 0 
agitation of the ions more than is indicated in these experiments. 


§6. INTERPRETATION OF RES ULTS 
Townsend’s* well-known analysis of the motion of ions in a uniform electric 
field Z V./cm. shows that the ratio R is given by the equation 
7 R-f(vjp) 9 a ee (x), 
where W is the velocity of the ions in the direction of the electric force and D their 
coefficient of diffusion, supposed isotropic. But 


where E, is the mean energy of agitation of the ions expressed in volts which is 
equal to RE,, E, being the energy of agitation of the gas atoms in volts. ‘Thus 


R=f{(Zjk) eee (3). 
When the energy of agitation of the ions is not very different from that of the atoms 
of the gas, Z/k is equal to Z, and the theory shows that R is a function of Z and is 
independent of the pressure of the gas. Thus for pressures greater than about 1 mm. 
and for values of Z/p less than about 20 the curves are identical. 

When the electric intensity is very high and the ionic mass is equal to that of 
an atom of the gas, the drift velocity W of the ions may become comparable with 
their velocity of agitation u. Consequently the equations of diffusion would be 
invalidated and equation (3) would require modification. In this case the velocity 
of the ions is principally in the direction of the electric force, and their energy is — 
due to this motion and not to their motion of agitation. Hence in these experiments 
the ratio Z/p was limited to values less than 150. For large values of Z the free 
paths of the ions are bent appreciably in the direction of the field, and the lateral 
diffusion of the ions is reduced. Thus there is an apparent reduction in the 
coefficient of lateral diffusion D, and since the energy of agitation of the ions is 
obtained from this coefficient by means of the equations (1) and (2), it follows that 
the values of k calculated from equation (3) are too low when Z/p is very large. 

An approximately correct modification of the equations may be obtained simply | 
in the case when the collisions between the ions and atoms resemble those between 
elastic spheres. 

In the absence of the electric force let OA, figure 4, represent the free path of © 
an 1on after a collision at O. The mean interval, 7, between successive collisions is 
equal to A/i#, where is the mean free path and @ the mean velocity of agitation. 
When a strong field Z is acting, in the absence of a collision during an interval + 
the ion traverses the parabolic path OCB of length s. 


* Loe. ctt. 
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Since the mean free path is practically unaltered, the ion now collides at C, 
where oc =. The lateral diffusion of the ion is thus reduced from OY to OY’. 
The fractional reduction fis OY'/OY, which, though less than OC/OB, is practically 
squal to it, i.e. to A/s. If @, is the mean velocity with which the ion traverses the 
parabolic path s, then s=i,7; hence 


Now i, = [a sin? + (a cos 0+ 4yr)?]2, 


Al/s=u/i,. 


here y =eZ/m, e being the ionic charge and m the mass of the ion. Thus 


f=[t+yr cos 0/a+ (4y7/a)?]-3. 


(rae 
vy 


Figure 4. 


hen the velocity of the ions in the direction of the electric force is large, no great 

rror is made in replacing the mean value of cos @ by unity, so that f is given by 

Fr ue ZA Ay ) 

== =r /{1+—-—7}; 

f 1+4y7/a /( p 4kE, 
here A, is the mean free path of the ions at a pressure of 1 mm. and is computed 
elow* as a function of k, equation (5). The coefficient D, of lateral diffusion of 
he ion is proportional to the mean free path of the ions in a direction perpendicular 
o the electric force and is thus given by 


PEDRO. Zip\e lm i od. fe Ree. (4), 


here C is a function of k, and is 4-8 x 10-* when is 5. Thus the correction 


ecessary is less than about 30 per cent when Z/p is 60. 
It may be seent that when the coefficients of diffusion along and perpendicular 


0 the electric force are not the same that equation (1) becomes 


R=f(W/D)). 


* See p. 82. 
+ See for example V. A. Bailey, Phil. Mag. 9, 560 (1930). 
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ie 
Hence the values of k obtained from (3) should be multiplied by (1 +€ .Z/|p) to 
obtain the energy of the ions. These corrected values of & are given in the table 


for the different values of the ratio Z/p used in the experiments. 


Table 1 
k | I | i |Past 2 27 | 3°8 eS 
Z/p observed | ° | i | 27 | 45 75 | 100 | 150 
Z/p calculated from equation (10) | fe) | 14 | 30 | 43 60 i 80 b kere) 


§7. THEORETICAL CONSIDERATIONS 


The energy of agitation acquired by the positive ions in a gas under the influence 
of the electric field depends on the mean free path and on the fractional loss of 
energy in an encounter with a gas atom. In the steady state, when the mean energy 
of agitation remains constant as the ions move through the gas, the energy acquired 
from the electric field is dissipated in collision with the atoms. In order to calculate 
this mean energy E, exactly it is necessary to know the nature of the forces between 
the ions and atoms. On the assumption that the ions exert a repulsive force on 
the atoms varying as the inverse fifth power of the distance, Pidduck* has shown 
that k is related to W by the equation 


k—-1=W4Q2, 


where Q is the velocity of agitation of the gas atoms. However, it is interesting to 
estimate the energy of the ions on the assumption that their collisions with gas 
atoms resemble those between elastic spheres, and that in addition they attract the 
atoms with the force due to the polarization of the gas atoms by the ions. In this 
case the attractive force between the ion and an atom due to the charge induced 
on the atom has been given by Langevint in the form 

K-1)e? B 

Rese 

anily? > ¥ 
where r is the distance between the centres of the atom and the ion and K the 
dielectric constant of the gas containing N atoms per unit volume. The rate of loss 
of energy of ions in a gas under these conditions has been investigated by J. Ja 
Thomson} who showed that the increase in the energy-loss due to the charge on 
the ions may be regarded as being equivalent to a reduction in their effective mean 
free path. Let \ be the mean free path of the ions and X’ the mean free path of the 
atoms with the same energy. Then if the attractive force is strong 

oy 
Srna | (5) 
4°4 (w/E,)8 ; 
B. Pidduck, Proc. roy. Soc. A, 88, 296 (1913). 


* F. 

+ P. Langevin, Ann. Chim (Phys.), 8, 245 (190 
at > Ae! “79 > 5). 

t Sir J. J. Thomson, Phil. Mag. 47, 337 (1924). 
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where w is the potential energy of an atom in contact with an ion, and &, is the 
relative kinetic energy of the ion. Thus 


w B 


E, 404)°E,’ 
where o,, is the sum of the radii of an atom and an ion. 
In deducing this relation it is assumed that the force on the atoms of the gas 
due to the charge on the ions is strong enough to bend the paths of the ions or 
‘atoms so that collisions between them are directly along the line of centres, and 
ako that exchanges of momentum occur between the ions and the atoms when 
‘they do not collide. In general the rate of loss of energy by the ions is less than 
that deduced from these assumptions, but the error introduced in adopting 
equation (5) becomes smaller the more polarizable are the atoms of the gas. 
When the positive ions are not in thermal equilibrium with the gas atoms, their 
mobility ;. may be found from their coefficient of diffusion D by means of Langevin’s 
relation given in equation (2). If the velocities of the ions are distributed according 
to Maxwell’s law, D is given by the equation* 


ees eee AY (6), 
(377)? Noyg? \¥41 Me 


E, and E, being the mean energies of the ions and atoms measured in ergs. When 
the ions are those of the gas through which they move, then m,=m, =m the atomic 
mass and o,,=o the atomic diameter. 

The mean free path 2’ of an atom with energy £, is given by the equation 


Nie ; eee (7) 
~ Nro* (1+ E,/E,)* (1+ B,/E,)* iar eae 
where I is the mean free path of atoms of the gas with mean energy E,. ‘The 
mobility . of the ions is thus given byT 
_0-92el; (1 + E,/E;)* 
se (mE)? 
h pera LES 
- 4-4 (o£)! 


The mean fractional loss of energy F in a collision between equal elastic spheres 


* Jeans, Dynamical Theory of Gases, Chap. x, p. 316. new 
tT CE is interesting to note that when the ions are in thermal equilibrium with the gas atoms 


equation (8) may be expressed in the form given by L. B. Loeb, Phil. Mag. 49, 518 (1925), thus 


$ 
2 
w= ea | 


and A is 0:25. This constant is about one half of the value Ras 
ivati i | i i i tal determinations for 
‘sorous derivation of Langevin (loc. cit.) which agrees with the experimen 
a alkali ions in argon made by A. M. Tyndall and C. F. Powell, Proc. roy. Soc. Lond. A, 136, 145 
(1932). This difference is due to the adoption of the simple expression (5) for the change in the 
mean free path due to the polarization of the gas. 


where p is the density of the gas, 
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when the distribution of their energies about their mean energies E, and E£, is 
Maxwellian is* 
2 (1 —E,/E)). 

. aioe 
The average number of collisions made per second by an ion of energy E\= gmu 
may be taken to be aA, i.e. o-g2u/A. Hence if E, is maintained approximately 
constant the average rate of loss of energy in collisions 1s equal to 

o-92FE,u/A. 
In statistical equilibrium this loss is balanced by the energy, eZ, gained per second 
from the electric field. Thus 
0-92FE,u/A=epZ?, 
and from equations (5), (7) and (8), since E,=}£,(1 +A), then 
—1/k]?  — o-2elZ 
B\2 x | = —_— ee ee Q). 
1+k E,(w/E,)? ( 

Now if Z is measured in volts per centimetre and E, and E, in volts, then E, is 3, V. 
Also 1=L/p, where L is the mean free path of argon atoms at a pressure of imm. 
The value of o deducedt from the coefficient of viscosity is 2-96 x 10-* cm. giving 
L=7x10-%cm. Again, since (k—1) for argon is 5-29 x 10~* it follows that B is 
7-48x 10-43, so that w is 2:3 x 10" ergs and E, is 6 x 10- ergs; thus (w/E,)* is 2. 
Hence equation (9g) becomes 


E Gaol =188x 103 ae (10). 


The values of the ratio Z/p corresponding to various values of k obtained from 
this equation are given in the table, where they may be compared with the experi- 
mental results. 


§8. CONCLUSIONS 


It has been indicated in § 6 that the experimental values of k may be smaller 
than the actual values owing to the action of impurities, but for the highest values 
of Z/p the influence of impurities is not so important. Furthermore, the calculated 
values of Z/p were obtained on the assumption of the predominating influence of 
the polarization of the gas atoms, so that they must be regarded as upper limits to 
these values. 

It will be seen then that although a general agreement obtains between the 
observed and calculated values when Z/p is less than about 80, there is a difference 
between them which increases when the ratio becomes higher. This difference may 
be due to the neglect of two considerations: (i) the mean free path of the positive 
1ons at the velocities considered may be shorter than that deduced by equations (5) 
and (7) from the kinetic theory of gases; and (ii) exchange processes occurring in 
some of the collisions tend to diminish the mean energy of agitation of the 
ions. Now the mean free path of positive ions in argon has been found, at certain 


* M. Cravath, Phys. Rev. 36, 248 (1930). 
t H. R. Hassé and W. R. Cook, Phil. Mag. 3, 977 (1927). 
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elocities, to be very different from that deduced on the kinetic theory of gases; 
n effect which is similar to the Townsend-Ramsauer effect for slow electrons. 
hus Thomson* found a variation of the mean free path of protons in argon, the 
inimum occurring at the same velocity as with electrons; while Ramsauer and 
eeckt have shown that the cross-sections of argon atoms in collision with the 
Ikali ions increased rapidly when the energy of the ions was reduced to the order 
f1 V. Such variations of the mean free path of the ions would cause corresponding 
ariations in the mean energies of the ions. 

Again, Hassé and Cookf{ have shown that the process of electron exchange 
educes the mobility of positive ions by an amount which depends on the probability 
f a transfer occurring in any collision with an atom. Since the energy acquired by 
he ions in moving through the gas is determined by their velocity in the direction 
f the electric force, exchange processes probably tend to diminish the mean 
nergy of the ions. 

It was not possible to determine the relative importance of these considerations 
the experiments described in this paper, and the investigations are being extended 
o measure the coefficients of ionization by positive ions of argon under strong 
lectric forces. 
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THE COMPUTATION OF THE INTEGRALS 
REQUIRED IN MUTUAL-INDUCTANCE 
CALCULATIONS 


By N. F. ASTBURY, M.A., Electricity Department, 
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Communicated by Dr L. Hartshorn, August 21, 1934. Read in title, November 16, 1934. — 


ABSTRACT. A method, based on the reduction of classical formulae, whereby the 
numerical computation of complete elliptic integrals of the third kind can be considerably 
simplified in certain cases is suggested. A particular case considered in detail is that which 
arises in the calculation of the mutual inductance of a helix and a coaxial circle. A con= 
siderably simplified formula, well adapted for numerical working, is deduced, together with 
an extremely simple result for the case when the helix and circle have the same radius. 


: 


§1. INTRODUCTION 


several physical problems. L. V. King has given a very detailed account 0 

the various devices by which elliptic integrals can be reduced to forms whi 
admit of easy numerical computation, and, in addition to many classical formulae 
he has given new series suitable for the direct numerical computation of complet 
elliptic integrals of the third kind. In certain cases, however, which are of interest i 
the calculation of coefficients of mutual inductance, it appeared to the present write 
that much labour could be saved in the computation of the integrals of the third kin 
by the direct reduction of classical formulae to simpler forms. A new expression i 
derived which is well adapted for numerical working, and its application to Viriam 


Jones’ formula® for the mutual inductance of a helix and a coaxial circle is con 
sidered, 


T= need for non-laborious methods of computing elliptic integrals arises i 


§2. REDUCTION OF CLASSICAL FORMULAE 


_Denoting by F(¢,k), E(¢,k) and II (4, k, n) respectively the incomplet 
elliptic integrals of the first, second and third kinds respectively to modulus k, w 


have 
F($, k)=| ddA 
EG, h)=|" Ade oh. (1), 


Tham: n)=| “da +n sin? $) A} 
where A= /(1—R? sin? 4). 
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The angle ¢ is the amplitude, and n is the parameter of the third integral. ‘The 
complete integrals, which are usually denoted by the letters K, £ and I respectively, 
are obtained by putting ¢ equal to 7/2. 

Methods for the evaluation of these integrals based on transformation of the 
moduli and amplitudes were discovered independently by Landen and by Gauss. 


-Each method depends on the formation of a scale of arithmetico-geometrical means. 


Such a scale is formed as follows. Start with two positive numbers ap, by, such that 
A > by, and form successively the following quantities: 


Cyo= V (aq — 5p”) 
a, =} (a + bo) by = V(a% bo) “= 
z=} (a +5) by = \/(4,by) C,= (4 —5y) | m2): 


a the Ori aC Ce 
The a’s and b’s rapidly tend to the same limit, which we may denote by 
a, = M (ap, by), while the c’s become zero in the limit. It is easy to see that, if p is 


any number, then 
y Dal (aq O,) =O (pags PO) eee (3). 


Landen’s transformation is equivalent to forming the arithmetico-geometrical 
mean scale a,=1, bb = V/(1—*), G=A, together with a trigonometrical recurrence 
formula for the amplitudes (starting with 4)=¢) 


tan ($ria—¢r) =(Bp/ar) tang, trees (4), 


and just as the a’s and b’s tend to a limit, so the ¢’s derived from equation (4) 
continually approach a value which is equal to 2” multiplied by a definite magnitude. 
In other words, ¢,/2” approaches a limit which we may denote by ®. 

We then have the following results) for incomplete integrals of the first and 


second kinds: ee etn Oe RM et (s), 
E (4, k)=(E/K) F (¢, k) + 2 or Stay ee ec ey (6), 
and for the complete integrals of the first and second kinds- 
K= 7 /2Qn, seeeee (7); 
CENCE See re ee eR (8). 
r=0 


We now proceed to apply these results to the reduction of the classical formulae 
for complete elliptic integrals of the third kind. Legendre showed that, in general, 
such an integral could be expressed in terms of complete and incomplete integrals 
of the first and second kinds, the result depending on the form of the parameter ” of 
the third integral. In what follows we shall be concerned with the case when 1 is 
negative and particularly when n is such that 1>| 7 | >A’, although in passing it is 
worth while noting, on account of its simplicity, the case in which | 2 | <-’. 

In this latter case, Legendre writes n= — hk” sin? 6 and deduces the result 


tan 6 
WLS erty eae ae k)—E.F (0, R)] ae\eienie (9). 


ay, bo 


an» Dee c 


M,p 


jes! 
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thmetico-geometrical mean scale q=1, b=V(I- k?), Co=k, 


Forming the ari : 
)-(8), we can easily throw 


using the recurrence formula (4), and applying results (5 
this equation into the very simple form 
a tan 8 ; 
—K= : Xic,sind, eevee 10 
Wes 24,\/(1 —R* sin? 9) p=1 j or (x0), 
which is very suitable for numerical work. If we work to 8-figure accuracy, the 
arithmetico-geometrical mean scale converges in four terms, while only two or three 


terms are required in the summation. 
Turning now to the former case, in which we are directly interested from the 


point of view of mutual-inductance calculation, we note that Legendre writes 
n=—It+k?sin?do ene (11), 


in which k’ = /(1—k?) and is called the complementary modulus. He derives the 
result ‘) 
k’? sin do Cos dy. 


A(R’ $y) 


Form now the arithmetico-geometrical mean scale 


(Il —K)=2/2+(K—E) F ($o' k')—K.E (do' F’) -.-(12). 


Q=1, b=, G=V(a?—b*)=k 


and its complementary scale 

Get ie Cp ee ee . 
and in association with the complementary scale use the recurrence formula (4) — 
starting with ¢,’ as given by equation (11). Denoting by dashed letters all quantities 
related to the complementary scale and recurrence formula, we may, using results . 
(5) to (8), write the right-hand side of equation (12) as ; . 


1 i SS! \ 
7 b+ (EE orct+4 2 rp !2 ry , . 
2 2 5 z C I = , 
et Naot | O'/(2a,, ay’) — (1/2an) Zt sin ¢,’ 


2 (13). 


Denoting by dashed letters, K’, E’, co i 
i , A’, £’, complete integrals of th 
kinds respectively to modulus k', we have © oe ae 


‘ EK'+E'K—KK'=z7/ 
which may be written aie Se Spa, 


(K—E)/K + (K’—E’)/K'—1 = —a/2KK" 
which, by equations (7) and (8), becomes 


; 
| 
mh Be Tr 2 LS: tr "3 = 
) a Ce eal ro? = 
Delo. +4 felt c,?—1 24,0,/la° ° es (16), | 
enabling us to substit i | 
ute for the co ed i 
aes efficient of ®’ in equation (13), which now be- 


7 ie (DM ae , ~ , . 
E |x Eo xe sin ¢,. | arodee (17). @ 
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Finally, if we denote by ‘’ the complement, im degrees, of ®', equation (12) 
reduces to the form 


(PER i= <A (bh)! Sin do’ GOs dy))} |¥/90 -2 5 oy! sin byt 
={4/(—n)/(R”2 sin 2¢,')} [90 -= x er sin byt Be rk (18). 


) : 
Ea ‘This formula is very convenient for numerical work, comparing favorably with 
King’s direct formula 


I/a= cos (2h, — Yo) 


a, k'® sin 2iho 


tan (2,42 SE eat 
cos (243 ioe by +2) 

poe (19), 
in which the arithmetico-geometrical mean scale ay)=1, b) =k’, co=k is used and the 
’s are derived from the recurrence formula 


sin (2%,,,—%,)=(,/a,) sin, sees (£051), 
n=—R(1—R? sin* fp) sees (19.2). 
The process for numerical computation by formula (18) may now be briefly 
recapitulated as follows: (i) Construct the arithmetico-geometrical mean scale 
Q=1, by =k’, Co=k and its complementary scale Ao =1, by =R, Co =F’; (ii) derive 
©’ or ¢,/2" from the recurrence formula tan (¢’, u—¢,)=(6,'/a,’) tan ¢,’ starting 
with ¢,' as given by n= —1+k" sin*¢,’, and finally finding the complement ‘Y’ of 
®’; (iii) effect the summation & ¢,’ sin ¢,’. 


r= 
In general, when we are working to 8-figure accuracy, the first arithmetico- 
geometrical mean scale will converge in four terms and the complementary scale in 
two or three. The amplitude scale and the summation will converge in two or three 
terms, the third term in the latter having perhaps only two or three significant figures. 
The advantages of formula (18) lie in its comparatively simple form, in the con- 
siderably reduced work required with 8-figure trigonometrical tables (the use of 
which rapidly becomes tedious) and in the very simple summation which is required. 
These more than outweigh the work involved in the formation of a second arith- 
metico-geometrical mean scale. In the numerical example given below only nine 
references to trigonometrical tables were required, as against seventeen when King’s 
formula (19) was used, the whole computation occupying less than half the time. 
The following figures, taken from an actual practical case, illustrate the use of 


sepa Bue k?= 08282 6099, k!2=0°1'717 3907; 
n= —0°9653 3002, 1 +n=0°'0346 6998. 


Arithmetico-geometrical mean scale: d)=1, bb =k’, C=. 


\4 sin d,+2 2 (2°+—1) Cr4e 
r=0 


%, being given by 


r a b c 

° I*0000 0000 0°4144 1412 09100 8845 
I 0°7072 0706 0°6437 5005 0'2927 9294 
2 0°6754 7856 0°6747 3297 0'0317 2850 
3 0°6751 0576 0°6751 0565 0:0003 7280 
4 0°6751 0570 0°6751 0570 0:0000 0006 


ex, .B, A 


N. F. Astbury 


go 
Arithmetico-geometrical mean scale: dj =1, bo = k, co ei : ; 
Amplitude scale: b= ¢,/ /2"= (205 6 395 I= 25 39 eee 
a ol 
r a’ b’ | c | ¢ | 
: : 6° 41’ 57°06" 
“0000 0000 09100 8845 0°4144 1412 26° 41) 57°00, 
T 0-9550 4422 0°9539 8556 070449 5578 i Fini 
2 0°9545 1489 0°9545 1474 0°0005 2933 102 | 33, ed F 
3 09545 1482 0°9545 1482 | 00000 0008 205° 6’ 39°54 
Hence Y= 64° 21’ 40:06" and ‘Y/go=0-7151 2364, 
ya si 00350 8155 +0:0005 1667 — 0:0000 0003 
— X ¢, sind, = > _— 
a : 06751 0570 
=0'0527 2980; 
as Y/90—-— x c,’ sin d,’ =0-6623 9384. 
Qn r=1 
Also a/(—n)/(R’? sin 2¢9') =7°1262 523, 
so that (II — K)/7 =0°6623 9384 x 71262 523 = 4°7203 856. 


§3. APPLICATION TO MUTUAL INDUCTANCE CALCULATION 


J. Viriamu Jones ®) has given the following formula for the mutual inductance MW 
between a helix of N turns, length x and radius B, and a coaxial circle of radius A in 
the plane of one end: 


M=2n®N (A+B) ge-* 5 Zi (20), 
7 & 7 J 
in which the modulus of the elliptic integrals is given by 
R?=4ABK(A+B)P+x% — ran (20.1), 
and the parameter of the third integral by 
n=—g*=—4AB/(A+BP ©... (20.2). 
In addition M+k*=r=pi+g% j  § = Sa (20.3) 
Let us now write R?2=(A+B)P?+ x*| 
R= (4- By ee (20.4), 
so that k'=R/R,. 
It is easy to see in this case that equation (18) reduces to the simple form 
: Ky ke eee : ) 
Il —K)/r=—}. {—-—— ¥ ¢,’ 4. 
( \far ae jooeae 2 te sin ¢,. f anne (21). 


We note now that (4+ B) g/k=R,. Bearing in mind the homogeneity relation | 
(3), we may now form the arithmetico-geometrical mean scales 
a= R,, bb=R., C= V(RY-R,?)= Vv (448), 
and a =R,, by’ = »/(4.AB), & =R,, 
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together with the recurrence formula (for deriving ‘’) 
tan ($'p41— Gr’) =(b,'/a,’) tan o,', 
starting with ¢)’ =arc sin (g’/R’). 
Denoting by a, the limit to which the first scale converges, and by S; and S, 


_ respectively the summations © 2’c,2 and > c,’ sin ¢,’, and applying results (8), 


(18) and (21) to (20), we get a x: 


M=2n2N | - \—->)| 
4Qn, 2x gO ay 

SA CRs i ere ie 

Flee oe ie — = | mea (G2), 

which is a form well adapted to numerical working. 

The three dimensions A, B and x required for the problem being given, the 
process of calculation may be summarized as follows: (i) Find R, or »/{(A + B)? + x} 
and R, or \/{(A—B)?+x"}; (ii) construct the arithmetico-geometrical mean scales 
a=R,, bb =Re, = V(44B) and a’=R,, by = ~\/(4AB), Co’ = Re; (iit) from the 
first scale derive the limit a, and from the second scale and recurrence formula (4) 
derive ©’ and ¥ starting with 4,’ =arc sin (g’/k’) =arc sin {R, (A—B)/R, (A+ B)}; 
(iv) effect the summations S, and S,. 

Finally, it is worth noting the case when A=B. Equation (22) then reduces to 
the very simple form DY INS 2g ee eons (23). 

This formula, which is analogous to King’s formula‘ for coaxial circles, gives 
the mutual inductance of a helix of N turns and a single turn of the same radius in 
the plane of one end. 

It should be mentioned that Campbell ®, Smith and Dye“ all appear to have 
used Legendre’s result (12) in the evaluation of Jones’s formula, but the simplified 
form (22) derived above does not seem to have been known. 


=n! | 
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ON OBSERVATIONS OF POINTS CONNECTED BY 
A LINEAR RELATION 


By Miss BERYL M. DENT, M.Sc., Research Department, 
Metropolitan-Vickers Electrical Co. Ltd. 


Communicated by H. R. Hassé, Fuly 10, 1934. Read in title, November 16, 1934. 


ABSTRACT. The problem of drawing the best straight line through a set of oe 
points is solved by a method shorter than those previously published. It is ere ~ 
the complete solution of the problem to obtain the most probable value of the ratio of the 
precision constants of the two observed sets of quantities and a new method is given for 
finding this ratio. Expressions for the errors in the position and inclination of the line 
are derived and a numerical example is added. 


§1. INTRODUCTION 


HE problem of drawing the best straight line through a set of observed 
points is usually treated in text books on the assumption (often tacit) that 
only one of the coordinates is liable to error. [The more general case in which 
both coordinates are liable to error has been dealt with by Pearson*, Stewart} and 
Uhler{. Pearson lays down an arbitrary criterion for a good fit, Stewart gives the 
solution for the case in which the precision constants for the two coordinates are 
equal, and Uhler obtains the solution when the two precision constants are not 
equal. The general solution is however dependent on a knowledge of the ratio of 
the precision constants, and no indication is given of any method of estimating the 
values of the precision constants from the given data if these consist, as they usually 
do, of a series of single observations of different points. Moreover, no consideration 
of the errors in the position and inclination of the line are given. In this paper 
both these matters are dealt with. The solution of the problem when the line is 
constrained to pass through a given point follows without further analysis. 

A paper by W. R. Cook§ gives a solution of the problem of curve-fitting by 
means of least squares, including a consideration of the errors and a determination 
of the most probable value of the ratio of the precision constants. His method, 
however, is only applicable to curves represented by equations of the second and 
higher degrees, and not to a straight line. 


* Pearson, K., Phil. Mag. 6, 2, 559 (1901). 

+ Stewart, R. Meldrum, Phil. Mag. 6, 40, 217 (1920). 
qt Unter ES. F opt. Soc. Amer. 7, 1043 (1923). 

§ Cook, W. R., Phil. Mag. 7, 12, 1025 (1931). 


————! 
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$2. STATEMENT OF THE PROBLEM 


Given a set of S observed points (X,, Y,), (X2, Yo)... (Xs, Ys), whose true 
,ositions are known from theoretical considerations to lie on a straight line, the 
sroblem is to find the best straight line through them when both the X’s and the 
Y’s are liable to error. 

It will be assumed, to start with, that repeated observations of any one point 
may be made, and that it is possible to keep either coordinate constant and make 
ies observations of the other. The repeated observations allow error laws for 
oth coordinates to be formulated. It will be assumed that the error laws for all 
he X’s are the same and that those for all the Y’s are the same, but different from 
hose for the X’s. In a later paragraph a method of solution will be given for cases 
here these assumptions are not justified. 

We shall now solve the problem of finding the straight line on which the points 
x,, ¥,) lie, when the x, and y, are chosen so as to make it most probable that the 
oints (x,, y,) are the true positions of the observed points (X,, Y,). The points 
x,, V,) will be referred to as the best* points. 


§3. SOLUTION. GENERAL CASE 


Let © (A) represent the frequency distribution of errors of observation in 
he X’s and ®’ (A) represent the frequency distribution of errors of observation in 
e Y’s. ® (A) and ©’ (A) are assumed to be normalized, 1.e. 


| em (A) dA= [0 (A) dA =1. 


—o 


Then the probability that the best position of the point observed as (X,, Y,) is 


X,, Yr) is equal to 
® (x,—X,) D (y,— Yr) 0%, 0yr 


and the probability that the best positions of all the observed points are 
(1,1), (2, Ya) «++ ("55 Vs) 


* The word best has been used throughout this paper as equivalent to most probable. Exception 
may reasonably be taken to the use of the word true in this connection. Strictly speaking, we cannot 
hope to find the true positions of the observed points, we can only make a guess at their true positions. 
In other words, we can find those positions which, when all the given data are taken into con- 
sideration, are most probable for the observed points. Obviously, if further data come into our 
possession, such as a detection of systematic error, the best values found when these data also are 
taken into consideration will be different from those previously found. We have then made a better 
guess at the true values. _ , 

The admission that we cannot hope to find the true positions of the observed points, but only 
their most probable positions, enables us to avoid the bugbear of inverse probability. 

Let the frequency-distribution diagram of repeated observations on a quantity X, have a maximum 
at X,” and let the errors be the deviations from X,”". Then X,™ is the best or most probable value of 
X,.If © (X," — X,) represents the frequency-distribution of the errors, the probability that x, ' shall 
be observed as lying between X; and X,+5X;, is ® (X,™ — X,) 8X, and D (X,"— 4 ) 8X, is the 
probability that the point observed as Xe shall have a best, or most probable, value lying between 
X,™ and X,"+6X,™. This latter statement is rigorously correct, and no assumption such as “‘a priort, 


all values of X,” are equally likely’ is necessary. 


5, Cama 


(Xp, Yr) 


® (A) 
’ (A) 


Pe 


Gee 


h' 


mM, C 


_A,) 
Nos Ay 
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i it 
Te II ® (x,—X,) ® (¥r— Y,) 8x,69,=P, 
# 
Say" . . B - ki . 
P is therefore a function of the 2s unknown quantities x,,y,. By making ita 


condition that the points (x,, y,) are collinear, we shall 


maximum, subject to the 
e desire them, the values 


obtain the parameters of the required line, and also, if w 
of all the coordinates x, and y,. 


§4. SOLUTION. GAUSSIAN ERROR FUNCTIONS 


h 
Let ® (A)= fer = 
and @’ (A)= he g-wiat 
/1 ‘ 
then we have to make the expression 


II ae exp [—{h? (x,—X,)? +h” (y,— Y,)*}] 6x,8y, 
a maximum, subject to the conditions 


Vr=MX,+C, FD itt 
We must therefore make 


WS (x,—X,2 +h? © (y,-Y,)? 
r=1 r=1 


a minimum, subject to the conditions 
Vr = Mx, + C. 
Using the method of Lagrangian multipliers, we form the expression 
FE (Myo ness Xa, Vi Varad Vay Mig ey Ne) 
=Ap [h®X (x,—X,)?+hX (y,— Y,)*] +20, (Vr—mx,—C)=0, 
oF 


Bg, 2h? (x,—X,) —maA,=0, T=2i,205 °° ee (1), 
oF r , 

dy, 40 2h"? (9 Ye) +A,=0, ¥=1, 8.035 (2), 
oF 

le —XA,%,=0 eviews (3), 
oF . 

pas —XA,=0 eeeeee (4), 
oF 

Ga, Jr Mx, — C=O, TST Rie Ss | UU (5). 


These 35 +2 equations suffice to determine the 35+ 2 unknown quantities 


Xr, ry m, Cy > ee 
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By summing equation (1) over all values of r and using (4), we obtain 


Di: (%,—_X,) =0, 
and similarly x (¥,— Y,)=0, 


i.e. the centroid of the observed points coincides with the centroid of the best 
points. Hence the required line passes through the centroid (X, Y) of the observed 
points. Change the origin to the point (X , Y) and let the new coordinates be 


denoted by dashed letters, so that x,’=x,—X, and so on. 


Then equations (1) to (5) are replaced by 
) . : Xo 2h? (x,’ —X,’) — mA, =0, C1280. Ss 
) Agen? (ye —Y, AO, © r=1, 2005 
DA,k =O 
Vr — MX, =0, T= i 2S 
Eliminating y,’ from equation (7) by means of (9), we have 
2A, h'? (mx,’ — Y,’)+A,=0 


From equation (6) 


vat 2h? (x,' —X,’) 


Substituting from equation (11) in (ro) and (8), we have 
h’2 (mx,' — Y,') + (h?/m) (x;' —X;')=0 
and X (x,’ —X;') %, =O 


From equation (12) 
G , mh'2Y,’ +h2x,’ 
by = mh’? +h? 


On substitution in equation (13) 
mh’? Y,,' +h?.X,'\* Ss mh’? Y,'+h?X,' 
SR ) ee 
or me hXX,! VJ=mhtzY,*-WLX,”)-V2X, Y, =0 
Write h|/h' =k. Then equation (15) becomes 
| m?XX,! Y,’—m (ZY,2—k2 UX,2)-RUX,’ Y,/=0 
A convenient method of solving this quadratic is as follows: 


2mk _ ORNs Ve 
R2—m? kD X,2—-LY,?’ 


) X,'=0 


from equation (16). Now write 
tan 6=(1/k) tan 0=m/k 


2m/k 2mk 
Then tan 26 = tlk 


Therefore tan 26=2k UX, Y,//(k? & X,?— Dao gi?) 
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m equation (18) and then m from equation (17). 
e required line are therefore completely deter- 
mined. The coordinates x,’, y,/ may also be found from equations (14) and (9). 


Of the two solutions for m, the correct one is that which makes 
h2X (x,/ -X,'PP+h?d (y, —¥-F 
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o may therefore be found first fro 
The position and inclination of th 


a minimum. ; 
If the error laws have been determined by repeated observations of one of the 


points (X,, Y,) the most probable position (X;,”, Y,") of this point will have been 
found. We therefore choose this point as origin instead of the centroid of the 
observed points, and proceed as from equation (6). The value of m is still given by 
equations (17) and (18), but X’, Y’ now refer to (X,”, Y,™) as origin. 


§5. SPECIAL CASES 


(a) The case in which h=h’. When the precision constants for X and Y are | 
equal, ie. when h=h', the expressions are considerably simplified. Equations (17) 
and (18) give 


tan dé=tan 0=m 

and tan 20=2 (2X, Y,)\/(GX,42—ZY,4) aes (19). 

Theambiguity as to 7/2 is resolved by making = {(x,’ — X,’)?+(y,’ — Y,’)?}a minimum. 
From equations (6) and (7) we have, when h=h’,* 

y, — Y, I 


x, —X, m 


so that the best points are the feet of the perpendiculars from the observed points 
to the required line, and the required line is that which makes the sum of the 
squares of the perpendiculars to it from the observed points a minimum. 


(6) The case in which hoo, h' co. If the observed values of X, may be 
regarded as free from error, i.e. if h +00, equation (15) becomes 
m= (2X,' Y,’)/(2X," 
Sins evat See ( QL) ae (20). 
m=(XY,"?)/(XX,’ Y,’) 


§6. CONSIDERATION OF ERRORS 
. A =(2X,)/s, Y=(2Y,)/s. 
‘ eee Eddingtont, we shall express the errors in the centroid of the 
observed points and the inclination of the required line in terms of range per risk.” 


(a) Centroid of observed points. 'The probability of an error ju, in X, is 
h 
—h2 1,2 
V0 Ei dy. 
% In general Ye — ¥, h® _t : eo 
aeeehane wae he se that all the lines joining the best to the observed points 
allel. 
mea 1s property holds good when the true points lie on any curve or surface, and it has 


previously been noted by Deming, Phi 
t Proc. Phys. Soc. Lond. 45, ate ae oe ele ae 
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[Therefore the probability of an error s~! Sp, in X is 
ee Vex (hadi?) diene diy 9 9 cn (22); 
ind the probability that the error in X has a value between e, and ¢, is the integral 
»f equation (22) taken over the field of integration for which s~1! Xp, lies between 
1, and €9- 
This probability is therefore* 
+0 es [+00 f : I | F “ 
oe ire 10 (7-2 Zpr)| (hs|z5!?) {exp (—h? Xp,)} x du, ... du, dr dd, 


—oJe J —co 


Efe 
ipom 
ind on performing the integrations we find that the probability that the error in X 
ies between pw and w+duy is & (u) du, where 


ib (w=. | = re re (23). 


imilarly the probability that the error in Y lies between yz and + dy is $’ (u) dp, 
vhere 


h’ : 
if = —pPh 28 
wb’ (w) 1s /S.€ : 
ence the probability that the modulus of the error in X is not greater than j4/+/2 1s 


pan 2 
2)" (pm) dw or p,say, = ete (24), 


nd the probability that the modulus of the error in Y is not greater than p/1/2 is 
pln F 
2) ¥ (W) du or p's say, 


o that the probability that the best position of the centroid shall not be farther 
han p from (X, Y) is pp’. I therefore take a risk of 1 in 1/(1 — pp’) of being wrong 
y asserting that the best position of the centroid is not farther than p from (X, Y). 
- (b) Inclination of the required line. 'The error in m can readily be deduced in any 
pecial case from the error in tan 2 by means of the equation m=k tan ¢. If the 
rror in X,’ be , and the error in Y,’ be »,, then 
ak D(X) + pr) (Ve tM) _ 
| HED 2 = F231 (KX, + pi, (Ye +9) 
xpanding by T'aylor’s theorem, we find that the error in tan 2¢ is 
| 2RE pV, 4k UX, Y,! D pr X' 
(R2IX,2—-UY,%) (RPL? — Dine le 
2K oi Veep. ARN Ln ee 
Hi (R22 X, 7—& Y,) De 52,7) 
riting A=2k/(k? UX,?—ZY,’*) and B=4k 2X,’ Y, |(k? 2X,” 
ave that the error in tan 2h 
| _ AS pw, ¥;'— hE BE py X, + AD, Xt BEY, 


— > Y,*)*, we 


* Whittaker and Robinson, Calculus of Observations, pp. 168 and 175 (1929). 
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Now the probability that there is an error p, in X,’ is 
h 


= gE ile 
[7 


, a 
and the probability that errors p, and v, occur simultaneously in the values X, . 


devel aa ee 2 
ae (hh! |) exp [—{2Ep2+h?E v7. | 


The probability that the error in tan 2d has a value between a1 and e, is the 

integral of this expression taken over the field of integration for which 

AS p, Y,'-k2 BE p,X, +ALv, X, +Bx vy, + 

lies between «, and e&. : a 

By the method of the preceding paragraph it can be shown that the probability 

x (v) that the error in tan 2¢ lies between p and p+ dp is x (4) dp, where 


er 
x (H)= alt EE oe (25), 
in which 
E B2=h- x (AY,’ —k? BX,’ +h’ = (AX, +BY,’ . 
=h-® {(A?+ Rk? B®) (XY,'2+k? 2 X,)}. 
The probability that the modulus of the error in tan 2¢ is not greater than « i 
therefore 
q 2 ix (nj)dm Or Gg) Say, |. os) eee (26). 


I therefore take a risk of 1 in 1/(1—q) of being wrong by asserting that the be 
value of tan 2¢ does not differ by more than « from the value 


ak (ZX,’ Y,')/(k? 2X,2—ZY,'?). 


§7. MOST PROBABLE VALUES OF THE PRECISION CONSTANTS 


The foregoing analysis may be applied directly to the problem provided th 
the precision constants for the Y and Y coordinates can be determined. If this i 


a possible, we must try to use the given data to determine their most probabl 
values. 


In the expression 
ul (hh' |r) exp [—{h? (x,—X,)?+h’? (y,— Y,)*}] 8x,8y,, 


which is equal to the probability that the best positions of all the observed poin 
are (aan 91) vs (x,, ¥5), A and h’ must now be regarded as variables. 
Substituting y,=mx,+c¢ in this expression, we write 
F (m + Xs, h, h', m,c)= (Ah'/7)’ exp [—{h? X (x,—X,)? +h’? X (y,— Y,)]. 
For maximum probability, F’ is a maximum and therefore 


OF OF" OF’ _0F"_ ar" 


0%, 0h on Oma te ot 


PC) 
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These equations give 
h? (x,—X,) +h’? (mx,+c—Y,)m=o, Tit Daten § 
Seip eae (Xe)? nade (28), 
s= 2h"? X (mx,+c— Y,)? 
x (mx,+c—Y,) x,=0 

nie e—Yey=O i nee (2m). 

From equations (31) and (27) the centroid theorem follows as before. 


Changing the origin to the centroid of the observed points and denoting the 


new coordinates by dashed letters, we therefore have the following equations to 
determine h, h’, x,’, m: 


h? (x, — X,') +h’? (mx,' — Y,') m=o, PETS 2 i SO pease et (32), 
GSO Ee Ga? Ca! Ai Sem mincascs (33), 

Se OED EE) Ge i eel ord (34), 

Der nite == Vi) 10) et ae (35). 


From equation (32) by squaring: 
h* (x, —X,)*=h"™ (mx, — Y,')* m?, Va TD AS. 
and summing over all values of 7, we have 
ht mes x (mx,'’— Y,’)? 
Ne 2 C= Ca 
From equations (33) and (34) 
fee 2 (mae — ¥,:)P 
ee ep A, )* 


Hence EE Cet = Ral I a ie Earn (36). 
Substituting in equations (32) and (35) and solving for m and «x,’, we have 

Ky =(mX,'+Y,\[2m — nae (37) 

and mi=(LY,"*){(GX,") tte (38). 


The most probable values of # and h’ may now be determined separately from 
equations (33) and (34). 


§ 8. ERRORS CORRESPONDING TO THE MOST PROBABLE 
VALUES OF A AND I’ 


(a) Centroid of observed points. 'The analysis of § 6 (a) is unaltered; we simply 
use the most probable values of / and h’ in the expressions for 7 (4) and #" (2). 
_ (b) Inclination of the required line. When k has its most probable value, 
m=(LY,'2)t (ZX,)-4. 
If 1, and v, are the errors in X,’ and Y,’ respectively, 
m={E (Y_ tv) 34 {E (Xp! + pe) 
=(Y,') (2X,)-4 -(2 Y,’2)2 (DX, '}-F DX, the 
+(2Y,'2)-4 X,'2)-# LY, Vp, ete. 
7-2 
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The error in m is therefore A’ 2X,’ u,+B’ XY,’ sags 
ACY 7h Cee 
B’ =(2Y,2)4 (2X,")+. be 
By the same method as before it may be deduced that the probability that the 


error in m lies between p and p+ dy is x’ (u) dp, where 
1 I e-HlE? 
x Cre ae 
I ae ert fare. 
ja 5 (B'Y,=m (f+ 72): 
The probability that the modulus of the error in tan @ is not greater than « 1s 
therefore equal to 


and He_ > (AeA 


2| x (4) du or q’, say Reon fs)” 
0 


I therefore take a risk of 1 in 1/(1—q’) of being wrong by asserting that = best 
value of m does not differ by more than ¢ from the value (=Y,’*)? (= X,*)=. 


§9. NUMERICAL EXAMPLE 


As an application let us take the four-point example quoted by Uhler*, Stewart} 
and Merrimanf. 
The observed points are 


A= O48, 0-6, o°8, 0-9; 
i Le e=CF + 0:8, I°0, I-2. 
We find first X and Y: g) 
X= 2°7/4=0°675; 
Y=3'5/4=0'875. 
The coordinates referred to the centroid as origin are: 
X”= —0°275, —0°075, +0125, +0°225; 
Y’=—0°375, —0°075, +0°125, +0°325. 


Since h and h’ are not given, we must use equation (38) to find the most probable 
value of m: 


m? = (XY,’)/(2X,"*) =0:2675/0°1475 = 1-813, 
m=1°347, @=tan-!m=53° 25’. 
The line is shown in figure r. 


If we assume, as Stewart does, that the precision constants A and h’ are equal, 
we have to use the formula (19), viz. 
Sl Pe een : 
tan 20= 5 mkt E — - see S207 =_— 3°29 
UX,*— XY,’ 01475 —0:2675 : 


Therefore 20= 106° 54’, 0=53° 27’. 


* Uhler, ¥. opt. Soc. Amer. 7 1057 (1 
, . a Ay 923). 
t Stewart, Phil. Mag. 6, 40, 223 ose 


t Merriman, Textbook on the Method of Least Squares. 1885 edn. p. 127. Art: 167. 


On observations of points connected by a linear relation IOI 
The two values to be compared with Stewart’s are 
(1) tan €=1°349, 
(2) the intercept on the y-axis= Y—mX =0-875 — 1-349 x 0°675 = —0°035, 
-both of which are exactly equal to Stewart’s second (final) approximation. 


Figure 1. Straight line drawn through four observed points. The dotted circle and lines 
indicate the errors for a risk of 1 in I00. ©, observed. vw, calculated. 


Asymptote 
0 3) 4° 


0 0°5 1-0 1*5 2:0 2°5 3 


Figure 2. m as a function of k, equation (16) 


We note that the two values of m obtained by making k=1 or 1°35 ditter by 
less than 1 per cent. It is now of interest to find the effect on m of allowing & to 
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ible values, from 0 to ©. The extreme values are . 
ding to k=o, and m= 1°338 corresponding to. 
figure 2. In this particular case, then, 
t, without even knowing the ratio 
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i i Oss 
range over its whole series of p 


found! tobe M713 53 0Cen es PO” 
k=. The curve m against k is shown 1n 


we can obtain the value of m correct to I per cen 


he precision constants. , 
coe In order to find the errors we must determine the most probab 


marty — 
values of h and h’, using equations (33), (34) and (37)*. The work is set out in the 
following table (m= 1-347). 


Table 1. Determination of the most probable values of fh and h’ 


XG =o 2755 | —O7075 +0°125 +0°225 py 
mxX’ —0°370 —or1ol +0168 | +0303 | = | 
wes —0°375 «(| —=01075 +0°125 + 0°325 == 
mX’+ Y" —0'745 —o'176 +0°293 +0°628 —_— 
EEE —0°372 — 0-088 +0°146; +0°314 aa 
2 
me LN ax =0°277 — 0065 +0°109 +0°233 —= 
2m 
(x, — X;’) —0'002 +oo1o | —oo016 | +0°008 a | 
CH SEE Axel Ome 100 X10" | 256x10°% | 64x10 * 42x10° 
(GH 149) + 07003 —0'013 +0:02I; | —o oll — | ; 
(y, — Y,)? OoaiGme 169x10°§ | 462x10* | 121 x10 76x 10-5 


This table gives us, incidentally, the positions of the best points x,’, y,’. These 
are shown in figure 1. From equation (33) 
2 4 f J 
22, (%, —A, ) e4a x10 
and from equation (34) 


h? 


= 4760, h=69°0; 


a 4 Bet ene a 
“2b (ye —-Y,)' 76x10 2630, h’ = 51-3. 


As a check on the work we note that h*/h’?= 4-760/2-630= 1-811 = (1°346)?. 


* The sums & (x,—X,)? and = (y,— Y,)?, which are necessary to find h and h’ 
be obtained very simply by the use of a planimeter. 
discussion following a paper by E. O. Waters on 
A.S.M.E. Trans. 51, 201 (1929)). 

The slope of all the lines 


separately, may 
The method is due to C. F. Merriman (see the _ 
“Graphical Methods for Least-Square Problems,” 


refore when the position and slope of 


, then it is easily seen that (x,— X;,)*=1,? cos? 0=d,2/4 sin® 0, and 
ry) and radii d, are now drawn, and a planimeter 

1 ( of the left-hand circle and made to trace the line 

and to pass clockwise round each circle as it comes to it, returning finally straight along the line to 

the starting point. The planimeter reading will give the total area of the circles, ie. 

mid, =74 sin? 0d (x,— X,)? = 74 cos* 62 (y,— Y,). 

When the number of observe 

considerable. 


d points is large, the amount of computation saved by this method is _ 
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(a) Error in centroid. (i) Risk for a distance 0-01. The probability p, that the 
nodulus of the error in X is not greater than 0-o1/4/2, is 
2 [ootwe Sere 
Vt | 0 i Cas) 
rom equations (23) and (24). 
Writing t=2hp, we have 


2 [0-01xW2xh 
ere lien ee 
97 
= oe Fe—* dt=0°83. 
. 0-725 
imilarly p= sal e-# dt=0-69. 
0 


The probability that the true position of the centroid shall not be farther 
than o-o1 from (X, Y) is pp’ =0°83 x 0°69 =0°57. 

I therefore take a risk of 1 in 1/(1 —0°57), i.e. 1 in 2-3, of being wrong by asserting 
hat the true position of the centroid is not farther than 0-01 from (Xai): 
(ii) Distance for a risk 1 in 100. 


_1/(t—pp’)=100, pp’ = 99/100. 


2 [2hplv2 
Now p= ve | ; e-” dt=I(2hp/+/2), say 
 g [Phimple 
and p= S- |  ePdt=1(ah'u/ V2), say. 
Therefore pp’ =1 (97h) x I (72°5 #) =0'99- 


Hence p is about 0-025 (shown in figure I as a dotted circle). I therefore take 
a risk of 1 in 100 of being wrong by asserting that the true position of the centroid 
is not farther than 0-025 from (ay): 
(b) Error in inclination. From equations (39) and (40) the probability that the 
modulus of the error in m is not greater than e« is 
, how d Li af ebalz 
=q =2| x'(u) p, where x(H)=T ar 
and 
Darras "= 7 a Ct AP ee mot = 
=m (jet ys 1°813 - C10 1:07 X 107", 


Ea 2 CtO- 
(1) Risk for an error 0-01. The probability that the modulus of the error in m 

is not greater than o-or is therefore 
Poa W ge e~(0-01)2/E"2 du 
E 


= a ; ; 

0-01/E’ 2 0-316 

e-# dt= anh | e-? dt 
V7} 0 


‘ 
: 
i 
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I therefore take a risk of 1 in 1/(1—0°345), Le. I In I°5, 
asserting that the value of m differs from 1°347 by less than o-or. — 
case an error of 40°01 in m corresponds to an error of about +13 m¥@. 


of being wrong by 
In this particular 


(2) Error for a risk 1 in 100. If we make gq’ =0-99, we have the equation 


2 fee F 
— e-# dt =o-gg to determine p. 
fT | 0 
Hence p/F’ = 1°82, therefore w= 1-82 x 3°27 x 10°? =0°06. 

Therefore I take a risk of 1 in 100 of being wrong by asserting that the error 
in m is less than 0:06. In this particular case an error of + 0-06 in m corresponds 
to an error of about +1° 15’ in 6 (shown in figure 1 by dotted lines). 


§10. THE ASSUMPTION OF GAUSSIAN ERROR LAWS 


The question now arises as to whether repeated observations of physical quan- 
tities actually do obey error laws of the Gaussian type. This is a point which can 
only be decided by experiment in each particular case. Three different cases present 
themselves. 


Mean sq. ! 
deviation 


-0-16 -(). -0- . 
0:14 -0+12 -0-10 -0-08-0-06-0:04 -0-02 0 0:02 0-04 0-06 0-08 0-10 O42 O44 0416 


Errors —> 
Figure 3. 
gure 3. Copper loss. Mean, 2-62 SO Rs 15°6; Mean-square deviation 0°04, 


(i) If repeated observations of the two coor 


made separately, then the resul i h e d 
ts will s OW wheth G i V 
fe a r Gaussian error laws are obeye 
and, O, what are the values of the precision constants These values will suff 
. s Ce 


for the solution of the : 

c problem dealt with in thi : : 

time} 1s paper, provided it am 
; e assumed that the error laws for all the X’s are th pein 
aws for all the Y’s are the same € same and that the error 


dinates of any one point can be 
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(it) If repeated observations of any one point can be made, but it is not possible 
to keep one coordinate constant while making repeated observations on the other, 
it will still be theoretically possible to make a three-dimensional model of the 
frequency distribution. By taking sections along the X and Y axes in turn, the 

types of error law may be ascertained and their parameters determined. 


—j~> he a 
~0+16 -0+14 -0+12 -0:10 -0-08 -0-06 -0-04-0-02 0 0-02 0:04 0:06 0-08 0-10 042 0-14 
Errors > 


Figure 4. Impedance voltage. Mean, 3:14 4; h, 18:1; Mean-square deviation, 0°039. 


——I Ly 


-0*18 -0+16 -0+1 4 -0+12 -0+10 -0-08 -0:06 -0-04 -0-02 0 0:02 0:04 0:06 0:08 0+10 O12 O14 O16 O18 
Errors — 


Figure 5. Iron loss. Mean, 2°11 % 3h, 11-5; Mean-square deviation, 0°062. 


(iii) If it is impossible to make any repeated observations at all, the only possible 
test is to examine the errors (x,’—X,’) and (y," — Y,’) as soon as x,’ and y,’ have 
been determined. If a sufficiently large number of points have been observed, 
these errors should be distributed according to the Gaussian law, using the most 
probable values of the precision constants. If it is found that they are not so 
distributed, the method of the foregoing pages does not apply. 
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It may be noted here that this test should be made as a check even when re- 


- 


peated observations are possible. 
Three examples of frequency-distribution curves of errors which do actually 


obey the Gaussian law are given in figures 3-5. They were obtained from the 
measurement of the percentage copper loss, impedance volts and iron loss of 310 
transformers of identical design and made in the same workshop. In each case the 
ordinate N is the number of occurrences divided by the product of the total number 
of observations and the interval, the interval being 0-02 per cent. The broken lines 
represent the observed deviations from the mean, and the theoretical curves are 
drawn so as to have the same mean-square deviations as the observations. It is seem 
that the fit is fairly good in figure 3 and quite good in figures 4 and 5. 


| 
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DISCUSSION 


Dr W. Epwarps DEMING (communicated). This paper brings up a host o 
interesting details. In the first place, bits of history concerning the subject 
continually coming to light. It seems that R. J. Adcock in 1878* first worked on th 
problem of fitting a line to a set of points by minimizing the sum of the squares 0} 
the normals dropped upon the line. That he made a curious slip in his algebra w 
pointed out by Kummell (zmfra). The general problem of curve-fitting by th 
method of least squares was outlined by Charles H. Kummell in 1879}. He obtain 
the correct solution for the straight line under the condition that the x and y 
ordinates have constant but not necessarily equal weights, and he showed how t 
determine the weights of the adjusted parameters in both this and the non-lin 
problem. Mansfield Merriman in 18gof also worked on the straight line, but mad 
no new contribution to theory. The next advance was made by Karl Pearson in 

_Igorin his memoir “On lines and planes of closest fit to systems of points in space §,’ 
wherein both the best and worst-fitting lines and planes were obtained, togethe 
with ingenious and now well known formulae for the mean-square residual, thi 
premise being that all coordinates have equal weight. Apparently unaware o: 
earlier work, Corrado Gini in 1921|| found the best and worst-fitting lines for poin 
whose « and y coordinates have constant but not necessarily equal weights. Gini’ 


* Analyst (Des Moines), 5, 53-54 (1878). + Analyst, 6, 97-105 (1879). 
ai Report of the United States Coast and Geodetic Survey, p. 687 (1890). 
§ Phil. Mag. 2, 559-572 (1901). || Metron, 1, No. 3, 63-82 (1921). 
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aper has, in turn, been overlooked by most subsequent writers, among whom I 
ave been numbered. 

- Most of the investigators who have attempted to take account of errors in both 
and y observed coordinates have worked on the straight line, and have recognized 
e impossibility of getting an exact solution without making the assumption that 
e x coordinates all have equal weight and the y coordinates all have equal weight. 
nfortunately this assumption divests the problem of much that promised to be of 
portance, for it is a fact that lines obtained with various values of the ratio h/h’ 
in the author’s notation) differ only in the squares of the residuals. Now since in 
ractice the residuals are usually small, it turns out that the lines thus obtained usually 
o not differ significantly. Miss Dent’s drawings afford a good illustration of this 
oint. The non-linear relation does not exhibit this peculiarity, nor does the 
near relation, save under the assumption of constant x- and constant y-weighting. 

These facts are closely related to the author’s observation that Mr Cook’s method 
f estimating h/h’ is applicable only to equations of the second or higher degree. 
+ Cook’s method breaks down in the case of the straight line only in the sense that 
requires to be carried to a second approximation, which is just what one would 
xpect in view of the fact that the ratio h/h’ becomes of secondary importance when 
e precisions of the x and y coordinates are each constant. 

It is interesting to note that equations (33) and (34) obtained by the author for 
stimates of A and h’ differ from the usual ones in having s where one usually sees 
s—2). The author’s formulae were based on the assumption that the horizontal 

d vertical line segments between the observed and calculated points are actual 
rrors, whereas they are usually considered as residuals. The “number of degrees of 
reedom,” as it was named by R. A. Fisher, is s if these line segments are errors, and 
s—2) if they are residuals. 

Miss Dent recognizes the importance of testing the calculated inclination and 
ntercept of the fitted line. From the work of Helmert, “Student,” Fisher, and 
thers, it is known that if the errors of observation are normally distributed the 
alues of the calculated precision constants will not be so; hence the equations of §6 
or testing the precision of the slope and intercept of the fitted line must be regarded 
approximations which, however, improve as the number of observed points 
nereases. Henry Schultz* has worked out a complete system for estimating the 
tandard errors of a curve and its parameters. In this connection, Chapter 5 of 
_A. Fisher’s Statistical Methods for Research Workers should not be overlooked. 
he risk of rin 1/(1—pp’) for an error p in the centroid, as given by the author in §6, 
s more restrictive than necessary, but a full treatment would necessitate opening for 
iscussion the whole subject of statistical tests. 

Finally, a word should be said regarding the normal error lawt. Even when it is 
ot obeyed—and it probably never was—statistical deductions based on sampling 
from a normal parent population are not apt to lead one into wrong conclusions, 


* ¥. Amer. stat. Ass. 25, 139-185 (1930). : 
i Pe cutnts called Gaussian ; see, however, footnote 8 in a paper by W. Edwards Deming and 


Raymond T. Birge in Reviews of Modern Physics, 6, 119-161 (1934). 
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provided reasonable care is exercised. But if one is interested in testing the normal 
law, or any other law, the approach might well be made with some objective criterion} 
such as Karl Pearson’s chi test. 


Autuor’s reply. I should like to thank Dr Deming for his interesting historical; 
notes. 

In comparison with any method which requires to be carried to a second appro 
mation, or which involves the preliminary determination of approximate values f 
the parameters, the method of the present paper is much simpler and shorter. 

In §6 the values of A and h’ are regarded as accurately known. It seems doub 
whether further approximations, involving the errors in the calculated precisiot 
constants, would be justified. 
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STRACT. Electron-diffraction patterns obtained by reflection from molten lead, 
c, bismuth and tin have shown that the surfaces of these metals are covered with thin 
ide films. From these patterns it has been deduced that the films consist of small 
ctron-optically flat oxide crystals resting on their [oo1] faces. The inner potentials and 
stal structures of these oxides have been found, and they have thus been identified as 
finite chemical compounds. It has also been found possible to remove these films from 
e molten metal by means of nickel gauze and to obtain electron-diffraction patterns by 
ansmission. The transmission patterns indicate that although the removed films are 
the same chemical composition as those on the molten metal, their removal has dis- 
rbed the orientation and given the crystals an approximately Maxwellian distribution 
orientations about their original direction. 


§r1. INTRODUCTORY 


HE work to be described in this paper was the outcome of an attempt to study 
the surface of liquid metals by means of electron-diffraction. The metals 
used, which had to be of fairly low melting-point, all acquired quite thick 
xide layers when melted in air, and became oxidized to some extent even in a fairly 
ood vacuum. During an attempt to eliminate these oxide films, curious orienta- 
ions of the crystals comprising the films were observed by means of electron- 
iffraction. The experiments to be described consisted mainly in photographing 
lectron-diffraction patterns by reflection from the oxide-covered surface of the 
xolten metal, and identifying the oxide and its mode of orientation. 

’ In addition to this, experiments were carried out by means of a new method of 
emoving the oxide film from the surface of the metal so that that electron beam 
ight be diffracted by transmission through the thin film. ‘These oxide films were 


r, while those used for reflection were formed im vacuo. 


‘ormed on the metal in ai 
of the metals 


he structure and orientation however seem to be similar in the case 
ried, except that the orientation was not complete in the transmission specimens. 


§2. EXPERIMENTAL APPARATUS 


e of the Thomson-Fraser 
C. G. Fraser of Aberdeen, 


razing incidence on the 


The diffraction camera used for this work was on 
pe with modifications designed for Prof. ‘Thomson by 
nd set in a horizontal plane to obtain the electron beam at g 


dog 
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liquid surface. The discharge tube had the usual aluminium disc cathode, but its 
other end was coned and ground to fit a corresponding ground cone on the apparatus 
The joint was made vacuum tight with Apiezon M grease and cooled by a water 
jacket round the outside, figure 1. The electron beam was defined by the anode 
which consisted of a hollow aluminium cylinder with an aluminium plate round the 
outside at the discharge-tube end. Each end of the hollow cylinder was closed by 
a molybdenum disc pierced with a hole 0-15 mm. in diameter, which allowed a fine 
electron beam to pass from the discharge tube to the camera. Directly in front of 
the anode was an aluminium shutter operated from the outside of the specimei 
chamber through a coned, ground and greased spindle, figure 2, which also operated 
an interconnected razor-blade scraper just above the surface of the specimen, 


figure I. 
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Figure 1. Diagram of apparatus. 


The method of carrying the specimen may be seen from figure 2. By turning th 
large wheel on the outside of the specimen-chamber the specimen could be rotated 
in azimuth by a gear comprising two large bevel wheels, while by operating n 
smaller lever, a rack and pinion raised or lowered the specimen across the electro: 


with the beam could be altered by turning the large coned and ground joint which 
carried the whole specimen assembly. | 


The specimen was removed from the apparatus by breaking the flat ground and 
greased joint round the outside edge of the cylindrical specimen-chamber. This 
joint being nearly 2 cm. wide and about 15 cm. in diameter, considerable force 
needed to break it. This was applied by means of a specially designed screw clam 
after the safety ring had been removed. When the specimen was in position insi¢ : 
the apparatus it could be observed through a plate-glass window sealed with piceir 


vacuum wax to the far side of the specimen-chamber. 


. 
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Access to the photographic plate and its carrier was by means of the end cover 
the camera, which also had a large flat ground and greased joint with drawing-off 
ews, figure 1. To this cover was waxed a plate-glass window through which the 
ecimen and fluorescent screen could be observed. The plate-holder consisted of 
arriage running on two rails fixed to the body of the camera and it could be moved 
ckwards and forwards by means of a rack and pinion worked through a conical 
eased and ground spindle. The photographic plate was carried by the lid of a 
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| Shutter and 
pone | | [Scraper operator 
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Figure 2. Section through specimen-chamber excluding razor-blade scraper. 


held down by a spring catch in a horizontal position on 
0 as to allow the diffracted beams to hit the fluorescent 
d towards the end of the camera, a rod in con- 
act with the catch came up against a stop at the end of the rails and released the 
atch, allowing the cassette lid carrying the plate to spring up into the vertical 
osition as shown in figure 1. After the pattern had been photographed the plate 
arriage could be racked back along the rails, when the two projecting lugs on the 
assette lid each came in contact with a strong spring blade and closed the lid down 


gain to the horizontal position. 


a ° 

ight-tight cassette, usually 
o the rest of the cassette s 
creen. When the carriage was racke 
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§3. VACUUM AND HIGH TENSION EQUIPMENT 


vacuated through wide-bore glass tubing connected 
diffusion pump backed by a Cenco-Hyvac 
y means of standard taper 


The whole apparatus was ¢€ 
through a liquid-air trap to a mercury 
pump. The connections to the apparatus were made b a P 
coned ground and greased joints, one for each of the three sections of the apparatus, 


figure 1. Under working conditions the pressure in the discharge tube should be 
about 10-3 mm. of mercury and that in the camera rather lower. The difference in 
pressure was obtained by allowing air or hydrogen to leak into the discharge-tube 
through an adjustable needle valve from a bottle reservoir maintained at a pressure 
of about 4 mm. of mercury. 

The high-tension current for the discharge was obtained from an induction coil — 
with mercury interrupter. The current was passed through a rectifying valve and 
water resistance to the discharge, while a smoothing-condenser of capacity 0-004 uF. 
was connected from the anode of the valve to earth. The discharge voltage was 
measured by spark-gap between 5 cm. spheres. By running the interrupter at high 
speed it was found possible to obtain a very homogeneous electron beam with this 
equipment. 

§4. SPECIMEN-HEATER 

The specimen-heater used in conjunction with the camera consisted of a circular 
asbestos cement base on a brass plate which screwed on to the specimen-pillar, 
figure 2. The heater coil of nichrome wire carrying about 2 amperes at 30 volts 
rested on the asbestos base and had one end connected to the brass plate and the 
other to a terminal. The crucible containing the molten metal rested in a ring of 
asbestos cement fixed to the base by two screws. After preliminary tests, crucibles — 
of Acheson graphite turned on a lathe were used, as they would not charge up when 
the electron beam hit the metal, and the graphite would not contaminate the metal. 
The terminal on the outside of the heater was connected by a flexible insulated lead 
to a wire sealed through the end of a glass tube connected to the bottom of the 
crystal chamber, figure 2. 

§5. THEORY 


The electron beam has a wave-length associated with it (De Broglie) and can 
therefore be diffracted by crystals in a similar manner to X-rays according to 
Brage’s law nA=2d sin 0, where @ is the angle of diffraction and d the lattice 


spacing of the crystal planes. Combining these two equations and the camera- 
dimensions, we find that 


where L is the camera-length, v the voltage of the discharge and r the distance from 
the diffracted spot to the undeviated spot on the photographic plate. 

If the surface is electron-optically flat, so that electrons enter and leave the 
specimen in planes parallel to the surface, refraction takes place as a result of the 
difference in potential between the inside and outside of the specimen. This is 
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equivalent to a refractive index jz equal to \/(1+¢/v)™, where ¢ is the inner poten- 
tial. This alters all component distances of diffracted spots in a direction perpen- 
dicular to the shadow-edge. It may be shown that if the angles made with the 
specimen-surface by the incident and diffracted beams are equal 


: Mey A LIne (2), 
where y is the observed component distance of 7 along a line perpendicular to the 
specimen-surface, and y, is what the distance would be if no refraction had taken 
place. If a rotation picture is taken and a number of orders of the same plane 
appear on the line perpendicular to the specimen-surface through the undeviated 
spot, equation (2) may be put into the form 


Pant al ee a eaeeei (2) 


where n is the order number and 7, the distance from the first-order spot to the 

undeviated spot, as calculated from the Bragg angle. If y? is plotted against n?, the 

ere of the graph will give a value for r) which may be substituted in equation (1) 
to give the lattice spacing d, while the intercept will give a value of the inner 
potential ¢. 

_ The patterns obtained by reflection from the oxide films may be explained as 
follows. If a single crystal is placed in the beam with a cleavage face as surface, the 
resulting pattern on the plate consists of spots at the intersection of three diffraction 
curves as follows. The atoms on a line in the surface perpendicular to the electron 
beam give a series of equidistant straight lines perpendicular to the surface of the 
specimen. Even if the crystal is very small these lines will be quite sharp. The atoms 
lying in the surface along the beam give a series of circles. Owing to the small angle 
this line makes with the beam, these circles may become quite broad if the crystal 
is very small. Finally the planes parallel to the surface give a series of lines parallel 
to the surface, spaced according to Bragg’s law as modified by the refraction effect. 
There will be a spot wherever these three diffraction curves intersect. If, however, 
the crystal surface may be considered flat and continuous for only a small area the 
second curve becomes very diffuse, and if the scattering atams are heavy the pene- 
tration of the electrons will be small and the third condition will be relaxed to some 
extent. These effects have been discussed by Kirchner and Raether in some detail %). 
In the patterns under consideration the crystals are small enough to make the second 
diffraction condition so relaxed that its effect may be ignored, and the pattern thus 
consists of spots at the intersection of the lines perpendicular and parallel to the 
shadow-edge on the photographic plate. Owing to the relaxation of the third con- 
dition these Bragg spots are elongated along the line perpendicular to the shadow- 
edge, so that the lines are continuous but are of greater intensity where a spot should 
occur. The meniscus of the surface gives the equivalent of a rotation picture and a 
large number of spots may thus appear, while the side lines correspondingly may 
be quite long. If in addition to alteration of the angle of incidence the crystal is 
rotated in azimuth about an axis perpendicular to its surface, the atomic distances 
along the line perpendicular to the electron beam will change, and a series of side 


lines corresponding to all the possible atomic distances in the surface will be obtained. 
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he surface these distances are the lattice spacings of the 
ntegral values. The series of spots on one 
1 correspond to the zone of planes [hjz], 
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If the [oo1] plane is in t 

[xyo] planes, where x and y may have any 1 

particular side line due to spacing [jo] wil 

where z will have any integral value. 
With this theory as a basis it has been 

oxide crystals from the distances apart 0 


possible to evaluate two of the axes of the 
f the diffraction side lines. The third axis 


and inner potential have been obtained by applying equation (3) to the measurements 
on the line through the undeviated spot. From the length of the axes the oxides 
have been in most cases identified by comparison with X-ray crystal structures. It 


has thus been shown that the oxide surfaces consist of quite small crystals usually 
resting on their [oor] faces on the liquid metal surface. 


§6. EXPERIMENTAL RESULTS 


Lead. Pure lead was melted in air in a graphite crucible and the surface was | 
skimmed. After cooling it was placed in the apparatus, which was evacuated. The | 
current in the heating-coil was then switched on, so as to melt the metal and main-_ 
tain it at a temperature not very far above its melting-point. Owing to degassing of | 
the heater it was necessary to wait for a few minutes till the vacuum had recovered | 
sufficiently to allow a diffraction pattern to be taken. The specimen was then raised 
completely across the electron beam till the swinging razor-blade scraper could 
traverse the surface when the operating lever was moved. In this way a clean patch | 
of metal was obtained. The specimen was lowered again till the electron beam could ) 
graze the surface, when the diffraction pattern could be observed on the fluorescent | 
screen and subsequently photographed. 

The complexity of the pattern suggested that the oxide had not one of the | 
simplest forms of symmetry, figure 3. A complete analysis of the pattern was made | 
and it was deduced that the oxide was the rhombic form of PbO known as litharge, 
which has axes a, b, c equal to 5-50 A., 4-68 A., and 5-88 A. respectively, all the ) 
small crystals being arranged with their [oor] planes parallel to the surface of the | 

| 


specimen. The definition of the spots on the lines was bad owing to the smallness 
of the crystal-size and lack of penetration of the electron beam, lead being a heavy | 
atom. ‘The measurement of the spots on the central line was thus not very accurate, | 
but the value of the c axis of the crystals calculated from these measurements agreed — 
within 1} per cent with the X-ray value. | 
As the a and b axes of the crystals were unequal, the side lines corresponding to 
the [jhz] planes would be different from those of the [Ajz] planes, and this would 
make the number of lines very large. Some of the lines did not howe: appear 
owing to the form of the space group in the unit cell. From the X-ray study of 
litharge by the Debye-Scherrer ring method), the absence of the rings due to the 
[103] [ors] [218] [1 2a] [123] [303] [033] [323] and [233] planes meant that the 
corresponding side lines would be missing, so that the pattern would be sim lified. 
Table 1 gives a summary of measurements made on plates obtained with lead one 


] 
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Figure 3- Reflection pattern from Figure 4. Reflection pattern from 
litharge on molten lead. litharge on lead crystal. 


Figure 5. Reflection pattern from zinc oxide on molten zinc. 


Reflection pattern from tin 
monoxide on molten tin. 


Figure 6. Reflection pattern from bismuth Figure 7. 
oxide on molten bismuth. 
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In addition to the side lines tabulated, a very faint side line inside the [112] line 
seemed to correspond to the forbidden [103] series of planes. 


Table 1 
Indices of Calculated Observed 
zone of | lattice lattice 
planes causing | spacing, z=0 spacing, z=o Intensity 

side line (A.) (A.) 
Tens Shay 3°58 Very strong 
202 275 2°78 Medium 
022 234) 2°36 Medium 
222 1°79 1°79 Strong 
Qe 1°71 1°71 Medium 
132 ope 1-§2 Medium 
402 0°37] 13377 Very weak 
332 I'1g 1°20 Medium 


The mean value of the c axis was 5:97 A. and the inner potential 12°3 V. 


The value for the c axis is about 14 per cent too high, but some of this error may 
be due to the thermal expansion of the crystals, which would slightly increase all 
the lattice spacings. Even if this effect is neglected, the value is within the limit of 
experimental error. The figure obtained for the inner potential is probably only 
accurate to about one volt. 

Assuming that the small crystals comprising the layer had rotational freedom 
round the c axis when the metal was liquid, it was of some interest to see whether 
"this was still the case when the metal underneath was of crystalline form, or whether 

any orientation took place on crystallization of the metal. This question was tested 
by allowing the lead to cool down very slowly by decreasing the current in the 
“heater coil, when the lead would crystallize at the surface into a few large flat 
_erystals from whose surfaces diffraction patterns could be obtained. It was found 
that on solidification the small oxide crystals on the lead had all tended to set in one 
direction on the top of the metal crystal, for true single-crystal diffraction pictures 
~ due to the oxide were obtained. These showed plainly only one set of equally spaced 
side lines with sharp spots on them, placed according to the other two diffraction 
conditions, figure 4. It can be seen that the second diffraction condition was obeyed 
rigidly, all the spots appearing on a circle. This shows that the surface must have 
been flat and continuous for a much larger area than in the case of the small crystals 
on the liquid metal. In addition to these spots there were Kikuchi lines which 
would also appear only with a true single crystal. It thus appears that on crystalli- 
zation of the underlying metal the small oxide crystals turn so that they all are in 
the same azimuth, and thus make themselves into a layer of true single-crystal 
form on the top of the metal crystal. 
Attempts were also made to reduce the oxide layer by means of atomic hydrogen, 
so as to leave a clean metal surface. A discharge tube of the Woods type was waxed 
in position through a hole in the inspection window on the far side of the specimen- 


chamber, and was arranged to run at a pressure of about ;4; mm. of mercury, being 
8-2 
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bottle reservoir of hydrogen at a pressure of a few centimetres 
le leak. The atomic hydrogen made by the discharge escaped 
en-surface where it was possible that it might 
duced but underwent rather interesting and 


striking changes. After the atomic-hydrogen tube had been run for about a minute 
and the diffraction pattern from the surface had been observed directly the dis- 
charge was cut off, two entirely new patterns were obtained. These both were due 
to crystals with a body-centred tetragonal lattice resting on their [oor] faces, while 
these crystals were not electron-optically flat, no refraction effect being observed. 
The approximate values of the axes for these crystals were as follows: a=4-10 A., 
c=6-00 A. for one pattern, and a=3°85 A., c=13°30 A. for the other. Neither of 
these structures correspond to a known lead compound, while the second onesuggests 
something fairly complex owing to its very large c axis. 

Zinc. Pure zinc was melted in a graphite crucible and after cooling was placed 
in the apparatus. The procedure for melting and skimming the surface inside the 
apparatus was the same as that used for lead. It was found that molten zinc had a 
considerable tendency to vaporize, necessitating cleaning of the window and metal 
parts in the specimen-chamber after the taking of a diffraction photograph, and for 
this reason only a few plates were taken. These however gave quite definite informa~ 
tion as to the chemical nature and orientation of the oxide surface. The film con- 
sisted of zinc-oxide (ZnO) crystals of ordinary close-packed hexagonal structure 
(a=3:22 A., c=5:18 A.) resting on their [oor] faces, with their c axes perpendicular 
to the surface. ; 

In the case of hexagonal crystals oriented in this manner the side lines due to 
the [Ajz] planes would correspond to lattice spacings a1/3/2 (A? +hj+)?)3, while 
owing to the fact that the crystals were of close-packed structure many of the Bragg 
spots would not appear on the side lines. The spots in the case of zinc were rather 
better defined than those from lead, because the lighter zinc atoms allowed greater 
electron penetration and resolving power, figure 5. 

‘The measurements for zinc oxide are given in table 2 and show quite good 


supplied from a 
through an adjustab 
through a pinhole close to the specim 
reduce the oxide. The oxide was not re 


agreement with X-ray values, besides giving a figure for the inner potential of the 


oxide correct to approximately one volt. 


Table 2 
Indices of Calculated Observed 
zone of lattice lattice 
eel oer: spacing, s=0 spacing, s=0 
side line (A.) | (A.) 
10g 2°79 2: 
liz I'6r I a 
20% 1°39 1°40 
21z I°O5 1°06 
308 0°93 0°93 
222 080 o:8r 


From measureme i = 5 7 - y V 5 | o= 2 V . 
ments ony the central line c “2 A. [X Ta value “18 . Inner potential I i} 


| 
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The lattice spacings from the side lines and from the centre line are again 
slightly high, but they are just within the limits of experimental error even when 
thermal expansion is neglected. In addition to the side lines tabulated, a very faint 
one was observed inside the [103] line which gave a lattice spacing for z=o of 
approximately 3-86 A. This does not appear to bear any simple relation to the other 
side lines and may be caused by an oriented impurity. It may be connected with an 
extra ring obtained by Finch and Quarrell) who used electron-diffraction by trans- 
mission through an incompletely criented film of zinc oxide. This ring gave an 
observed lattice spacing of 3-79 A. and was tabulated as a half order of the [102] 
plane of zinc oxide. It might however be the ring due to the first plane of the zone 
causing the side line by reflection, while the rings due to the rest of the zone of 
planes would be of greater radius and less intensity and might not be strong enough 
to appear on the plate. 

Bismuth. The oxide surface on bismuth was prepared in exactly the same way 
as for the previous metals, the metal being used at a temperature not far above its 
melting-point. The resultant pattern, figure 6, showed that the oxide had a hexagonal 
structure with the bismuth atoms placed in the unit cell in approximately the same 
positions as the zinc atoms in the unit cell of zinc oxide, and that the crystals of the 
oxide layer were all resting on their [oor] faces. The axes have been calculated from 
the measurements but the oxide has not been identified chemically because no 
crystal structures of bismuth oxides are given in Landolt and Bérnstein’s tables or 

‘Ewald and Herrmann’s Structurbericht. As bismuth is trivalent the oxide would 
probably be of the formula Bi,O;. The other oxides of this trivalent type having a 
hexagonal structure are those of the rare-earth group such as cerium. The structure 
of compounds of this type [D 52] places the metal atoms in a close-packed hexagonal 
lattice with an axial ratio of 1-56 and an a axis of approximately 3-90 A. These 
figures agree very closely with those obtained for the bismuth oxide which are 
, 1°57 for the axial ratio and 4:02 A. for the a axis. ‘The suggested structure 1s 
made even more probable by the fact that the ionic diameters of the rare earths and 
bismuth are nearly the same. 

In addition to the side lines given in table 3, two very faint lines were observed 


Table 3 
ae me. : Mean observed | Corresponding 
planes causing lattice spacing value of 

side line z=0 (A.) a axis (A.) 

10zZ 3°47 4:01 

iz 2°02 4°04 

202 1°73 4:00 

21z 1°32 4:03 

302 1°16 4:02 

222 I’ol 4°04 

312 0°965 | 4°02 ye! 


Mean value of a=4:02 A. From central line c=6:30 A. Hence cja=1'57- 
Mean value of inner potential $=11'0 V. 
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inside the [102] line which did not appear to be 
d impurity as suggested in the case 


pattern. These again might be due to an oriente 


of zinc. 
Tin. An oxide surface on pure tin was prepared as with the previous 


the tin being used at a temperature just above its melting-point. The resultant 
pattern, figure 7, when analysed showed that the film consisted of the tetragonal 
form of SnO [a=3°80 A., c= 4°81 A.], all the crystals resting on their [oor] faces. 
The tin atoms are placed in the unit cell in positions (000) and (3 3 2u), where uw is an 
undetermined parameter. As all orders of the [001] plane appeared on the central 
line u cannot be }, which would place the tin atoms in a body-centred lattice. The 
side lines obtained from the tetragonal lattice corresponded to planes [hjz], where 
the lattice spacing for =o was a/(h? + j?)?. The mean measurements for these side 
lines are given in table 4 and show quite good agreement with the calculated values. 
The value for the c axis is about 2 per cent too high, which is just within experi- 
mental error due to the diffuseness of the spots caused by lack of penetration of the 
electrons. The inner potential obtained from the measurements would also be 
correct only to about one volt. 


metals, 


Table 4 
Indices of | 
zone of mayie Observed Calculated 
planes causing Strength of side line lattice spacing, lattice spacing, 

side line z=0 (A.) z=o (A.) . 
: 
10z Strong “80 e 

Tethys Strong ee as 
202 Medium weak I*go I-90 | 
212 Medium 1-70 fan ) 
222 Medium weak 1°35 1°34 | 
308 Weak I 28 1°27 ) 
312 Strong I‘2I 1°20 ) 
322 Strong I-05 1-05 
| 


From measurements on central line c=4-91r A. 
Mean inner potential 6=14:°2 V. 


In addition to that already explained, an entirely different pattern also was 
obtained from the tin surface at a slightly higher temperature. This pattern, while 
Oia due to an oriented layer of character rather similar to that of the layer 
of SnO obtained previously, was considerably more complex and while some of its 


ay : 
: a lattice spacings have been evaluated it has not been connected with an 
efinite oxide of tin with a particular orientation : 


§7, OBSERVATIONS OF DIFFRACTION BY TRANSMISSION 


T 
a ae cobain been obtained by means of the reflection arrangement, it 
ee ane § to eek diffraction patterns by transmission through thin 
perce at oe fe ready been done for some metals with films prepared in 
eee *. Fonte‘? obtained films of zinc oxide showing no orientation, b 
in air. Bragg and Darbyshire®) obtained films by drawing a dog of 
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vire out of the molten metal, thus leaving a film of metal across the loop. In this 
lm were holes across which thin membranes of oxide suitable for transmission 
liffraction were stretched. Using this method they obtained films of SnO,, PbO; 
nd ZnO. Films of zinc oxide prepared in this way have been studied in more 
letail by Finch and Quarrell‘s), who showed conclusively that although the diffrac- 
ion patterns resembled the face-centred cubic type they were really due to the 
yrdinary close-packed hexagonal structure of ZnO, with the intensities of the rings 
sreatly altered by the partial selective orientation of the crystals in the film. As 
these facts applied to zinc oxide it seemed possible that a similar pattern might be 
obtained from a film of bismuth oxide, the two reflection patterns being very 
similar, and experiments were tried to see whether this was so. 

Bismuth-oxide films. While the loop method of preparing a specimen may be 
easily carried out for zinc, which will wet other metals, bismuth presents a more 
difficult problem. Alternative methods were therefore tried, one of which has 
proved very satisfactory both for bismuth and for other metals. A piece of fine 
nickel gauze having about 25 meshes per centimetre was dipped under the freshly 
skimmed surface of the metal and then lifted out with a pair of tweezers, the gauze 
being kept nearly horizontal. ‘This procedure allowed the metal to drain away 
through the gauze, leaving patches of oxide film caught in the meshes. The specimen 
so prepared was then fitted in a clamp in the apparatus in place of the furnace used 
for the previous part of the work. 

The resultant diffraction pattern was in fact almost precisely similar in appear- 
ance to that obtained by Finch and Quarrell for zinc oxide. The lattice spacings for 
the rings were worked out and the indices allotted with the help of Hull and Davey’s 
nomograms) which were also used in the same way for the tin oxide diffraction 
patterns. ‘The rings fitted a hexagonal close-packed lattice of axial ratio 1°56 and 
an a axis of 3°93 A. in a condition of partial orientation so that the greatest number 
of crystals had their [oo1] planes in the plane of the specimen and none at right 
angles to this direction. The mean lattice spacings are given in table 5, together with 


Table 5 
, Observed Calculated 
Indices of Intensity of ring lattice lattice 
ring spacing (A.) spacing (A.) 
110 Very strong 3°39 3°40 
IOI Strong 2°92 2°97 
102 Weak 2°26 PNG | 
110 Very strong 2°01 1°97 
103 Very weak 177 1°75 
200 Strong Ter 1°70 
201 Medium 1°64 1°64 
120 Medium 1°30 1°29 
121 Medium 1:26 1°26 
300 Medium 1°16 ribs} 
302 Weak 1:08 1:06 
220 Very weak 1:00 0°99 
304 Medium 0°94 o'91 
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the indices and intensities and calculated lattice spacing 
the lattice which gave the best fit on the nomogram. ; 

The axial ratio from the transmission observations agrees quite closely with tha 
obtained by reflection (transmission 1°56, reflection 1°57) while the a axis is about 
2 per cent lower by transmission than by reflection, and some of this difference may 
be accounted for by thermal expansion. The transmission value of 3-93 A. is almost 
exactly equal to that of other members of the same structure group and is therefore 
probably the more correct value at ordinary temperature. 

Tin-oxide films. Thin films of tin oxide were also made by the nickel-ga 
method. The tin was maintained at a temperature slightly above its melting-point 
and the surface was skimmed before the gauze was dipped. The resultant diffraction 
pattern showed that the film made in this way consisted almost entirely of the — 
monoxide SnO, the crystals being partially oriented with their [oor] faces in the 
plane of the film as in the case of bismuth and zinc. Here again, no crystals had 
their c axes lying in the plane of the film, for no orders of the [oor] planes were _ 
observed. The greatest number of crystals had their c axes nearly perpendicular to 
the plane of the film, since rings with the third index zero were greatly strengthened, ~ 
figure 8. Rather similar patterns have been obtained by Steinheil “°) from specimens : 
made by playing a flame on tin foil. In this case the orientation was not so marked, 
as the [002] ring appeared with moderate intensity. The calculated and observed 
lattice spacings of the rings together with their intensities are given in table 6. 


s assuming the values for 


Table 6 
; Observed Calculated | 
eae of Intensity of ring | lattice ) lattice | 
| spacing (A.) spacing (A.) 
100 Very weak | "75 | , 
SnO, 110 Very weak is Aa 
IOI Medium 3°02 2-98 
110 Very strong ae 2°69 
IIl Weak 2°36 2°35 
200 Strong 1°92 | 1°90 
201 Medium strong 1°79 1-77 
120 Weak | 1°70 I-70 
121 Strong 1°62 I Fe 
202 Weak I°51 ze 
122 Weak ) 1°42 I a3 
220 Medium strong ES I be 
ae Weak I°3z | a 
301 Medium 1°24 1°22 
130 Medium 1°20 ; 
123 Weak 118 me 
ae Very weak 113 eas 
ee Medium I'08 : 08 
223 Medium T'04 103 


In addition to films consisti 


ng of the i ioxi 
Ome Ge ce g monoxide, some composed of the dioxide 


ay with the tin at a rather higher temperature. This 
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Figure 8. Transmission pattern from tin monoxide film. 


Figure 9. Transmission pattern from litharge film. 
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oxide layer probably started as the monoxide and changed almost entirely to the 
dioxide owing to the higher temperature. Similar films were also made by Steinheil 
by heating tin foil. The relative intensities of the specimens made by both methods 
agreed well and showed little sign of any orientation, since all possible rings were 
present. The orientation was presumably destroyed on the transition from monoxide 


to dioxide. The rings are given in table 7 together with their intensities and lattice 
spacings. 


Table 7 
see ; Observed Calculated 
pri of Intensity of ring lattice lattice 
spacing (A.) spacing (A.) 
SnO (oor) Very weak : “SI 
SnO (100) vee weak Be 780 
IIo ery strong e : 

Sn (200) Very weak are ae 
IOI Medium strong 2°65 2°63 
200 Strong 2°39 2°36 
210 Weak ABI ANI) 
Ps Very strong 1°78 70 
220 Weak 1°69 1°67 
002 Weak 1°58 1°58 
310 Medium strong 1°52 1°49 
301 Very weak 1°35 1°33 
202 Very weak 13 nog 
225 Medium strong 23 Teo 
400 Medium I'19 118 
222 Weak 116 1°15 
312 Medium strong 1°10 Tog 
420 Weak 1:06 1:06 
103 Medium weak 1°02 1°03 
oA Medium 0°96 0°96 
510 Weak 0°93 0°93 
332 Medium strong | 092 0:92 


Lead oxide. Films of lead oxide also were made with the same technique, and 
their diffraction patterns were photographed and analysed. These showed that the 
films consisted entirely of the rhombic form of PbO (litharge), the preferential 
orientation tending to set the crystals with their [oor] planes in the plane of the film. 
This again caused rings due to the [ooz] planes to be absent and those with the 
index zero to appear with increased intensity. The rings observed by electron 
diffraction, figure g, are given in table 8 together with their lattice spacings and 
intensities, and corresponding intensities obtained by Halla and Pawlek™ with 
X-rays. A comparison of these intensities shows clearly the effect of the preferential 
orientation. In addition to the rings tabulated, two or three very faint rings were 
observed inside the [110] ring on some plates. These seemed to correspond to 
indices [oro] [roo] and } [110], but may have some different origin such as an im- 


purity with a larger unit cell. 
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Table 8 
| 
i Observed | Calcul ated | Observed electron- | _ X-ray 
eee Loo ey diffraction intensity intensity | 
of ring | spacing (A.) | spacing (A.) ) 
¢ F Medium weak Weak 
110 3 a pe Strong Strong | 
oe : 2°94 — Mee! strong | 
002 == oe 
: : Very strong Me 
2 
oor a sah Very weak Very, weak | 
us 236 2°34 Very strong igiereen 
riz 22k 2°28 Very weak Very we 
202 2°03 2:02 Weak Strong 
003 — 1°96 — eae 
‘8 1°85 Very weak trong 
oe : oe r70 Very strong Medium ) 
TS e772) Te, Weak Strong 
Sie 1°65 1°64 Strong Strong | 
203 — 1°60 — Very weak 
222 Tn 152 Weak Strong 
Sol | | oa 
1°48 1°47 trong i 
es I ce 1°38 Medium weak Very weak 
114 1377 1°36 Medium weak Medium i 
223 iw I-31 = Weak : 
of 1°29 1°29 Weak Strong 
Rea 1°25 1°25 Weak Medium | 
ee — T-25 — Medium 
330 1°18 I°I9 Strong | Weak ) 


many helpful suggestions in the course of the work. 
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DISCUSSION 


Lorp RAYLEIGH mentioned the fact that when sodium-nitrate crystals are de- 
s0sited on a cale-spar crystal, they try to orient themselves as nearly as possible in 
accordance with the orientation of the latter, although the difference in structure 
between the two substances prevents this result from being effected completely. In 
the present instance, when lead-oxide crystals were formed on the surface of a large - 
single crystal of metal did the metal atoms of the oxide remain in the positions which 
they had occupied in the metallic state? 


Prof. G. L. Fincu. In view of the reputed purity of the zinc which Dr Quarrell 
and I had used, we had suggested that the faint extra inner ring in our oriented ZnO 
patterns might be a $ [102] of normal ZnO, but emphasized the need for caution by 


Figure A. Figure B. 


pointing out the fact that the supposed half-order and [102] rings arced in different 
directions. Since then Dr Wilman and I have found that this extra inner ring may 
be due to a trace of an impurity which can be almost wholly removed by skimming 
off the first few layers of oxide scum formed on the surface of a melt of a fresh batch 
of forensic zinc. The first skimming consists in the main of this impurity and is 
c-oxide scum. The transmission pattern ob- 
tained with a film of the impurity normal to the beam is shown in figure A. It has a 


complicated structure of a relatively low order of symmetry. One of the brn cae 
3°79 A., and this 1s the supposed half-order 


the pattern has nothing in common with 


quite different in texture from a zin 


inner rings corresponds to a spacing of 
ring previously observed. Otherwise 


either Zn, ZnO or pseudomorphic ZnO. 
At first sight figure A, like many of our ZnO patterns and like those now dis- 


cussed by the author, appears to be due to a random crystal array; inclination of the 
specimen plane to the beam by only 20° from the normal sufficed, however, to 
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yield an arced pattern, figure B, thus proving that the crystals tended to point 
in a common direction. ‘The remarkable elliptical appearance of the arced pattern 


is, of course, due to an illusion. 


Prof. G. P. THomson. With reference to the single crystals of oxide which form 
on the surface of the lead when it solidifies, it seems to me that this is a different 
kind of phenomenon from those referred to by the President or Prof. Finch. In the 
author’s experiments the small crystals of oxide are present throughout the ex- 
periment, even when the lead is melted, and the formation of a single crystal must 
be due to a rotation and orientation of these small pieces of crystal, brought about 
by the atomic forces in the metal at the moment when it solidifies. As far as I 
know this is a new effect, and it is of interest from the point of view of the study of 
crystallization. 

I should also like to refer to the apparatus used by the author. This, as is stated 
in the paper, was designed by Mr C. G. Fraser of Aberdeen. In respect of the 
method of moving the specimen by means of a large coned ground joint carrying 
two smaller cones, figure 2, the apparatus has been imitated in others made at the 
Imperial College. Four such in all are now in use and some have been in operation 
for nearly three years. They have given very little trouble and I can recommend the 
mechanism as an efficient one for moving objects in a vacuum. There has been no 
difficulty arising from sticking of the large joints, of diameter up to 9 cm., in spite of 
the great pressure of the atmosphere on them. | 

t i] 

AvuTHOR’s reply. In reply to Lord Rayleigh’s question: the lead-oxide film on 
the surface of the large lead crystal was originally formed while the metal was liquid, 
and as the atoms in a liquid have no fixed positions there would be no relation” 
between their positions in the lead and in the oxide. It is very probable, though 
the point was not investigated, that the single-crystal oxide film, caused by the 
rearrangement of the small oxide crystals when the underlying metal solidified, 
had some definite orientation with respect to the metal crystal. ; 
; Prot. G: P. Thomson has brought out the difference between the effects observed 
in the experiments under discussion, and phenomena observed when one substance 
crystallizes om another giving oriented single crystals or pseudomorphic crystals. 
a ee. Si Ni aie aE films was caused by rotation of pre- 
eR y er the regular atomic field of the underlying metal 


The ground joint hi S i 
F gro joints to which Prof. ‘Thomson refers have been in use for about 
Iz years without any leakage or re 


; grinding, and with only a ve . j 
greasing, ; ) ry occasional re 


ee . ; 

ee Finch s new diffraction pattern from the first skim of molten zinc is very 

a. es it explains the diffraction ring corresponding to a lattice spacing of 

ae 2 ones the observation that this and the extra line obtained in the re- 
patterns from molten zinc might both be due to the same oriented impurity. 


© i ' as : 
xcept in the case of the two large flat joints which needed regreasing | 
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THE USE OF. MICROPHOTOMETRIC METHODS IN 
DIVIDED-BEAM SPECTROPHOTOMETRY 


ByeDa be tOULLEI 1, MA A Inst.P., Adam Hilger, Ltd. 


Communicated by Dr F. Simeon, August 17, 1934. Read November 16, 1934. 


ABSTRACT. A microphotometer is described in which two photocells, connected 
differentially, are used to indicate the difference in transmission of the individual spectra 
in the pairs produced in divided-beam methods of spectrophotometry. Match points 
re thus found with much greater ease than by the visual method ; much of the uncertainty 
which arises in visual matching disappears, though some remains owing to the irregularities 
f the photographed plate. 


$i. INTRODUCTION 


methods of spectrophotometry has been suggested but so far seems never to 

have been put into practice. The reason for this may be that apparatus 
designed specially for the purpose is necessary, since the use of the ordinary form 
of microphotometer would be very laborious and its adaptation to this special 
purpose is not practicable. 


T=: use of a microphotometer for finding the match points in divided-beam 


§z2. CONSTRUCTION OF APPARATUS 


Figure r shows diagrammatically the lay-out of an instrument designed for this 
purpose. L contains the light-source, a 6-volt 18-watt motor head-lamp running 
from batteries or the mains, whichever is the more convenient. The prism P 
deflects the beam at right angles on to a 25-mm. microscope objective M,; this 
forms an image of the filament of the lamp on the plate, which is placed with its 
film side uppermost on the stage S. The linear dimensions of the image are one 
tenth of those of the filament. The second objective M, forms an image of the plate 
on the slit B which is in the centre of the screen 4. The magnification of this system 
is x 10. Since the filament is imaged on the plate, there is also a unit-magnification 
image of the filament on this slit. Each objective is furnished with a focusing 
motion. Two photoelectric cells of the rectifier type are mounted behind the 
screen, as described later. Between L and P is a lens, not shown in the diagram, 
which can be pushed into the beam as required ; we shall refer to this as the viewing- 
lens. ; 

The purpose of the viewing-lens is to simplify the setting 
stage. When this lens is in position, with a plate on the stage, a small patch of light, 
instead of an image of the filament, falls on the plate; and on the screen A appears 


a projected image of the spectrum under examination, The largest possible area 


of the plate on the 
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is a circular patch of the same dimensions as the 
ives; the position and focal length of the viewing- | 
lens was therefore chosen so that only this area was illuminated, the image on A 
being thus made as bright as possible. When a plate taken with some such instru- 
ment as the Spekker photometer is on the stage, an image of a pair of spectra 
separated only by a fine dividing-line appears on the screen. The position of the 
plate is adjusted until the image of the dividing-line falls exactly on a horizontal 
line engraved on the slit and passing through its centre; under this condition the 
light forming the image of one spectrum falls on one photocell, and that forming 
the other falls on another photocell. Figure 2 shows diagrammatically the optical 
arrangements whereby this is achieved. 
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that can be imaged on the plate 
aperture of the microscope object 


~~ rr EE ———E—————— 


Figure 1. 


eit lovee dewing shows ai clefation) the phate at 
eer ae the dividing-line in the absorption spectrum falls on the 
eee Pd ea through the centre of the slit B, perpendicular to . 
Bee Vet aa a e ehind the slit collects the light forming the image of one 
aie ean eae et ae on to the photocell P,, while light forming the image of : 
is adjusted so that Ag et rough on to the photocell P,. The position of the rhomb ; 
ay Sead ce eae of the line H falls along the centre line of a black — 
the figure by the bis Hod along the upper edge of the rhomb and indicated in 
ed area. ‘This black band allows a little latitude in the position - | 


ing of the plate on the st 
qa Stage and prevents any difficulty over the finite width of the 
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The light falling on the cells must be divided so that the individual cells produce 
equal currents when an unexposed part of the plate is projected on the screen. ‘The 
parallel glass plate G, figure 1, is provided for this adjustment; it is mounted so 
that its inclination to the beam can be varied between positions 224° either side of 
the vertical; its thickness (about 3-5 mm.) is such that the image of the filament is 
displaced 1 mm. when the plate is moved from one extreme position to the other. 
Thus by moving the glass plate the proportion of the image of the filament falling 
on either side of the dividing-line can be adjusted until the amount of light falling 
on each cell is such as to produce equal currents in these cells. 


; oa 
©) 


Figure 3. 


Figure 2. 


The slit B is made with one fixed and one movable jaw; the movable one is 
held in position by a screw through a slotted hole, and for adjustment this screw is 
loosened and the jaw is slipped along in its slide. This is a sufficiently sensitive 
adjustment: the use of a screw is an unnecessary luxury, as the linear magnification 
of the image of the plate on the slit is x 10, and therefore the slit-width can be 
about 10 times the slit-width of the spectrograph with which the absorption photo- 
graph was taken. 

The photoelectric circuit is shown in figure 3. ‘The photoelectric cells used are 
made by Electrocell G.m.b.H., Berlin. The light-sensitive element can be provided 
as an unmounted disc 25 mm. in diameter, and this form is convenient and suitable. 
These cells have a high sensitivity, about 4oouA. per lumen. The matching of the 
intensity, current characteristics for the two cells was tested by putting an Ilford 
wedge on the stage of the instrument and using it exactly as if it were an absorption 
spectrum. The beams were balanced with the light passing through the thin end 
of the wedge; the wedge was traversed towards the thick end, and it was observed 
that the balance was nowhere disturbed. The galvanometer was the A.M. type of 
the Cambridge Instrument Co. ; its period was 6 sec., its resistance was 450 Q., 
and its sensitivity about 1000 mm./ yA. with the lamp and scale two metres from 


the mirror. 
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e to use the rectifier type of photocell, “7 
i ‘th the galvanometer; the emission type wo 
oe anes - ee sane is bs less convenient than the galvanometer 
rade to obtain the utmost sensitivity, however, it 1s pee = Oe 
of the source on the slit, and since the spectrum cannot then be se es 
the addition of the viewing-lens already described becomes ee fet en 
The sensitivity of the instrument 1s such that the deflection ) ne: 2 a 
beam only is about 240 mm. with a slit o-3 mm. wide - . 2 
lamp is run at 7 volts. This slit is not unduly wide, for in marge So 7 
spectrograph slit may permissibly be wider than in emission work. a an 
obtained through a line may appear rather low in many cases but actua us - q 
sufficient ; any increase does not increase the accuracy of matching, for the limit o 
irregularities of the plate as will be described later. The 
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It is a great advantage to be abl 


clear plate on one 


accuracy is imposed by f the | 
sensitivity is fully sufficient to reach this limit. 


§3. METHOD OF USE 


The procedure for finding match points is very simple. First with the plate 
on the stage the necessary focusing adjustments are made; the plate is then moved 
so that an unexposed part, in the neighbourhood of the match point, is imaged on 
the slit and then the plate G is adjusted until the galvanometer shows no deflection. 
Then the plate is placed so that the image of the dividing-line between the two 
spectra falls on the engraved line on the slit, and the stage is traversed until the 
deflection of the galvanometer becomes zero; the match point is then imaged on 
the slit in the screen. The stage can be traversed as a whole along the guides; in the 
neighbourhood of a match point it can be clamped and a more sensitive adjustment 
can be made by means of the screw F, which is 25 mm. long. 

The wave-length corresponding to the point at which the match point occurs 
must be determined. In the case of line spectra the match point will in general fall 
between two lines; these lines can be marked directly on the plate, and their wave- 
lengths can afterwards be determined by reference either to a map or to the wave- 
length scale on the plate. But in the case of continuous spectra a different procedure 
must in general be adopted; the difficulty is that, although a mark could be made 
on the plate to indicate the position of the match point, reference to the usual 
wave-length scale at the top and bottom of the plate is not sufficiently accurate 
owing to the curvature which is impressed on large plates in most spectrographs. 
The difficulty is overcome, however, by arranging that a line spectrum shall be 
taken with each absorption exposure, to lie in juxtaposition with the twin absorption 
spectra, This spectrum will appear on the screen with the absorption strip under 
examination. When the match point has been found the reading of the screw is 
observed ; then the plate is traversed until one of the lines in the line spectrum 
falls on a continuation of the slit and the screw reading is again read. The line can 
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e marked and later identified, and since the distance of the match point from this 
ne is known in millimetres, the wave-length of the match point can be determined 
y simple interpolation or by the application of a Hartmann formula, according to 
e accuracy required. 


Sa) RESULTS 


It was found that match points could not be determined with the precision that 
ad been expected. In the case of line spectra it had been anticipated that in 
eneral the match point would not fall definitely on a line but would be between 
o lines. It had been expected that measurements on the background between the 
nes would not be of much value, but that some method of interpolation could be 
sefully applied. 


Deflection 


0 0°5 1-0 Pe) 2-0 


Distance traversed (mm.) 


Figure 4. 


It was found, however, that in cases where the absorption band was shallow, 
n equivocal kind of result was obtained, in which several successive lines gave 
eflections falling at random on either side of the zero; all that could be said in 
uch cases was that the match point lay somewhere in the midst of this group of 
nes. It was thought that this might be due either to pole effects arising from the 
correct adjustment of the spark source in the photometer, or to irregularities in 
e photographic plate. Readings were therefore taken on plates obtained with a 
ontinuous spectrum on the Hilger-Nutting spectrophotometer, with a camera 
tted in place of the usual arrangements for visual readings. Any irregularities found 
ere would presumably be due only to irregularities in the plate. 

The actual deflection observed was taken at a large number of settings in the 
ch spectrum measured at a setting 
as a rectangle measuring 0°15 x 0°05 mm. approximately, and the readings were 
aken at intervals of o-o5 mm. Figure 4 shows the result obtained with an Ilford 
uto-filter plate developed with metol-quinol. It will be observed that there 1s a 
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region nearly o-g mm. in length in which the line crosses and re-crosses the zer 
line. It is possible to draw a straight line which can be regarded as making ams 
approximate fit with these points, and the point where this line crosses the zero 
line can be regarded as the match point. The match point can probably be deter- 
mined fairly accurately in this way, but it is obviously out of the question for this 
procedure to be regarded as one to be generally adopted as it would be far too 
laborious. | 
The irregular nature of the line is presumably due to graininess of the emulsion, 
a factor which varies with both the developer and the type of plate. It is therefore 
clear that a combination of plate and developer showing the minimum of grain 
effect should be chosen. At the same time it is clear that the greater the slope of the 
line, the more clear-cut will become the match point. For a given absorption 
spectrum the slope will depend upon the contrast given by the plate; that is, it 
will increase as the slope y of the plate-characteristic increases. The best com- 
bination of plate and developer for the work will be one with a small grain effect 
anda large y. Experiments were therefore tried with different plates and developers. 
In order to assess the relative suitability of the different plates it is desirable to 
derive for each plate some numerical value which can be regarded as a figure of 
merit. This was done in the following way. A straight line was drawn to fit the 
points obtained as nearly as possible, and the mean deviation of the points from 
this line was determined; this figure can be called D. Let the slope of the line be 
called S. Then the value S/D was taken as the figure of merit for the plate in question. 
This figure is not intended to give a definite value for the merit of a particular 
plate; it is merely intended as a guide for arranging the plates in order of merit, 
Care was taken to see that the images measured on the different plates were all of 
approximately the same density; if this were not so the figure of merit as defined 


above would not be comparable for different plates. The results are given in the 
table. 
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Table 
Plate Developer Figure of merit 
Auto filter / O17 
Rapid process  Potash- 0°34 
panchromatic hydroquinone 
Ie te oO-41 
borax 0°25 
Panchromatic Potash- are) 
half-tone hydroquinone 
| Glycine Io 


a Aa abies to be no point in trying a further selection of plates. The panchro- 
atic half-tone plate was chosen as it had a higher value of y than any other plate 


we could find; the rapid 
find; t process panchromatic was also chose i 
comparatively high y. Plates wit cae 


grain effect to compete with thes 


ha lower y would need to have an extremely low 
e, and since the grain effect with the panchromatic. 
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half-tone plate seemed reasonably small it was concluded that a better plate was 
unlikely to be found among those with a lower y. 

The table shows that the panchromatic half-tone plates have the same figure 
of merit whether developed with glycine or potash-hydroquinone. Glycine is a 
developer which gives less grainy results than does potash-hydroquinone; but 
it also gives less contrast, and this disadvantage counterbalances the advantage of 
the reduced grain. Borax was found to have approximately the same grain as 
glycine but to give even less contrast. 


Deflection 
Le] 


0 0-5 1-0 5 2-0 
Distance traversed (mm.) 


Figure 5. 


We therefore conclude from these results that the best plate to use is the panchro- 
matic half-tone; as developer potash-hydroquinone is preferable to glycine because 
it is more rapid in action. Figure 5 shows a plot of results obtained with this plate; 
it is directly comparable with figure 4, for the photometric Con er One are the same 
and the density of the image at the match point is the same. The great superiority 
of the panchromatic half-tone plate is obvious. Ae 

The next stage is to determine what precision 1s actually obtainable in the 
determination of densities under ordinary conditions of use. With a coloured filter 
as specimen, a number of exposures were taken under the same photometric con- 


ditions and the match points were determined on the instrument. The procedure 
9-2 
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eflection as the screw was turned and to observ 


the screw-reading when the match point was considered to be attained after the 
small fluctuations due to grain effect had been taken into consideration. A photo- 
graph of the copper arc was taken with each continuous spectrum, so that ee two 
spectra were closely juxtaposed; a line in the copper spectrum then served as a 
reference point and the distance of the match point from this line was found by 
turning the screw until the projected image of the line fell on the slit in the screen. 

Two sets of three spectra were examined; the only difference between the two 
sets was in respect of time of exposure, one set having about three times the trans- 
mission of the other at the match point. Two readings were taken for each spectrum, 
making twelve readings in all. These results were averaged ; the mean deviation of 
the individual readings from this average was 0-05 mm. on the plate ; the maximum 
deviation from the average was O-II mm. 

In order to find what uncertainty these values correspond to in terms of the 
density of the specimen, a number of exposures were taken with the photometer 
circle set to different extinction values in the neighbourhood of that used in the 
above series of measurements, and the distances of the match points from one edge 
of the plate were measured. These values were plotted against the density D, and 
from the curve dD/dS was found in the region of the match point on which the 
above series of readings were taken. This value was found to be o-1/2-5 where S 
is in millimetres. The mean deviation of 0-05 thus corresponds to an uncertainty 
of 0-002 in density, and the maximum deviation to just over 0-004 in density. This 
extreme value only occurred once; the nearest one to it was o-o8 mm., corresponding 
to about 0-003 in density, so that we can say that on a single reading there is a high 
probability that the uncertainty will be less than 0-003. 

The above readings were taken at a wave-length of about 4000 A. The figure 
0-003 for the sensitivity can only be taken to apply to that wave-length, since the 
value of sy varies with wave-length. However, this figure represents a sensitivity 
several times greater than has been claimed with visually spotted plates under the 
most favourable conditions“ ; the sensitivity will be less in regions where y is less, 
but as the sensitivity with visual spotting also decreases with y the comparison 
between the two methods is not seriously modified by this circumstance. We can, 
therefore, make a general claim that the photoelectric method increases the accuracy 
of spotting several times over. 
fh Ee aes rae toa oe can hi determined photographically 
are sufficiently accurate The h a pated: AOE a rhe 
eae ramen ey ave been proved to be accurate within the limits” 
Recast te init Seat. is tests made with the more sensitive 
ene RTE tie shai Re es ow that there is room for improvement 
accuracy of photoelectric spotting is fe nae ri os eaehs apie higher 
A eephoeaadequnaes ks oe sted, for, in some applications of absorption 
i poreat than a ae y 1n detecting small differences in absorption is more 

etermination of absolute density. 


Wh phi 
on the light-source gives a line spectrum the sensitivity of matching is not 
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was to watch the galvanometer d 
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o good. The match point will in general be found to fall between two lines, which 
nay be separated by several angstroms. The match may be made on the background 

f it is sufficiently intense, but in general this will not be possible because the back- | 
round is usually underexposed with the result that the contrast between the 
spectra is low. In the absence of the grain effect a fairly accurate interpolation 
yetween the two lines could be made, when the individual densities of the images 
ire known. But the presence of the uncertainties due to grain effect reduces the 
uccuracy obtainable. The accuracy may be still further reduced by the presence of 
he pole effect in the light-source; even with the best-designed instruments small 
uncertainties due to this effect are likely to appear. 

We therefore conclude that photoelectric matching cannot be used to the best 
idvantage when the light-source gives a line spectrum. But when it is used with a 
continuous spectrum a high accuracy in observing match points can be attained. 
Further, the operation is not so fatiguing as is visual spotting, although it is perhaps 
a little slower. 


§5. USE AS ORDINARY MICROPHOTOMETER 


The instrument is easily adapted for ordinary microphotometric measurements, 
hich greatly increases its range of usefulness. This can be carried out in two ways. 
double-pole double-throw switch is connected in the circuit in such a way that 
hen it is put over the two cells become connected in parallel, instead of in the way 
shown in figure 3. The galvanometer then shows the sum of the currents due to the 
light passing through the upper and lower parts of the slit, instead of the difference 
between them. Alternatively, the photocell house can be removed and replaced by 
one containing a single photocell mounted directly behind the slit without any 
optical system; this gives a rather greater sensitivity than the first method, where 
nearly a third of the light from the filament is lost owing to the black band painted 
on the rhomb behind the slit. a4 

The selection of single lines for measurement is obviously an easy matter; it 1s 
only necessary to adjust the position of the plates, with the viewing-lens in the beam, 
until the image of the line to be measured is seen to fall on the slit. As the amounts 
of light which fall on the photocell are very small, the current read by means of 
the galvanometer is very closely proportional to the light-intensity even though the 
galvanometer-resistance is as high as 450 2. . 

The sensitivity of the system is such that with the slit at o-1 mm. the deflection 
obtained through the clear part of a plate is 220 mm. Its performance is indicated 
by figures 6 and 7. Figure 6 illustrates its definition. The object in this case was : 
piece of silvered glass with parallel lines cut on the silver. The lines were rule 
0-05 mm. apart and were approximately 0-025 mm. wide, so that the object con- 
sisted of a series of opaque and clear sections, each approximately 0-025 mm. wide. 
Figure 7 shows the result of a run on the 3100-A. triplet in the iron are spectrum 


on a plate taken on the Hilger E 1 spectrograph. 


_ 


' to set the plate on the stage so 
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Another application of this instrument is as a photomeasuring micrometer. 


Suppose one wishes to measure the distance apart of two lines ; it is only necessary” 
A that the image of one of the lines falls on the slit 


ge of the other falls on the slit, and to_ 
d. The accuracy of this result is limited 
but this is sufficient — 


and then to traverse the plate until the ima 
read off from the screw the distance traverse | 
by the accuracy of the screw, which is correct to 1/100 mm., 


for nearly all purposes. 


Deflection 
Deflection 


s *05 “10 15 o “05 ‘ 15 2 -25 3 “35 2 


Setting of plate (mm.) Setting of plate (mm.) 


Figure 6. Engraved silvered glass plate. Figure 7. 3100 Fe triplet. 
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DISCUSSION 


Lorp RAYLEIGH. I should like to ask the author why he uses colour-sensitive 
plates, which are in general more troublesome to manipulate? I have found that for 


photometric purposes plates coated on plate glass are much to be preferred, owing 
to the uniform thickness of the film, 


Bee Ss reply. Plates were selected by consideration of grain-size and contrast. 
ormation concerning these points was obtained from certain data supplied by 
essrs Ilford, some of which are reproduced in the paper by Twyman and Lothian 
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referred to. The question of colour-sensitivity was not considered at all; it just 
happened that on the list of plates for which data were available the two which 
appeared most promising were panchromatic. I do not think that, for any particular 
type of emulsion, the grain-size and contrast would be markedly different in a 
panchromatic and a non-panchromatic plate, but I have no definite information on 
this point; in the list of plates for which data were obtained from Messrs Ilford, 
panchromatic and non-panchromatic plates of the same emulsion type were not 
included. 

- T have had no actual experience of the use of plates coated on plate glass. It 
seems probable that their use would increase the precision of absorption-measure- 
ments made by this method. 
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ON THE BEHAVIOUR OF SUSPENDED PARTICLES 
IN AIR, AND THE VELOCITY OF SOUND AT SUPER- 
SONIC FREQUENCIES 


By E. B. PEARSON, B.Sc., Assistant Lecturer in Physics, 
University College, London 


Communicated by Prof. E. N. da C. Andrade, August 2, 1934. Read November 16, 1934, 
by Prof. Andrade in the absence of the author. 


ABSTRACT. In accordance with theory, particles of the size prevailing in ordinary 
cigarette smoke are found to act as obstacles in air vibrating at supersonic frequencies. 
This action leads to the formation of figures at the nodes in a resonance tube, from which 
measurements of the wave-length can be made. These, with a knowledge of the frequency 
of each piezo-electric crystal used to maintain the oscillations, enable values of the velocity 
of sound in air to be found at various frequencies in a range from 92-2 to 801-6 kc./sec. 
The values found show a definite dispersion of sound in this region, contrary to the 
results of previous experimenters with the Pierce acoustic interferometer. There are two 
maxima which are attributed to the separate effects of oxygen and nitrogen. 


§x1. INTRODUCTION 


T has been shown by E. N. da C. Andrade“ that any obstacle in vibrating air 
if of sufficient amplitude is surrounded by a vortex system which leads to forces 
between two neighbouring obstacles. Two spheres whose line of centres is in the 
line of the vibration vector are in equilibrium at a certain distance apart: if the line 
of centres is transverse to the vibration vector the spheres are brought into contact. 
He points out that how far a particle acts as an obstacle, or is carried backwards 
and forwards by the medium, depends upon the size and mass of the particle and 
upon the frequency of vibration. For instance, cork-dust particles of the size used 
in his experiments take up about 96 per cent of the amplitude at 120~, and 50 per 
cent at 850~; but smoke particles, whose average diameter as determined by the 
rate of settling of a cloud was about rj., take up about 99-9 per cent at 2000~, 
and so can be used as tracing-points at this frequency. It is pointed out, however, 
that at a frequency of 300000 ke./sec. smoke particles of radius 1. should take up 
only 18 per cent of the motion of the air, and should thus act as obstacles. The 
formation of dust figures at sonic frequencies has been shown by Andrade®) to 
be due to vortices around obstacles combined with a general circulation between 
node and antinode, which takes place ina vibrating column of gas enclosed ina tube. 
If this circulation takes place at supersonic frequencies smoke particles should 
eee aegis similar to some of the dust figures observed in a 
: periments described in this paper were undertaken to in- 


ail 
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estigate the behaviour of smoke particles in air vibrating at very high frequencies, 
with the particular object of seeing whether it was possible to obtain figures whereby 
the nodes or antinodes could be fixed and the velocity of sound deduced. 


$2. DESCRIPTION OF APPARATUS 


Piezo-electric quartz oscillators were used as the source of supersonic vibrations, 
because they maintain a very constant frequency, unaffected by temperature 
enanges, and in addition are fairly easy to manipulate. The crystals used were 
supplied by Messrs Adam Hilger, and final frequency-measurements at the key 
frequencies were made by the National Physical Laboratory. The oscillating and 
sustaining circuit employed to excite the crystal is shown in figure 1; it was the 

tandard Cady one, modified by the addition of a reaction coil. ‘This was found 


Figure I. 


necessary with the L.S. 5 valve used. The components were of the type used in 
standard wireless sets. To obtain adequate power a plate voltage of 360 was applied 
to the valve together with a negative grid bias of 20 volts, giving a plate current of 
so mA., the former being supplied by a battery of accumulators. The tuning and 
reaction coils were of the Igranic plug-in type and were mounted in a holder giving 
variable coupling, while variation of frequency was obtained by means of a Dubilier 
air condenser, the capacity of which was 00005 mF. 

All the crystals were of the same diameter, 1-9 cm., and were cut with a shallow 
groove in the mid plane parallel to the ends. The method of mounting is shown in 
figure 2. A brass ring, 2°7 cm. in internal diameter, and 4 cm. in external diameter, 
carries three pointed screws which grip the crystal in the groove and are secured by 
locking nuts. The crystals were held loosely, as otherwise they do not oscillate 
freely. To the brass ring is screwed a rod, held in a stand so as to allow the position 


of the crystal to be adjusted. 
The tube containing the air to 
2 cm., and was surrounded by a water-jacket to eliminate co 


be set in vibration was of internal diameter 
nvection. The jacket 
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i i 5 ented to a frame 
consisted of two plate-glass sides, measuring 53 cm. x 5 cm., cem 


work which had been cut from brass ee ee ieee ‘= 
ends and base. This is shown in figure 3. 1 he ends were a 
hrough which were soldered short lengths of brass tube marked 4, 
eciie he ce resonance tube passed through these a aie at = points B, B, 
and water-tight joints were made with rubber collars of pressure tu ee ae 
The frequency being constant for any given crystal, it is necessary ° for 
vary the length of the resonant air column in order to make it Benes it 
number of half-wave-lengths. At the very high frequencies, Ww here t ; a 
wave-length is of the order of 0-5 mm. and less, the adjustment of length is re rea y 
unimportant, but for half-wave-lengths of I mm. and more it is essential. t rt 
effected by means of a brass plunger, 2 cm. long, which fitted the tube as tig a 
as was compatible with easy movement and was soldered to the end of a length y 
4-mm. brass tubing fitting loosely through the collar marked C in figure 3. 
small hole was drilled through the centre of the plunger so that smoke could be 
introduced into the resonance space. 


Figure 3. 


As it was necessary to have an uninterrupted crystal surface for radiating the 
waves down the tubes, large electrodes could not be used. The front and back faces 
of the crystal were coppered, and small electrodes of copper foil soldered to springy 
wires made light contact with them. The electrode for the radiating face passed 
through a small hole, marked D in the figure, in the wall of the glass tube. 

When a crystal was first tried out the correct sizes of tuning and reaction coils 
were found with the aid of a Sullivan heterodyne wave-meter, supplied with cali- 
bration curves for use with a series of plug-in inductance coils. From the nominal . 
frequency of the crystal the wave-length of the electric waves in the oscillator 
circuit was calculated, and from the calibration curves the reading of the wave- 
meter appropriate to this frequency was found. The search coil connected to the | 
wave-meter was fixed near the coils of the oscillator, whose tuning and reaction | 
coils were changed until the heterodyne note was heard with a convenient setting of 
its condenser. This procedure was necessary because most crystals could be made — 
to oscillate at several frequencies, by using sufficient reaction, but it is essential to 
use the fundamental mode, since that is the only one that can be maintained over a_ 
fairly wide range of capacity-change in the tuning circuit. The wave-meter was not _ 
sufficiently accurate for the purpose of the sound-velocity measurements described — 


later, and the crystals were therefore sent to the National Physical Laboratory for 
accurate determination of the frequencies. 


' 
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§3. ILLUMINATION OF THE TUBE 


To render visible the movements of the smoke the image of a good optical 
lit, illuminated by an arc and condenser, was formed by means of a lens of focal 
ength 50cm. and aperture 11 cm. The flat beam in the neighbourhood of the 
mage was used in various ways. For purely qualitative observations the whole 
ength of the tube was illuminated through a plate glass window closing the end, 
his window being pierced by a hole which allowed a glass rod to pass through it. 
A glass disc waxed to this rod acted as the reflector of the sound waves, instead of 
he brass plunger shown in figure 3, and allowed the length of the resonant column 
of air to be altered. The beam from the arc could thus be thrown down the axis of 
the tube and the phenomenon could be viewed as a whole. 

This method of illumination was not intense enough when the spacing of the 
moke figures was to be measured or when the figures were to be photographed, 
d for these purposes the following arrangement was used, The tube was set up 
erpendicular to the beam of light, and the image of the slit was formed along the 
i. of the tube through the surrounding water jacket. By this means a length of 
about 4 cm. of the inner walls of the resonance tube could be intensely illuminated. 
screen of semicircular blackened metal placed underneath, in the water, served 
9 cut off most of the high lights from the curved walls of the tube, and also helped 
to show up the illuminated portion. 


§4. PHENOMENA OBSERVED 


Preliminary experiments were made at a frequency of 92°2 ke./sec. with the 
longitudinal illumination already described. The approximate wave-length of the 
sound-waves in air at the temperature of the water in the bath was calculated, and 
the distance from crystal face to glass reflector was adjusted so as to contain a whole 
number of half-wave-lengths. The small electrode, which passed through the hole 
in the end of the tube, was arranged to be about 3 mm. away from the end of the 
crystal, while the other electrode just touched its back face. This disposition of the 
electrode was found to give best results with the crystals whose natural frequencies 
were 92, 147 and 220 kc. /sec.; their relatively large vibrations would be damped if 
there was pressure on the surfaces. With crystals of higher frequency, however, 
both electrodes must touch the faces. 

Smoke, dried by being blown through a long calcium-chloride tube, was then 
introduced into the length of tube between crystal and reflector, and the supersonic 
vibrations were started by varying the tuning condenser about the critical position 
found by the wave-meter method already described. The smoke was seen to 
circulate violently, and in a few seconds coagulation of the particles took place at 
equally spaced intervals, causing the formation of rings which extended up the 
walls of the tube and sometimes completely round them. When the oscillations 
were stopped the particles ceased to coagulate, and floated in the tube at random, 
but as soon as the vibrations were restarted the rings formed again. When the 
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crystal was kept oscillating for about half a minute a slight deposit was formed on 
the walls of the tube at the positions of the rings, and this remained after the 
oscillator had been switched off and the surplussmoke had been blown out of the tube. 

Photographs were taken of the rings when they were in the process of formation, 
and also of the traces left on the walls of the tube. The earlier attempts were made 
with a Beck attachment fitted to the eyepiece of a microscope giving a magnification 
of about 6, by the method of longitudinal illumination, but insufficient light was 
reflected from the particles to give any record with exposures of 4 or 5 seconds, 
even when the fastest plates, 2000 H and D, were used. This length of exposure 
was the maximum possible when the rings were in process of formation, for they 
soon became indistinct owing to the deposition on the tube walls. 

The transverse illumination, using slit and lens, caused too many high lights due 
to reflections from the outside of the tube, and consequently a square-section tube 
was made from four pieces of photographic negative glass, each 16 cm. long, cemented 
together at the edges to give an internal side of 2cm. One end was closed with a 
brass plate, provided with a hole to allow a glass tube waxed to a square glass 
reflector to pass through it. By this means the length of resonant air column was 
varied. The other end was closed with a piece of card, with a round hole cut in it 
to allow the crystal to project inside. Sufficient light was obtained by using two 
identical optical systems of the type described, both being horizontal and making 
equal small angles with the normal to the tube. By this means photographs of the | 
smoke figures seen during the oscillation of the air were taken with an exposure of 
3 seconds. The result is shown in figure 4, where the line of the reflector forming 
the closed end is marked by an arrow. The curvature of the smoke planes was due 
to the strong circulation, which disturbs their alignment, but is only seen in the 
square tube. In a circular tube the planes are all quite flat and perpendicular to 
the axis. In all probability secondary disturbances in the air, due to the edges of 
the square tube, are responsible for the appearance of the planes in figure 4. 

Examination of the traces left on the walls of the tube after oscillations had 
been stopped and surplus smoke had been blown out shows that they mark the 
nodes. Figure 5 is a photograph of these traces, formed in the circular tube at a 
ee foe ae The Baas was taken with the Beck attachment on a 

) eing with the arc, slit and lens. Most of the high lights 
have been cut off by the blackened metal screen placed under the tube, but a few 
ae ee 5 oe as isi arrangement allows but a small width of the 
The sharp line ae by Wier ig en nt ae 
ane nee e end of the brass reflector, and hence 
aad A , SO it is clear from measurements of the spacing of the traces that 

y themselves are at nodes. The double line forming each trace can be taken to 
represent the heaps of dus i ~ pe ge s 
f ps of dust to either side of a node which, in a Kundt’s dust tub 

orm the figures described by And Be ” . 4 
h ee y “An rade as “‘eyes”. The double lines are shown 
more sharply in figure 6, which was taken at an early stage in the f i f 
traces. As the amount of deposit increases the lines b - a ae 
at frequencies above k ines broaden so as to overlap, and 
400 ke./sec. they are so close that the doubl i 
e double structure is 
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Figure 4. 


High light due 
— 


to reflection 


Figure 5. 


Figure 6. 
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arely seen. Before a fresh set of photographs was taken the tube was cleaned out 
yy means of a wad of cotton wool moistened with methylated spirit, and then dried 
vith a soft cloth, pushed in on the end of a rod. The crystal was then replaced in 
yosition, and fresh smoke was blown in. 

The phenomena here described can be explained on the view that smoke 
yarticles should act as obstacles in a gas vibrating at a very high frequency, and 
yehave as cork particles do at sonic frequencies, in the manner pointed out by 
Andrade“, Two particles which act as obstacles in a vibrating medium are brought 
and held together with their line of centres transverse to the vibration vector. It 
appears from the work of Whytlaw-Gray* that smoke-particles which come into 
contact as a result of ordinary casual impacts adhere to one another, so that it is to 
be expected that particles brought together by. the forces generated by the vortex 
motion in the medium will likewise adhere. The effect will be more marked with 
he larger particles formed by the adhering of two of the original smoke particles, 

0 the effect is cumulative, and rapid coagulation will take place to form the smoke 
planes seen when the supersonic vibrations are in progress. The fact that the planes 
disappear when oscillations cease shows that the coagulation is not of the ordinary 
type which is observed in a smoke cloud when this is left for a sufficient length of 
time; the coagulation must be due to minute vortices. When the oscillations are 
allowed to persist, the cumulative coagulation results in depositions, analogous to 
the eyes seen in a Kundt’s tube, on the walls of the tube on either side of the nodes. 

The phenomenon cannot be followed in all its details, as it was by Andrade in 
his work on dust figures formed at sonic frequencies, for with a crystal neither 
frequency nor intensity can be varied, and both of these factors enter into the 
mechanism of the formation of the various groupings and arrangements of particles 
in a Kundt’s tube. 


§ 5. DETERMINATION OF SOUND-VELOCITY 


The distance between the mid lines of successive eyes deposited on the walls of 
the tube represents a half-wave-length 4A, of the sound in air, at the particular 
frequency of the crystal. This being accurately measured and the frequency being 
known from the report by the National Physical Laboratory on the crystal, a value 
of the velocity V, at the temperature #° C. of the water-bath can be found from the 
relation Pe. 
where v is the frequency. 

The positions of forty or fifty nodes were noted by means of a Cambridge 
travelling microscope giving a magnification of about x 6 and having graduations 
down to 0-or mm. on a rotating head attached to the micrometer screw. Estimations 
to 0-002 mm. could easily be made, and readings were always taken from the 
closed end of the tube towards the crystal, but not nearer to the crystal than 6 cm. 
so that the region where the sound-velocity has been found by previous experi- 
menters to increase slightly on account of proximity to the source was avoided. 

* See e.g. Whytlaw-Gray and Patterson, Smoke. 
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divided into two equal groups, in th 
f 1\, was found. The velocity at a 
deduced by means of the re 
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usual manner, and thus an accurate value o 
- : 
was then evaluated and the velocity V, at 0° C. was 


eosin V,=V,-0-61t, 


where V, and V; are in metres per second, and ¢ is in degrees centigrade. 

At sonic frequencies the diameter of the tube influences the velocity, and th 
Kirchhoff correction must be applied in order to get the value of velocity in fr 
space. This correction is expressed in the formula 

Vp=V4 {1 —0°54/2r/(an)}, 
where Vpand V,, are the velocities in tube and free air respectively, and r is the radi 
of the tube in cm. In a tube of radius 1 cm., with a frequency of 92-2 kc./sec, 
which was the lowest used, the correction works out to be 1 in 2000, while a 
higher frequencies it becomes rapidly less. As the probable error in a series 0 
values of V, came to about 1 in 800, the correction was neglected. 

At the first frequency used, 92-2 kc./sec., a mean of eight values of Vy gave 
probable error of 0-4 m./sec. It was decided to measure the velocities at higher 
frequencies, and for this purpose eight more crystals, covering a range 127 to 
1020 ke./sec., were employed. On repetition of the procedure already described it 
was found that similar phenomena were observed at each higher frequency, trac 
being left on the walls of the tube at the nodes, and these were measured with the 
microscope to evaluate $A,. Most of the crystals oscillated quite readily, and in) 
some cases so violently that the crystal broke. Above 500 kc. /sec., however, it was 
often a somewhat difficult matter to get oscillations sufficiently powerful to form 
the smoke figures, and careful variations of reaction coupling, filament current, 
and pressure of the electrodes on the crystal faces, were all necessary in order to 
bring about the desired result, except in the case of the 1020-ke./sec. crystal. In| 
this instance no figures could be detected, although there was a fairly well-marked ) 
circulation in the smoke. | 

The value of V, obtained at each of the other frequencies was taken as the mean 
of eight determinations. A typical example of such a set is given in table 1. 


Table 1 
Frequency n= 310-108 ke./sec. 
Temperature Wave-length V; Vo ) 
Cy) (mm.) (m./sec.) (m./sec.) 
16 I*104 342°5 
28 

rf 1'106 343°1 333 
. I'103 342°1 332°4 
; ; oe 342°5 332'8 
4) 5 uae 343°7 333°0 
= 1-112 344°9 3338 
- ee 342'5 333°3 7 

PS I*I0g 344°0 333°3 


Mean V)>=333°1 40-2 m./sec. 
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The values of V, obtained at each of the eight frequencies are given in table 2. 


Table 2 
n Vo 
(ke./sec.) (m./sec.) 

92°20 330°7 $0°4 
127°53 33L1 +04 
219'28 B32 OF Or 
310°19 2337072) 
356-78 3319 t0°5 
485°34 330°4 £0°5 
628-96 291-1: 0;0 
801°67 330°8 +0°6 


| The result of plotting V7, against log 7, which gives a better-spaced scale than 
itself, is shown in figure 7. 


a 


316 501 794 


Vy (metres/sec.) 


Figure 7. 


§6. DISCUSSION OF RESULTS 


_ The first measurements of 7, were made at 92-2 and 310-2 ke. /sec. and an increase 
above the normal value was found at 310°2. As air is a mixture, it was thought 
that each of the two principal gases might show its own maximum value of Vy at 
an appropriate frequency, and as no further maximum appeared up to 485-3 kc./sec. 
on using the intermediate frequencies, the values above it were used, when the 
second small maximum was found at 630 kc./sec. The supposition that this is due 
to oxygen while the higher peak at 290 ke. /sec. is due to nitrogen is further streng- 
thened by the fact that the peak at 290 kc./sec. is almost exactly four times as large 
as that at 630 kc./sec. 
A number of experimenters have worked on the problem of velocity-changes 
due to dispersion at supersonic frequencies, and although no recorded results show 
a marked change in air, it must be stressed that the values of V, at any given 
frequency, as found by different observers, differ appreciably amongst themselves. 
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B. Vance®), who used lycopodium to indicate the nodes, 


all other experimenters have employed the Pierce acoustic ine ee 
which the waves emitted from the oscillating crystal are reflected bac on ° 
from a plane set parallel to it and capable of being moved ore a to e au : 
by means of a micrometer screw. The difference in phase between refiected an) 
emitted waves, which depends on the position of the reflector, causes the plate 
current of the oscillator to pass through a series of maxima, the distance moved 
through by the reflector between successive maxima being equal to one half-wave- 
length of the sound waves. The first important measurements of beans in air 
were made by G. W. Pierce“, who covered the range go to 1040 kc./ Sec. with 
four crystals having frequencies of 98-2, 205°6, 610-2 and 1034 ke./ sec. At 
610-2 kc./sec. appeared a very slight maximum value of Vy, 331°8 m./sec., to 
which Pierce himself attached no importance, since he considered it to be within 
the range of experimental error. His experiments were repeated in air) and later 
in oxygen by W. H. Pielemeier, who detected no appreciable change of velocity 
in air at 303, 389 and 655 kc./sec., or in oxygen up to 316 kc./sec. 

C. D. Reid used the interferometer and detected a change in velocity with 
distance from the radiating face of the crystal, the value of V, being slightly higher 
when found close to it, and falling to a constant value at greater distances. The 
amount of change gets less with increasing frequency, being only 0-15 m./sec. at 
140 ke./sec., the highest frequency he used. Up to that point he found no dispersion 
in air. The interferometer was used by P. T. Kao), who covered a range 40 to 
1000 ke./sec., and also noticed slight increase in velocity quite near the source. He 
took the constant value of V, obtained at distances 30 to 40 cm., and this value of 
V, was constant at the various frequencies up to 1000 ke./sec., being 331°85 m./sec., 
correct to or per cent. This value is in fair agreement with Pierce’s above 
100 ke./sec., but the latter’s values below this frequency are in excess of it. 

The experiments of Vance) up to 200 kc./sec. gave a constant value of Vy, but 
his method seems open to criticism. Lycopodium powder was dusted into a tube | 
fitted with a plunger in order to vary the length, and the open end was held close 
to the radiating face of the crystal oscillator. The powder was said to collect at the 
nodes and their spacing was then measured with a travelling microscope. Vance 
says that the nodes were so indistinctly marked that too great an error came in if 
the position of each was noted, and consequently only every tenth could be taken. 
This fact seems to indicate that the method is not adapted to accurate determinations 
of wave-length, and hence the figures for velocity cannot be very reliable. In any 
case, as the highest frequency used was only 200 ke./sec., the region of dispersion 
as found by the present writer had not been reached. 

- ee carbon dioxide definite evidence of supersonic dispersion has been found. 
Ne ek ea ee ate ee 
oer kane Peete % surements were made between 205 and 
no figure for velocity was Acie cs d H. 0. pleat ae nce rae 
method with carbon dioxide verwreting and one a aa sean vil 

1480 ke./sec. His value for V, in the 
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region of 100 kc./sec. agrees fairly closely with that of Pierce, but above it he found 
a rapid increase of magnitude far larger than that detected by Pierce and reaching 
4 per cent at 350 kc./sec. Above this frequency the velocity remained constant and 
did not fall to the normal value. 


The results shown in the present paper thus differ very widely from those 


obtained for air in the past with the interferometer. The slightly higher values of V, 


that have been observed near the source cannot account for the increase found by 
the author at 290 kc./sec., and in any case the measurements of the spacing of the 
smoke-traces were never made near the crystal. Both the maximum at 290 kc./sec. 


_and the minimum at 480 kc./sec. represent changes well above the experimental 


error, but no theoretical explanation can be offered to account for them. However, 
it seems a significant fact that these results, which are the first to show marked 
dispersion in air at frequencies above 100 kc./sec., have been obtained by a method 
which is the most direct of those so far used, depending as it does on a means of 
marking nodes with a material substance, exactly as has been done at sonic fre- 
quencies with cork dust. In addition, the length of the resonant air column is kept 
approximately constant during each determination, while in the case of the inter- 
ferometer it is continually varied. As the supersonic waves attenuate fairly rapidly 
in air it is clear that as the reflector is moved closer to the course the reflected beam 
becomes more powerful and hence exerts a varying reaction on the crystal, so that 
it may well be that the maxima in the plate current do not always occur when the 
reflector moves through a distance equal to a half-wave-length, for the factors 
governing this change of current with phase-difference must be extremely com- 
plicated. 
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DISCUSSION 


. Dr A. B. Woop. I am particularly interested in the latter portion of the paper, 
in which reference is made to the remarkable changes in the velocity of sound in 
air which occur at high frequencies. Like the author, I find it difficult to supply an 
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i 1 Its. 
te theoretical explanation of the resu 
are ti f a defect in the experimental method. No doubt the 


eliminate the possibilities o a th 10 ; 
author has already considered the possibility of gaseous impurities, such as water 


being introduced into the tube with the smoke. 4 

The statement on page 142 of the paper that some crystals vibrated so violent y 
that they broke whilst others were difficult to excite into vibration of pense a 
plitudes, arouses the suspicion that at any rate some of the observed w ave-ve me 
variation may be due to the differences in velocity-amplitude of the various crystals 
used in the measurements. It is a simple matter to show that the velocity-amplitude 
é at the antinodal faces of a half-wave-length resonator is given by 


P 
E=7C, 


vapour or CO;; 


where P is the stress at the nodal plane, E the elastic modulus and C the velocity of 
sound in the oscillator. The upper limit of P is set by the breakdown stress of the os- 
cillator. Tables give various values for quartz, an average being 0°5 x 10!° dyne/cm? 
If C=5-5 x 10° cm./sec. and E=8 x 1011 dyne/cm*, this gives the following value for 
the maximum velocity-amplitude of the face of the crystal: 

Emax. = 3500 cm./sec. 


That is, the quartz crystals used in the experiments might have any velocity- 
amplitude up to 35 m./sec., resulting in a pressure-amplitude of 0-14 of an atmo- 
sphere in the air near the face of the quartz. To this must be added the possibility 
of a further increase of velocity-amplitude due to resonance in the air column 
contained in the tube. Such large-amplitude particle velocities might be expected 
to produce serious distortion of wave-form and increased wave velocity. 

In a resonant air column of the kind used in the experiments it is unlikely that 
much decrease of velocity with distance from the crystal-face would be observed. 
The antinodes in the air column will, in a reasonable length of tube, have approxi- 
mately the same velocity-amplitude, unless the gas produces strong attenuation. 
The author’s remark on page 145 that ‘‘measurements of the spacing of the smoke- 
traces were never made near the crystal’’ does not, therefore, eliminate the possi- 
bility of high wave-velocities, due to resonance of the crystal and air-column. 

It appears to be desirable that further experiments should be made with the 
310-ke. crystal, which gives an abnormally high velocity, excited at different volt- 
ages or used in different gases. Such experiments would reveal how much of the 
observed change in sound-velocity is due to variation in velocity-amplitude of the 
vibration and how much to the nature of the gas, 

I do not wish to suggest that the observed velocity-changes at high frequencies 
are not due to the causes mentioned in the paper, but I think that other possi- 


bilities such as those I have mentioned should be elimi : 
e eliminated bef 
theory can be established. ated’ Detore @ Satistactory 


Prof. i. N. da C. Anprapg. I am much impressed by Dr Wood’ 
which are possibly not, however, as conclusive as he believes. The 
break do not crack across the nodal planes but at one edge, with cra 


s calculations, 
crystals which 
cks that appear 


In such a case it is important to © 


—o_« 
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to be rather parallel to than normal to the axis of the cylinder. I am inclined, from 
examination of the crystals, to think that the fracture is largely due to marked weak- 
ening consequent on the cutting of the groove for holding the crystal. The effect of 
any minute sharp edges left on such an entrant cut is well known. Incidentally, the 
value given for the tensile strength of quartz in the International Critical Tables* 
quoted as ‘“maximum observed”’, is about one-fifth} of that quoted by Dr Woods 
and is presumably for a static load, and it further seems likely that, as only a few 
crystals failed, they were rather of minimum than of maximum strength. Lastly, 
lam in some little difficulty to see how the effect contemplated by Dr Wood could 
be reasonably expected to lead to a rise to a maximum followed by a drop, in the 
consistent way shown by all results. 

As regards Kneser’s theory, while, as I pointed out in reading the paper in the 
author's unavoidable absence, it is undoubtedly attractive and has had good success 
in some directions, Kneser’s experiments themselves do not furnish any evidence 
of a maintenance of the high velocity at higher frequencies, but merely show that 
it is just attained. A subsequent drop is quite consistent with his experimental 
figures. There is, further, a difficulty on the question of absorption. Kneser himself 
alludes to Pierce’s finding that CO, is practically opaque to sound waves in the 
region of 2 x 10° c./sec. and says that the differences of absorption are greater than 
is to be anticipated from the theory. He adds that the experimental result speaks 
rather for the occurrence of selective absorption in the region of dispersion, of 
which the theory can give no account. I also note that Sherratt and Griffiths, in 
their recent paper, while saying that they do not attach much weight to the dis- 
crepancy, nevertheless point out that with the gas, carbon monoxide, used by them 
‘no agreement was found between the resulting sound-absorption in the gas and 
that to be expected from Kneser’s theory”. I do not think that the theoretical 
position is sufficiently well established to throw doubt on the experimental results 
of the author. 


Mr J. H. Awsery. In presenting the paper, Prof. Andrade referred to the work of 
Kneser, whose theoretical curve of velocity as a function of frequency does not show 
a maximum, but rises gradually from one constant value to another. He pointed 
out that Kneser’s observations in CO, did not extend far enough to verify the later 
part of the curve, i.e. to show that the course of the curve after the rise is horizontal. 
It may be of interest to note that in a paper read to the Royal Society on November 
15, Dr Griffiths and Mr Sherratt provide indirect evidence of the truth of Kneser’s 
theory. They worked at two frequencies only, but by using the theoretical formula 
for the curve given by Kneser, they deduce the true velocity of sound, and hence the 
ratio of the specific heats of the gas that they used (carbon monoxide). Their results 
up to 1800° C. agree with those deduced for specific heats from spectroscopic data, 
thus removing a discrepancy which had for some time been troublesome. ‘This 
result at least makes it probable that the theory given by Kneser has in fact traced 


* International Critical Tables, 4, 22. 
+ Viz. o-g1 x 10° dyne/cm. Voigt gives 1°26 x 10° dyne/cm. 
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and that his theoretical curve would therefore be 
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the true cause of the discrepancy, 


of the correct form. . 
L wonder if any tests were made to ascertain whether the frequency of the crystal 


when coupled to the resonating air column is the same as when it was calibrated— 
i.e. presumably with a very different acoustic load. Even a slight alteration in 
frequency would suffice to affect the shape of figure 7 materially. 


Mr G. G. SuerraTT. Figure 7 appears to me to be remarkable in that there is 
a maximum in the (velocity, frequency) curve. Since the work of Kneser and the 
consequent explanation of the discrepancy that has existed for a long time between 
spectroscopic specific heats and those determined from sound-velocity data, one 
would not be surprised to see an increase of velocity with frequency. But that 
velocity should subsequently decrease as the frequency is raised demands a further 
explanation. Kneser’s work was founded on experimental evidence and has since 
received much experimental and theoretical support. Furthermore, it provides a 
reasonable physical picture to account for the increase of velocity with frequency. 

If there is an increase over the frequency-range covered by the present experi- 
ments, it must presumably be due to the apparent disappearance of part of the ro- 
tational heat-capacity of the oxygen and nitrogen molecules. The small vibrational 
specific heat possessed by oxygen at room-temperatures disappears at much lower 
frequencies. 

With regard to the query at the end of the paper as to the accuracy of the acoustic 
interferometer, it may be as well to state that the interferometer yields accurate half- 
wave-lengths if two precautions are observed. The first is that the sound-intensity 
must be sufficiently small for the limiting velocity to be obtained. The second is that 
the frequency must be independent of reflector-position. 

In this connection it would be of interest to know whether the author took the 


precaution of verifying that the frequencies of the crystals were unaffected by 
variations in acoustic load. 


Autuor’s reply. In reply to Dr Wood: the only crystals that broke were those 
of the lower frequencies, before the velocity increased ‘very much, which seems to 
indicate that the maximum amplitudes, which might be responsible for increased 
wave velocity, occurred at frequencies that gave almost normal velocity-values. 
As to gaseous impurities—the water vapour was removed, while any CO, would 
be expected to prevent a peak in the curve, for Kneser’s experiments showed that 
the high velocity-values persisted as the frequency increased, in the case of that gas 
Further experiments with different gases are already being considered. oe 

In reply to Messrs Awbery and Sherratt: no tests were made to ascertain 
whether acoustic load influenced frequency, but I suggest that the frequency of a 


quartz crystal, which depends solely on its physical constants, would not be likel 

to be altered by the back pressure of the resonant air colut : 
pure CO, will be checked in due course 
than air is built. | 


mn. Kneser’s figures for 
when the apparatus for using gases other 
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ABSTRACT. Chladni’s figures have been produced at frequencies up to 20,000 by means 

of magnetostrictively excited tubes or rods of nickel. The velocity of sound in sheets of 

brass, iron, lead, ebonite, celluloid, cardboard and other materials has been measured with 
considerable accuracy by this means. 


Chladni’s figures at high frequencies by means of a nickel rod excited magneto- 

strictively and arranged to set circular and square brass plates in vibration. ‘The 
paper concludes with a statement that the plates ‘“‘cannot take up such a high 
vibration as 15,000 per second.” 

As a matter of fact this method of exciting sheets of various materials into trans- 
verse vibration has been in use in this laboratory for a considerable time, particularly 
in connection with magnetostriction depth-sounding apparatus. The results ob- 
tained prove not only that thin sheets of metal or almost any solid material can 
vibrate transversely at these high frequencies, but also that measurements of the 
spacing of the nodes yield a tolerably good value for the velocity of sound appropriate 
to the thin metal sheet. 

If a horizontal sheet of the material is sprinkled with sand and touched at a 
suitable spot with a tube or rod in vigorous high-frequency vibration, transverse 
waves travel over the sheet and are reflected back on reaching the edge or edges. 

The sheet is assumed to be large compared with a wave-length of the waves trans- 
versing it. The edge-reflected waves interfere with the direct waves and produce a 
stationary wave pattern in the sand. A resonating nickel tube has been found to give 
good results, eddy-current losses at these high frequencies being much less in a 


thin-walled tube than in a solid rod. With metallic sheets such as brass the stationary 
ference of the direct wave with the 


|: a recent issue of Nature* a note by R. C. Colwell refers to the excitation of 


wave pattern is often complex, owing to inter 
waves reflected from the four edges of the sheet. 

With ebonite, celluloid and other non-metallic sheets, however, the attenuation 
of the transverse wave is sufficient to leave only the simple pattern produced by the 
direct wave and that reflected from the nearest edge of the sheet; the waves reflected 


from the remoter edges are generally of insufficient amplitude to disturb the sand. 


* Nature, Lond., 133, 258 (1934) 
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If the sheet is circular, and is touched by the nickel tube at the centre, a’series 
of equi-spaced sand-rings are produced from which the wave-length of the trans- 
verse vibration is easily measured. In all cases the sheet must be supported as 
lightly as possible so as to ‘ntroduce a minimum of interference with the free 
vibration. 

Thin nickel tubes have been used at resonance frequencies of 20,000 or more 
c./sec. with success, but it is advisable to select the frequency and the thickness of 
the sheet in accordance with the conditions mentioned below. 

If the point of excitation is suitably chosen it is possible to obtain nodal lines 
running parallel to one edge of the plate, the measurement of the half-wave-length 
(distance apart of the nodal lines in the sand) being made ina direction normal to the 
free edge which reflects the waves. In such a case we may, with a fair degree of 
accuracy, write* ie 

ch os ‘i 
where C;, is the velocity of transverse waves, C is the velocity of sound appropriate 
to the sheet, k=27/A, where A is the transverse wave-length, and « is the radius of 
gyration of the cross-section of the sheet about the neutral axis of bending. When 
ke is small this reduces approximately to 


& = Cy Rk 


The accuracy of the velocity determined by this method is dependent ultimately 
on the accuracy with which the thickness ¢ of the sheet and the transverse wave- 
length can be measured, since «=t/,/12 and k=27/A. 

Photographs of sand figures on sheets of brass, celluloid and ebonite are shown 
in figures 1, 2 and 3. The relevant data for these are given in the table at nos. 5, 
16 and 14. Even a relatively soft metal like lead gives very clear nodal lines, and 
very thin metal sheets, such as 0-004-in. stalloy (no. 7 in the table), give good results. 

The method is shown at its best when large sheets of relatively non-resonant 
materials such as celluloid, cardboard or ebonite are used. In these cases the simple 
pattern obtained by reflection from the edge nearest to the source agrees remarkably 
well with the calculated distribution of the nodal lines. The latter are produced by 
the interference between the direct waves from the source and the reflected waves 
from the image source, and consist of a family of hyperbolae. An example of this is 
illustrated in the photograph (figure 3). The principal hyperbolic nodal lines are 
clearly defined, whilst a second family of hyperbolic nodal lines, due to reflection 
from the remoter opposite edge (not included in the photograph), are faintly shown 
crossing the principal series. 


| . | 1 | . 1 | 


* See Lamb, Sound, equation (12), p. 123 (1910). 
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Table 1 
: No. of 
Sheet Thick- | jalf-wave- i a r N C; Cc 
material ness | lengths ength | (cm. measured Ric 
(in.) edunted.| =), Ir ) Seie) (cm./sec.) (cm./sec.) 
Brass o01g 42 40° 2 
3 1°92 9,070 | 17°74. X 10® | 0°0455 -82 x 10° 
a o019 36 30 1:67 | 12,100 ZO 00521 : 3°88 
3 Cre 40 7) 1°35 | 18,400 24°9 0'0645 3°86 
5 ins 10 ees Wek 9,140 45°6 o118 3°88 
12 o12 16 BS 3°56 | 18,300 65:2 | 0165 4:0 
aot _ | 07095 22 55 5°0 9,500 47°5 0:087 5°46 
ate oy. 0004 se) 5:4 1:08 9,070 98 0'017 5°38 
uminium | 0:067 | 12 26°5 | 4°42 9,500 42°0 0:0695 6:05 
Nickel Sega eto © E78 123s | otto | a5-8 se. oe 
: 10 29°4 5 9,500 55: 0:0978 70 
Alpax (cast)*, 0°166 we 28°5 4°75 | 18,260 86-6 oree om 
Ebonite 0:046 12 8-6 1°43 | 18,290 26-2 0°147 1°73 
_ | 07046 | 9 gil 2°02 9,070 183 0"104 1°77 
a 0-124 | 10 |e 23 18,200 | 41°9 0°249 7S 
a ol o'124 | 18 30°0 B38 9,070 ayer, | © 1°78 
Celluloid 0062 | 12 14° 2°35 9,070 21°5 o'12I 1°79 
(clear) | 
Lorivalt Saat 12 ace Bat 18,200 38°3 0278 1°44 
5 0-260 13 2 4°3 9,070 389 0°277 1°45 
Cardboard | 0°070 | 8 10°6 2°65 9,070 24°0 o'121 1°98 
Lead o:oI0 | 12 5°4 o'9 9,070 8-16 o°051 1°59 
9 0°040 | se) 8-9 1°78 9,070 16°1 0°103 1°56 
an 07060 | 10 10°7 2°14 | 9,070 19°4 07129 151 
5 0°070 | 8 9°55 24 9,070 Dints) 0°134 1°63 
Keramott | 0°030 | 12 6-5 «113 18,250 20°7 o°122 Te 
* Aj-Si alloy. + Commercial insulating materials. 


It will generally be found, where comparisons are possible, that the values of the 
velocities of sound in the sheet materials tabulated above are intermediate between 
the values obtained for the longitudinal velocities in rods and in bulk. The velocities 
in rod, sheet and bulk are the uni-, bi- and tri-dimensional cases in which the 
velocities are given by 


Bo f_ EB _ E (1-9) 
wari TaN eec amas Seereers 


respectively, where p is the density, E Young’s modulus, and o Poisson’s ratio. 


DISCUSSION 


Dr E. J. Irons. The measurement of velocities in sheet materials is a subject of 
some interest to meas it has, during the past session, engaged the attention of 
Mr Huffington and myself at East London College. Our aim has been to determine 
‘the velocity of a pulse produced in a material by displacements at various angles to 
its plane, and our purpose that of developing a method to provide constants that 
we hope may ultimately prove of service in moving-coil loud-speaker design. We 
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have employed a direct timing method and hope to publish in due course an account 
of these and other experiments made with our apparatus. 
I suggest that a reference to the source of equation (1) would render the reading 


of the paper easier. 
Dr N. W. McLachlan. Have the authors tried their method with paper from 


8 to 10 mils thick? The velocity of sound in cardboard given in the table is of the 
same order as the value I obtained for paper some years ago by calculation from 


_ direct measurements of elasticity and density*. 


AuTHoRs’ reply. We shall look forward with interest to seeing Dr Irons’s results. 
The reference for equation (1) has now been inserted in the paper. In reply to 
Dr McLachlan: the method as applied to thin cardboard is equally applicable to 
thin paper. Even tissue paper 5 x 10-4 in. thick gives clear nodal lines from which 
the velocity may be calculated. As we pointed out in the paper, however, the ac- 
curacy ultimately depends on the accuracy with which the thickness of the sheet is 
measured. 


* Phil. Mag. 13, 115 (1932). 
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ABSTRACT. No new scale of loudness is proposed, nor are those already proposed 
examined completely. The object of the paper is to examine proposed scales from one 
point of view only, and to determine only whether any one of these is distinguished from 
the remainder by being founded more firmly on facts and being more free from arbitrary 
convention. We are not concerned primarily with such questions as convenience or 
practicable accuracy. 

In §1 the facts (a)-(f) implied by all adequate scales of loudness are stated in a 
manner that does not (like most statements) imply that any scale is possible. It is con- 

cluded that these facts are not sufficient to distinguish from each other the infinite number 
of scales that might be or have been proposed. If one scale is to be distinguished from 
another by facts, some other facts must be introduced which are not so intimately involved 
in the meaning of loudness. There is an important difference in this respect between scales 
for tones of the same frequency and scales for all sounds. 

In §2 proposed scales for a single frequency are considered under the following 
headings: (i) mental estimates; (ii) equal relations; (iii) just-perceptible differences ; 
(iv) thresholds. 

The presumed facts (g)-(k) are involved in these scales and in part determine them; 
but the facts as known at present are not sufficient to force on us the selection of one 
particular scale, though they. may force us to reject some. 

In § 3 the problem of sounds in general is considered. Here again it is concluded that 
the facts, though they may limit further the choice of scales, do not determine one scale 
uniquely. On the other hand, if a scale for a single frequency could be agreed upon, work 
on the lines of Fletcher and Munson’s latest publication would solve the problems 
peculiar to complex tones so far as it is soluble at all. 

_ In §4 some more general questions are treated briefly. It is urged that the arbitrary 
élement in all scales may be advantageous as well as disadvantageous, for it permits the 
“use of different scales for different purposes. To the question whether a scale uniquely 
determined by facts can ever be set up, we reply with a guarded negative; such a scale is 


conceivable, but all evidence available at present indicates that it is no more than con- 
ceivable. 


$17 LHE: FACTS IMPLIED BY SCALES OF LOUDNESS 


immediate question as possible. But some reference to the general theory of 
such as A and B 


T= following discussion is as little abstruse and as closely confined to the 
d sensitivity) not 


measurement cannot be avoided. In our use of terms ( 
‘magnitudes, regular and irregular errors, constants, accuracy anc 
defined in the text, but not unambiguous in current usage, we have followed Camp- 
bell’s Measurement and Calculation, to which reference may be made. 


Fact (a) 


Fact (b) 


Fact (c) 


Fact (d) 


Fact (e) 
k, Pry Xe 


_ In virtue of them the observer can arrange in an order of loudness all sounds which 
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The facts of audition are sometimes stated in such a way as to imply that an 
entirely satisfactory scale of loudness is already available. Since our object is to 
enquire whether such a scale 1s possible, this method of statement Is likely to intro- 
duce confusion. We will start therefore by re-stating certain familiar facts in a way 
free from objection for our purpose. These facts are as follows: 

(a) If two sounds are sounded alternately at suitable intervals, any observer who 
can hear both can judge whether they are equally loud or, if not, which is the 
louder. Such judgments define what is meant by loudness; no statement about 
loudness in what follows has any meaning except in reference to these judgments. 


can be thus sounded alternately. 

(b) If the same pair of sounds is concerned, whether pure tones or complex, any 
observer is consistent with himself at successive trials of (a), apart from irregu- 
larities of the kind that can be attributed to a finite sensitivity. If the pair are pure 
tones of the same frequency between the upper and lower thresholds of the ob- 
servers, different observers agree amongst themselves to the same degree, though 
they may have different sensitivities. If the sounds are not pure tones of the same 
frequency, observers may differ regularly; older observers tend to find high notes 
less loud relatively to low notes than younger observers. 

(c) Equally loud pure tones of the same frequency are equivalent in respect of 
all kinds of audition. Other equally loud sounds are not always equivalent. Thus of 
two equally loud sounds one may be more effective than the other in masking al 
third sound. Loudness, if it were defined with reference to simultaneous sounds, 
would not be the same thing as loudness defined (as we have defined it) with re- 
ference to successive sounds. 

. (@) Loudness is not additive. The operation most nearly satisfying the con- 
ditions for addition is simultaneous sounding. But inorder that it should satisfy 
them, the following relations must be true: | 


If X=X', thn X+ V=X+VY — 9 9 an (1). 
If € is such that 


e+X>X for any X, then «+ X>X for all X’s 


Relation (1) holds if X, X" are pure tones of the same frequency, but not always 
otherwise. Relation (2) never holds; « can always be chosen so that if it is sounded 
simultaneously with a comparatively faint sound the combination is louder than that 


sound, but that if it is sounded simultaneously with a loud sound, the combination 


is no louder than that sound. 
i 


The foregoing facts can be stated without reference to any magnitude or 
measurable property. The next two establish a relation between loudness on the one 
hand and, on the other, frequency and intensity, which are physical magnitud 
measurable by processes universally accepted. : a 
ne ek Sd i resolved (e.g. by Fourier analysis) into m components, of. 
eee sa eMac px and the intensity x,.'The loudness of a sound 

rmined by” these (p;, «;)’s. By that we mean (the definition must be noted) 
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1at two sounds having ail their (p;, x;)’s the same are equally loud. On the other 
and, sounds not having all their (;, x;,)’s the same may also be equally loud. ‘The 
oudness of a sound generally, if not universally, increases with any x, when the 
emaining x;,’s are constant. 

(f) Among pure tones of the same frequency, loudness is determined (in the 
bove sense) by their intensity only. The order of loudness is the order of the 
ntensity. Fact (f) may be regarded as a special case of fact (e); but it is convenient 
o state it separately. 

If we had an accepted ‘‘scale of loudness,” we could assign a numeral X to 
epresent the loudness of any sound. In virtue of (e) it would then be possible to 
nd some relation of the form 


X=a.F (pp, %)... (R=tom) © sere (3) 


alid for all sounds and, in virtue of (j'), a relation 
Peery 8 ie net (4) 


alid for all pure tones of the same frequency p. 

F must be single-valued, having the same value when all (p;, x,)’s are the same; 
, must be single-valued and monotonic. The problem of finding F and F,, would 
e in principle one of mere experimenting. It might turn out that F and F’, were not 
ny known analytic functions; the relations might have to be expressed by graphs 
r mere tables. 

All the scales of loudness that have been proposed in effect propose a function 
or F,, such that the loudness of a sound can be measured (that is to say, a numeral 
assigned to it) by means of a relation (3) or (4). One test that they must pass, if 
hey are to be acceptable, is that when the measured arguments (p;, x) for complex 
sounds are inserted in the proposed F, or the measured argument x for pure tones 
of a single frequency into the proposed F,,, then X resulting from (3) or (4) must 
actually be the same for all equally loud sounds. 

If ‘‘equally loud” means “equally loud for all observers,” no F can possibly 
pass the test; for when some sounds not of the same frequency are compared, all 
observers do not agree whether they are equally loud. The most that we can hope 
for is to find an F which will satisfy the test for some concordant group of ob- 
servers. But for such a group the test is a real one, which some scales may satisfy 
and some not. The requirement that F shall have the same value for certain different 
sets of (p;,, X,) imposes a very severe restriction on our choice of F. Thus it is agreed 
that the decibel-above-threshold scale does not pass the test for any important 
group; while the scale recently proposed by Fletcher and Munson* apparently does 
pass it within a certain range. 

On the other hand not only can scales pass the test for F’,, but all proposed 
scales actually do so. Since there is only one variable, the only restriction imposed 
by the test is that F, should be single-valued and monotonic. It would be satisfied 
if we simply put F, (x) =x, and made our scale of loudness simply the scale of 


* H. Fletcher and W. A. Munson, ¥. acoust. Soc. Amer. 5, 82 (1933): 


Fact (f) 
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intensity. But everyone agrees that such a scale of loudness is not oe “—- 
for tones of a single frequency. There must be some other test or tests which scales 
have to pass and our first business is to find out what they are. 

One test may be that F,, must be the function to which an acceptable F reduces 
when there is only one component (;; %:)- One reason why the decibel scale is not 
acceptable, even for a single frequency, is doubtless that it does not pass this test. 
But this cannot be the only test. If it were, it would clearly be useless to try to 
establish a scale for a single frequency before we had a scale valid for different 
frequencies; yet there have been many attempts to do so. Again it seems clear that 
even our test for F is not sufficient. It is to be observed that if any F passes our test, 
so must any single-valued and monotonic function of F; yet all such functions of BP 
cannot be equally acceptable. Whatever form of F we obtained in the first instance, It 
seems likely that some such function of it could be found such that, for a single 
component, it reduced simply to x. That function at least would not be acceptable. 

This point is of great importance and must be illustrated by reference to the 
scales of physical magnitudes. The same magnitude can sometimes have several 
different scales, each of which is a single-valued function of another. Thus the 
transmission S' and the photographic density 8 of a plate, or the decay constant A 
and the period T of a radioactive element, are the same magnitudes measured on } 
different scales, related in the same way as any pair of proposed scales of loudness 
for asingle frequency. Since § = —log,, Sand T=1/A, the translation of a statement 
expressed in one scale into a statement expressed in the other is a mere algebraical 
transformation having no physical significance. It is a matter of mere convenience 
which we use. This is sometimes overlooked, because one form always is the more 
convenient; we are never tempted to use another. 

On the other hand there are other magnitudes in respect of which it is not 
indifferent which of two scales related in this manner we use. The chief of these 
(possibly the only ones) are those which are additive and can be measured as A 
magnitudes. Thus it is not indifferent whether we write Ohm’s law E=a.J or 
E*=b.I*; for the magnitude a (which is measured by this law as a B magnitude) 
is additive and measurable as an A magnitude also; but dD is not. In this case there 
is a very definite reason for adopting one “‘scale”’ of resistance rather than another; 
one expresses, the other conceals, the supremely important fact of additiveness. 

Now what is our reason for preferring one scale of loudness to another? Why 
are we quite sure that loudness ought not to be measured on a scale of intensity, 
but prepared to consider that it might be measured on the decibel scale by the 
logarithm of the intensity? Any statement in one scale can be translated by simple 
algebra into a statement in the other; and it does not seem that mere mathematical 
convenience is definite enough to make us so sure. There must here also be some 
facts revealed by one scale and concealed by another. It cannot be that which de- 


termines our choice in respect of resistances; for loudness is not additive. What is 
this fact? Is there indeed a real fact? 


That is the main question discussed in this 


he paper. We shall try to answer it b 
examining, under the headings set forth in the a ; 


abstract, the scales that have been 


The measurement of loudness 157 


roposed. We shall ask what are the facts on which the scales are based and whether 
1ey really do provide an adequate reason for preferring one scale to another. 
n § 2 scales for pure tones of a single frequency will alone be considered; but the 
iffix to F,, will be dropped for brevity. Certain facts (g), (”), (j), (Rk), which ap- 
arently underlie these scales, will be assumed without the expression of any 
pinion whether they really are facts. Our question is only—If they are facts, do 
hey determine a scale? 

First perhaps we ought to say what we mean by a fact. We shrink from at- 
empting any precise definition; but it will probably be admitted that the distinction 
yetween a fact and an arbitrary convention lies in its validity for all observers. In 
liscussing sounds of different frequencies, it would perhaps be too rigid to insist 
hat nothing valid for some observers and not for others is a fact; for, in virtue of 
‘fact”’ (b), which is part of the definition of loudness, there could then be no facts 
nd no scale determined by them. But in considering tones of a single frequency 
istant from a threshold, agreement in (a) and (6) is universal and it is permissible 
o be strict; since there are facts valid for all observers, we may demand that any 
ther ‘‘facts” should be equally universal. 


§2. TONES OF A SINGLE FREQUENCY 


(i) Mental estimates 


Fact (g). If observers are told that a certain weak sound is to be represented by 
and a certain strong sound by 100, they can be induced with a little persuasion 
0 assign numerals by simple “guessing”’ to other sounds, especially those of inter- 
ediate loudness. 

If their assignments were as instinctive and as concordant as those concerned 
n fact (a) they would deserve as much attention; they would lead at once to a re- 
ation (4). But then we should never have realized that there was any difficulty in 
neasuring loudness. We might need a convention concerning the numerals to be 
ssigned to the fixed weak and loud sounds; but if those could be fixed, no further 
question would arise; nobody would have any doubt what numeral was to be 

ttached to any other sound. But the guesses are not as instinctive as judgments of 
equal loudness. Advocates of the method of mental estimates forget that the need 
for advocacy is the chief bar to its success. 

Nor are they concordant. Superimposed on the irregularities of a single ob- 
server at successive trials are undoubted regular differences between different 
observers. Moreover it is at least highly probable that estimates are affected by the 
order of presentation of the sounds, and that a lower numeral would be assigned to 
a sound presented after a long series of sounds all louder than itself than to the same 
sound if presented after a long series all weaker than itself. From such discordant 
judgments a scale universally acceptable can be derived only by arbitrary con- 
ventions. 

But though this method of obtaining a scale of loudness has never been con- 
sidered seriously, it needs a little further examination, because it involves a question 


Fact (g) 


Fact (h) 
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concerned also in our next method which is of much greater aR How d 
we come to assign numerals at all by mere guessing and without actua fai 
ment? We all constantly do it in every-day life; we talk of a ape ticz chance + 
of being twice as happy, when we have not carried through any process remot 
resembling the measurement of any physical magnitude. Bae | 
Surely the answer is that we are using some analogy between the pa 
of the judgment and those in which true measurement Is ps rs at a 
extreme of this process of guessing is the ‘estimation of tenths. In suc estimay 
tions we are undoubtedly using our familiarity with scales truly divided by actuiag 
measurement; if we had never seen such scales, the process would be impossible 
Now, if we are using any analogy, the question arises whether the analogy is sound 
and whether the analogous facts are true. If there were some definite reason why 
the measurement of length broke down below the limit to which scales are divided 
or if actually divided scales were entirely arbitrary and not based on true measure+ 
ment, we should not attach much importance to estimation by eye. If that is so: 
before we accept mental estimates as true in the sense that the results of measure 
ment are true, we should discover the analogy on which they are based and examine 
its validity very carefully. Universal agreement is no test of truth at all; for the most 
frequent source of universal error in the history of mankind has been an un 
questioning acceptance of false analogies. And that is precisely what is most to be 
feared here. 


(ii) Equal relations 


It appears that, in addition to the judgments of equality of loudness concerned 
in fact (a), similar judgments can be made concerning equality of relations between 
pairs of sounds that are not equally loud. Expressed more accurately, the fact thati 
we now add to our list is: | 

(h) Given any pair of sounds U, V of the same frequency and any other sound X,, 
an observer can find a sound Y whose loudness is related to the loudness of X as thes 
loudness of V is related to the loudness of U. X may, of course, be either U or V.| 
All observers will agree in selecting the same Y within the limits fixed by their? 
sensitivity. ‘his cannot always be true when X is near the upper or lower limit of} 
audibility; but it will suffice if it is true over a considerable range. 

In order to discover how this fact may be used to limit further our choice of F,. 
let us leave loudness for a moment and consider pitch, which is determined by) 
frequency as loudness is by intensity*. Fact (h) mutatis mutandis is true of pitch. | 
A and B define a musical interval; X and Y are tones separated by that interval. | 
If we plot the frequency y of Y against the frequency x of X, we shall | 


: 


obtain a straight line, 


YSar bg ge ee (5)- 3 
If we took another pair of sounds U', V’, defining another musical interval, | 
repeated the process, we should obtain another straight line and relation (5), but 


* Pitch differs from loudness in 


that equali f pi hi < oe ban | 
Gane determined by sidvultaneous ¢ quality of pitch (which defines what we mean by pitch) 


ounding as well as by alternate sounding; but this is irrelevant. | 
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h a different value for a. Accordingly (5) sums up all the observations we could 
ke in the matter in a single compendious formula. 

Now these are precisely the circumstances in which, if we were making physical 
asurements (e.g. Ohm’s law), we should say that we had found a new “derived” 
gnitude (e.g. resistance). It is therefore reasonable to say that we have found a 
w magnitude, pitch-interval, which is measured by a. 

These facts impose a restriction on the forms of F' in a relation X = F(x), by 
ich it is permissible to represent the relation between pitch X and frequency x. 
1ey show that our new magnitude a, pitch-interval, is determined (in the sense 
fined above) by the pitches of two sounds, the frequencies of which are related 
the same straight line (5). That is to say, if we assume a relation X = F(x), we 


ust have 
Gaon) eS aes (6), 


here ¢ is a single-valued function and Y is the pitch of the sound whose frequency 
related to the frequency of the sound of pitch X by (5). But this frequency is ax. 
onsequently we must have 


- 


a=d{F(x), Flax} tts (7). 


(7) gives us a relation between the functions ¢ and F, but it still does not de- 
rmine them uniquely. Thus we might have 


Pixel eu, 0) = (Diu) ead (8), 


here A and n are any real finite constants, 


F(z)=log, x; d(u, v)=nO) — eens (9), 
h 


ere n is any real finite constant. 

Now let us resume our discussion of loudness. We can again plot y against x 
, y being now intensities) for a given ‘‘interval of loudness” defined by A, B. 
ut the graphs of y against x are not now straight lines; they are not any known 
Igebraical curves. The graphs for different intervals of loudness, though similar, 
0 not clearly differ from each other simply by the variation of a single parameter a. 
cannot therefore measure intervals of loudness as we can measure intervals of 
itch; and we cannot summarize all our observations in a single compendious 
ormula, analogous to the equation y= ax for pitch. We can represent them only by 
family S of curves, each for a single interval. 

We are therefore in an even worse position for choosin 
or choosing a scale of pitch; for the condition expressed by (7) is lacking. But we 
an try to regain condition (7) by assuming that the family of curves do represent a 
ingle function with a single varying parameter, although we cannot for the present 
etermine it algebraically. This assumption (which will be called A) may be 


xpressed by 


ga scale of loudness than 


eS ee a gk (10), 


here S is an unknown single-valued and probably monotonic function. ‘The 


Assump- 


tion . 


Fact (j) 
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fact that the interval of loudness between two sounds is determined by a relati 
between their intensities is now expressed, not by (7) but by 
a=$|F i) FiS(a a (11). 
that assumption A is precarious. We oft 
discover empirically a set of relations that can be expressed by a family of curve 
and sometimes later find the algebraic expression of those relations. It does not 
always turn out that the curves differ in a single parameter; two or Saad parametet 
may be involved, which are not single-valued functions of each other . If this shou 
be the truth here, our subsequent procedure is unjustified. For if (10) should real | 
be written y=S(a, 6, c, ... x), (11) no longer follows. However it will appear th 
the assumption will, in some measure, provide its own test. 
But (11) does not in general determine F uniquely, any more than (7), even whe 
Sis known. In general, there will again be an infinite number of pairs of functior 
¢, F, satisfying (11). The form of S, known graphically, may exclude certail 
alternatives; thus, since the curves S do not now pass through the origin, solutio 
of the form (8) are (almost certainly) excluded from the start; but a new infinity q 
alternatives becomes open. The usual procedure at this stage is to assume a fo 
for ¢. If we make such an assumption we can now determine F graphically, usin 
the graphically known S; the process need not be explained, because it has ofte: 
been carried out and is familiar. If successful, it results in a graph X = F(x) giving 
a relation between loudness and intensity, such that pairs of points on it whos 
ordinates are related in some manner determined by our choice of ¢ have the sam: 
interval of loudness and lie on a single curve of the original family. All the curve 
of that family are then summed up in this single graph; we have achieved the same 
unification as we achieved for pitch by means of the formula y= ax. 
But it is to be noticed that the process might not be successful. It might turn 
out that if we used one of the original family of curves S, one graph F resulted, but 
that, if we used another, another graph F resulted. This possibility has generally 
been recognized; it has been realized that a scale of loudness determined by equal 
relations is legitimate only if all the curves S give the same graph F. If they do, the 
facts confirm assumption A, which is involved in the process. 
If they do not, the procedure is unjustified unless there is one member of the 
family S so clearly distinguished from the rest that it is reasonable to select this 
member and neglect the rest. If this member is Sp, we can then replace (11) by — 


. FiS,(=ji=¢[F{x}] i | vee (12); 
again, if we choose ¢ we can determine F. Recent workt seems to suggest that there 
is such a unique relation, somewhat analogous to the octave in the field of pitch; 
Just as untrained ears can identify an octave more definitely and certainly than (say’ 


a tone, so they can identify one particular relation between loudness more definitely 
and certainly than any other. This fact will be called fact (/). 


< But it sometimes does turn out. 
Pirically as families of curves before thei 
was found. 


+ B. G. Churcher, A. J. King and H. Davies 
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Before we pass on, we must note 


Stefan’s law and Planck’s law were both discovered em: 
t algebraic expression by functions with a single paramete! 


J. Instn, elect. Engrs., 75, 401 (1934). 
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But whether we use fact (/) or fact (7), F cannot be determined without assuming 
he form of ¢. Those* who have used fact (#) alone have assumed 


On tO) ee (eo ee eee... (13); 
vhich means that the loudnesses of equally related sounds are to be represented by 
umerals with a constant arithmetical difference. For example, the sound of loud- 
less 100 must be related to that of loudness go as the sound of loudness 60 is to that 
yf loudness 50. This assumption, which will be called B, is also implied in many 
liscussions of the decibel scale; thus this scale has been criticized on the ground 
hat the sounds represented on it by 100, go, 60, 50 are not related in the manner 

st stated. 
But it cannot be insisted too strongly that the assumption is not self-evident; 
needs justification. The scale based on it will be determined by facts only if this 
ustification consists in facts. Since nobody seems to have discussed the matter, we 
lo not know what reasons would generally be alleged. But we can suggest three 
hich might be alleged; it is to be noticed that, of the following reasons, («) is based 
n facts, (8) is neutral with respect to facts, (y) is contrary to facts. Here they are: 

(x) It might turn out that, if any other form of $ were assumed, assumption A 
ould not be confirmed; a different curve F would be obtained from different 
embers of the original family S. Whether it does turn out so is a question of fact 
hat does not seem to have been decided. Owing to the limited precision of the 
bservations, it would clearly be impossible to prove that a slightly different form 
f ¢ would destroy assumption A; but if it could be proved that no form differing 
reatly from that defined by =v —uw is consistent with assumption A, there would 
€ some reason for assumption B. But it would not bea very strong reason, for there 
sno a priori evidence for either A or B; it might be a mere chance that the errors in 
ssumptions A and B compensated each other. If, on the other hand—as will pro- 
ably prove the fact—other forms of ¢ are consistent with assumption A, there is 
vidence for A but none at all for B. 

(8) Assumption B is more convenient in one way than any other. No other 
eads to a curve for F in which sounds standing in the same relation of loudness are 
epresented by ordinates differing by equal lengths; it is much easier to pick out 
rom a graph ordinates differing by equal lengths than ordinates related in any other 
manner, e.g. having lengths in the same ratio. But this, though highly convenient, 
is no more than convenient. Its convenience arises solely from the peculiarities of 
raphical representation, which cannot have any bearing on the facts of audition. 
So long as we are content to have an arbitrary element in our “‘scale of loudness” 
e are entitled to take advantage of this convenience; but we must not forget its 
resence and be surprised if other scales, based on other facts, do not agree with ite 

(vy) What we have called an interval of loudness is sometimes called a difference 
f loudness; and pairs of sounds which lie on the same curve of the family S are said 
o show an equal difference of loudness. It is thence concluded that, if loudness is 


-* We believe that this assumption has been made, but we cannot now trace, the Le 
1 that is important to our argument is that it might be made; and this is clearly implied by the 
amiliar criticism of the decibel scale, mentioned in the text. 
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irs of sounds must be represented by numerals showing 


to be measured at all, such pa : 
the same arithmetical difference. This is a pure blunder*, due to a confusion between 
hen it means any relation 


the wide meaning of ‘‘difference”’ in ordinary discourse (w 
of which non-identity is an essential element) and its narrow meaning 1n arithmetic 


(when it implies far more than mere non-identity). If ‘‘interval”’ is substituted for 
“ difference,” the fallacy appears at once; it becomes obvious that an interval ma 
be represented by a constant ratio (as in the Pythagorean treatment of pitch) as welll 
as by a constant arithmetical difference. 

Indeed there is a very definite reason for not identifying interval with arithmeti 
difference in both cases, and for mot assuming the relation ¢=v—w. The reason 
that there is a very important class of magnitudes that are characterized by a relation 
for which arithmetical difference is the only appropriate numerical representation 
These are the additive magnitudes, such as length, mass, and electrical resistances 
and capacity. The class and the relation are supremely important because, in virtue} 
of the relation, magnitudes of this class and no others are measurable fundamentally) 
—that is to say, without any other magnitude being measured first. If loudness were; 
additive, none of the questions we are discussing would arise; there would be no 
question how it is to be measured; the only doubts remaining would concern 
“units” or (as we prefer to say) factors and standards. Assumption A may be} 


is not even approximately additive. But it is unfortunate to select among 
infinity of possible ¢’s that one which, if it were specially appropriate and dis- 
tinguished from all the others, would make any selection unnecessary and the whole§ 
problem nugatory. 

As we have noted, another possible assumption, which will be termed C, is the 


o(u,vj=0/e ae ee (14), | 

so that the loudnesses of equally related sounds are to be represented by numerals in| 
a constant ratio. Before we discuss it, we must insist that it is definitely inconsistent 
with assumption B; equal relations cannot be represented both by equal differences 
and by equal ratios; if we adopt C we must cease to expect equality in the relations 
of loudness 100 to loudness go and of loudness 60 to loudness 50. B and C can be} 
ae : iim a bis only if there are two distinct kinds of relations between loud- 
ee punts. ‘ ee associated with B and another with C. It is ex 
eas ae a e eo ere are two such kinds; and if they are, we must abandon 
ies p aving a single scale to represent all the facts of loudness; a 

all at least two independent scales. Nobody who makes assumption C 

criticize the decibel scale on the ground mentioned on 6 ON 
Assumption C does not seem to have bee es 
which we have stated it, but it is involv 
and of Churcher, Davies and Kingt. 


een adopted in quite the simple form in 
ed in the procedure of Ham and Parkinson} 
They ask observers to pick out sounds which 


* One of us has bee i Ls 
Thcmnislo cade ee of it himself; see N. R. Campbell, Proc. phys. Soc. 45, 590 (1933)- 


by Fechner’ 
te Bs Maiend ne ys ers errors, discussed on pp. 163-16 
Te Tnedeie J.S. Parkinson, F. acoust. Soc. Amer. 3, 511 ae " 


——— 
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ppear to them to stand in some prescribed ratio of loudness, such as 4, 4, 4. They 

hen use (11) combined with (14), assigning the prescribed value to a. It is to be 

bserved that this is equivalent to using (12) in the form F{S,(x)}=p.F {x}, where 
is the prescribed ratio. 

This procedure, though it might be well adapted to the establishment of a purely 
conventional scale, is ill adapted to discover facts. For the question which is put 
fe) the observer really consists of two parts: (i) Can you pick out pairs of sounds 
which appear to you to be equally related? (ii) If so, and if such pairs are to be 
epresented by numerals in a constant ratio, what ratio do you prefer? If a definite 
atio is named, the question substituted for (ii) is ‘‘leading,” especially if fact (7) 
s true. For if there is a relation more definite than any other, an observer asked 
0 pick out sounds “‘in a 2: 1 ratio” will tend to select this relation, and will have 
0 call it 2 : 1; no other alternative is offered him. The correct procedure to elucidate 
acts would be to separate the two parts (i) and (ii); it is then by no means certain 
hat observers who all picked out the same pairs of sounds would all name exactly 
he same ratio; indeed experiments on mental estimates suggest strongly that they 

ould not. 

' Even if they did, it would still be possible, as suggested on p. 158, that they 
ere all using the same analogy and that this analogy might be false. Thus they 
ight all pick out 2: 1, because it is the “simplest” ratio between finite numerals 
and therefore appropriate to represent a simple relation in loudness. But the 
implicity of 2: r is based on the facts of counting, the determination of number, an 
additive magnitude having certain unique properties. The facts on which counting 
is based have no analogues in the field of loudness; an analogy based on simplicity 
is false. Again when they say that sound B is to sound A as 2:1, they may be 
judging that the relation between B and A is the same as that between A and some 
sound (e.g. silence) to which they instinctively attribute the numeral o. But if that 
is so, they are simply blundering when they assign to C, which bears to B the re- 
ation of B to A, the numeral 4; they ought to assign the numeral 3. Indeed it is 
highly suspicious that the relation of 2: 1, which plays so large a part in these in- 
vestigations, is the most ambiguous that could be selected; no other leaves it so 
doubtful what numerals are to represent the higher powers, in the logical sense, of 
the relation. 

We must not be misunderstood. We do not deny that by the procedure discussed 
here it is possible to obtain a scale of loudness which satisfies completely certain 
people and does not greatly offend anyone. What we do deny is that sufficient evi- 
dence has been advanced to prove that this concordance ts derived from facts which 
must have universal validity, and not merely from generally accepted conventions 
and customs, the validity of which might be challenged by others with different 
training and habits. The importance of this distinction is discussed on p. 168. 


(iii) Fust-perceptible differences 


We next turn to an entirely different procedure, now generally discredited, but 


historically important and still exerting a baneful influence. We shall assume the 
Dbz 


Fact (k) 


bx 
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following fact (k). Given any sound X of intensity x, another sound Y — be found | 
of greater intensity y, such that Y is louder than X, but any sound Y of intensity 
between y and x has the same loudness as X. X and Y then stand in the just- 
perceptible-difference relation. We shall assume further that y is a single-valued 
and monotonic relation of x within a wide range of conditions, subject only to a 
determinate experimental error. This second assumption is by no means universally 
granted; some hold that y is affected profoundly by insignificant changes in ex- 
perimental conditions, such as fatigue from previous observations. But, since the } 
just-perceptible-difference method is clearly worthless unless the assumption is 
true, we shall make it for the sake of argument*. 

One way to use this fact would be to plot y against x and use the resulting 
curve in precisely the same way as one of the curves of family S in the equal-relation | 
method}. The resulting method would be affected by the arbitrariness that was 
discussed on pp. 161, 163. But that is not the usual procedure. The usual procedure, 
due to Weber, is to plot (y—x), which is usually called 5x, against x or the mean} 
of « and y. Weber suggested that the resulting curve was a straight line, so that 


Sxle=b = se (15), 


where b is a constant. It is now agreed that his suggestion is false and that the curve 
is of some other form 
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Se=Wis) (16), 


where W is a function of which the algebraic form cannot be defined at present; 
but, if the facts are facts, (16) is a perfectly legitimate way of representing them. 
But the next step, taken by Fechner, is not legitimate. Fechner replaces b im 
(15) by 5X, a constant difference in a magnitude X, loudness, which ex hypothesi 
he has not yet measured. He then writes 8X/8x=1/x, identifies SX/Sx_ with a 


. . . . x 
derivative, applies to the equation the operator dx, and arrives at the equation 
J0 


X=log x—log x) 
giving a relation between X and x of the form Y¥=F (x) which we are seeking. Hisé 


followers have applied the same i 
S procedure to (16), performing the integration} 
graphically and arriving at eee ne nn 


at ghee: 
ie W(x) al (18). 


a It is as difficult to explain precisely why this is wrong as to explain why it is 
illegitimate to translate a French book with a German dictionary. The operate 


* The question of fact, 
hopelessly entangled with th 
the fact. Those who deny th 
express it; and those who s 
he assumed are not facts. 


namely whether just-perceptible differences are unique, has become 
enaeh of interpretation, namely whether Fechner’s law expresseé 
. ee asa second line of defence, that Fechner’s law does not! 
soa : in Fechner’s argument are disinclined to admit that the factst 
ites coe ant to separate the two questions completely. 
ce ianirien pac ae € the extreme member of that family; it would be so if all just 
eee ati eens € recognized by the ear as similar intervals. It is doubtful whether they? 
» it the just-perceptible-difference curve were the extreme member of the family . 


i ld provide a ] | Vy 
ss r th ] iti i i 
it wou Va. uab c test : e egitimac of assumption As but, as its member ship I y 


The measurement of loudness 165 


ze 
| dx is applicable only if the argument is a derivative, the limit of a ratio between 


two variables when the denominator tends to zero. But 5X/6x is simply not a 
derivative; 5x is not a variable which can tend to the limit zero—it is always finite; 
and 6X is, according to Fechner’s assumption, not a variable at all but a constant. 
The whole procedure is mathematically absurd. 

_ It is equally absurd physically; for even if an equation is mathematically 
integrable it does not follow that the equation resulting from its integration will be 
significant physically. An equation y=f(«) states a numerical law only if the 
symbol = represents not only a numerical relation between the values of the 
magnitudes y, x, but also a physical relation between the systems to which they 
relate; generally they are magnitudes of the same system. If the equation is trans- 
formed mathematically it will acquire a new physical meaning only if this physical 
relation is replaced by some other. Whatever the physical relation, we can perform 


zx 
the mathematical operation | dx and arrive at a new equation 


a GUase | SP a Reere: (19), 
where 6= | f (x)dx; but it is not necessary that U should be a magnitude and (19) 


a numerical law. Thus if y is viscosity and x temperature, the integration will be 
physically meaningless; U will not be a magnitude and (19) not a law. 

Indeed there are only two conditions in which integration is, in this sense, 
physically significant. The first arises when is a derivative derived by differenti- 
ating (19); then integration will reverse the process and give the original equation. 
Thus y may be a coefficient of expansion with temperature and « temperature; 
(19) then gives the relation between the whole expansion and the change of tem- 
perature. But here y must have been, in effect, measured by using this relation. 
The second condition arises when additive quantities are concerned. ‘Thus if y is the 
cross-sectional area of a tube and « the distance from one end, (19) gives the relation 
between x and U, the total volume from that end to x. But here y.dx must be (or 
rather be proportional to) an additive magnitude, namely volume. 

Neither of these conditions is present in the Fechner integration. dX/dx is 
certainly not a derivative obtained by differentiating some relation between X and 
x; for the argument starts from the hypothesis that none is known. And X is not 
an additive magnitude; for the existence of just-perceptible differences is incon- 
sistent with additiveness; compare fact (d). 

The preceding sentence is important, for an attempt has been made to avoid 
Fechner’s mathematical absurdities by representing the just-perceptible-difference 
scale as one obtained by adding a number of equal steps from the threshold. But 
measurement by a number of equal steps is valid only if the magnitude is additive; 
a length can be measured by a number of equal steps, a density cannot. 

The truth is that Fechner was simply wrong; his blunders have survived merely 
because text-book-writers copy one another*. The relation X =F (x) obtained by 


-* Similar criticism of Fechner’s work has been made before. See, for instance, F. C. Bartlett, 
Discussion on Audition, p. 128 (Phys. Soc, 1931). 
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his method is at best a very obscure way of representing the relation between 
and x, both of which are physical magnitudes and neither of which is conveniently 
by 


identified with loudness. 
(iv) The thresholds : 


The best-known scale of loudness has been left until last because the facts that 
it expresses are much more limited than those on which the other methods depend, 
These other scales try to express relations of which any sound may be one term; the 
decibels-above-threshold method does not express any audible relation between two 
sounds; it expresses only a single fact about one single sound of each pitch, namely 
that there is a sound such that any sound of less intensity is inaudible. ‘The 
assignment of numerals to represent other sounds depends wholly on physical 
relations, namely ratios of intensities, not on relations in which the ear is necessarily 
concerned (see p. 169). Such relations, involving all sounds, might have entered if 
it had been found that sounds of different pitch and the same distance-above- 
threshold were equally loud; but that turns out not to be true. Accordingly the 
decibel-above-threshold method expresses fewer facts than other methods and is to 
that extent more arbitrary. In its latest form, where the threshold is chosen 
arbitrarily and not as a result of experiment, it expresses no facts at all except those 
common to all these methods, namely that, among sounds of the same quality, 
loudness is a single-valued and monotonic function of intensity. ( 


§3. SOUNDS OF DIFFERENT QUALITY 


In this field the best that we can hope to achieve is a scale determined by facts 
valid for some “normal” group of observers; it would be impossible to obtain a 
scale applicable to frequencies as high as 10,000 equally valid for old men and 
children. But since this difficulty is overlain by others there will be no need to 
insist on it. : 

If we had concluded that some method determined uniquely a function F,, fos 
a single tone, we should have had to inquire now whether, when p varied, the varia- 
tion of F’, could be represented by the change of a single parameter; further, w 
should have had to inquire whether the loudness of complex sounds could . 
represented by some general function F of equation (3), which reduces to F » When | 
all components but one vanish. But since we have failed in our search for F - - 
must proceed, if we can proceed at all, in the reverse direction. We must inqui 
whether the study of tones of different pitch and of complex sounds help us in o 
search for F,. 

It is possible that it might. Consider again the equal-relation method. It de- 
pends on assumption A, that there is a function S (a, x) involving a single parameter 
for sounds of the same pitch. If that assumption were fully established for all 
eee it would be natural to suppose that this parameter might be a function of 
we f so that all the families § for all pitches could be represented by a single 

y= Up) 2) (20), 


where P must be single-valued but need not be monotonic 
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qt would not be as easy to produce indirect arguments for this assumption, 
hich may be called D, as for assumption A; it seems to require that an algebraic 
orm for S(a, x) should be found. But if it could be established, interesting conse- 
uences might follow. From (11), on substitution of P(p) for a, pairs of functions 
and F might be formed as before; but since the conditions to be fulfilled (if as- 
umption D had already been established) would be more stringent, the number of 
ermissible pairs would be reduced. It might turn out that only one pair was per- 
issible; then X = F(x) would be a true measure of loudness, free from arbitrariness. 
hether it would turn out so is a question of fact, which it is impossible to in- 
estigate until assumption D has been established; but this appears to be the direc- 
ion in which it seems most profitable to seek a further advance by means of the 
qual-relation method. 
What may seem at first sight to be an alternative method is that of Fletcher and 
unson*. The problem with which they are concerned primarily is this. Given all 
€ (px, Xx)’s for a sound, find by calculation the intensity x, of a reference sound of 
ed frequency p, which is equally loud. Any solution of that problem—and we 
ssume that Fletcher and Munson have solved it—requires the finding of an F 
which satisfies the test given on p. 155 and has the same value for different sets of 
Px» X,) which correspond to equally loud sounds of different quality. But the solu- 
tion does not require that the F found should satisfy the tests given on p. 156. 
As a matter of fact, Fletcher and Munson’s solution does not satisfy the test that 
F reduces to F, for a pure tone. If this were all, perhaps the conclusion should be 
that this test is too strict and that ‘‘reduction” in the mathematical sense is not 
necessary; all that is required is that a set of functions F should be set up covering 
between them the whole field of pure and complex tones. We are not entirely ready 
to admit that conclusion; it seems to us that, if the scale is to be satisfactory, the 
loudness of a pure tone of intensity « ought to be calculable from the loudness of a 
pure tone of the same frequency and intensity 1; or, in other words, that the tone of 
intensity x ought to be capable of being regarded as a complex of x pure tones of 
intensity 1. For if that is not so, the scale does not express the very important fact 
that intensity (unlike loudness) is additive. It seems impossible that this condition 
should be fulfilled unless F reduces mathematically to F,. 

But that is not the only reason why Fletcher and Munson’s scale does not solve 
the problem with which we are concerned. Their F,, is simply decibels above a given 
arbitrary threshold. If they had shown that it was impossible to arrive at any 
function F, passing the test given on p. 155, unless F,, had this form, they would 
have produced a fact affording a reason for adopting their scale F’, and therefore F. 
But it does not seem that they have shown this. So far as we can ascertain, they could 
have carried through precisely the same procedure if they had made F, for the re- 
ference tone simply the intensity «,. Of course they would have arrived at a different 
F; but they would have arrived at some F valid over the same range. If that is so, 
they have produced no reason such as we are seeking for preferring the scale F,, 


* Loc. cit. 


Assump- 


tion . 
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which they adopt, to a scale in which, for pure tones, loudness is simply identified 


with intensity. 
There is then no evidence that we can find in the study of complex sounds 


facts which will serve to select a single scale of loudness from the infinite a 
all single-valued functions of each other, consistent with facts (a)( Tt). Wem 
have to admit that all scales contain an arbitrary element at present irremovable. 


§4. GENERAL CONCLUSIONS 


Are we then to conclude that the scales are all useless? This question must be 
relative to some purpose. One of the chief aims of pure physics is to arrive at 
theories to explain facts. In the course of its long history, it has always turned out 
that theories can be found only when the facts, if expressed numerically at all, either 
are expressed in terms of ‘‘true”’ scales, based completely on facts except for an 
arbitrary factor, or else are equally expressible on all scales alternative according to 
the principle laid down on p. 156. Why this should be so is a mystery, but there are 
abundant examples; for instance, there could be no adequate theory of heat before 
the absolute scale of temperature was developed. 

If then our purpose were to develop a fundamental theory of audition, we might 
well despair of making an advance so long as arbitrary scales are necessary and no 
others are available. Or again, if our purpose were merely to describe the facts in 
a compendious form, and if the purpose could not be attained at all unless all the 
facts were described in a single compendious form, we might equally despair; for in 
physics the only laws that describe all the relevant facts are those which are found 
to have a theoretical basis. Empirical laws are always of limited scope. 

But that is not the position. A scale of loudness is required by the engineer 
concerned to reduce the annoyance caused by his machinery; by the designer of 
radio-receiving sets concerned to obtain faithful reproduction of music; by the 
telephone engineer concerned with masking of speech by interference. The first is 
concerned mainly with the upper range of audibility and with complex sounds, the 
second with the lower range and with nearly pure tones, and the third with the 
lower range and complex sounds. Their fields are so distinct that they very seldom 
need to correlate their observations. There is no reason why they should employ the 
same scale. While each believes that the scale that suits him is a “true” scale, im- 
posed by ineluctable facts, they will never agree to differ; each will try to convert 
the other to what he believes to be the one and only truth. But if they would realize 
that all scales are arbitrary and that one is just as little true as the other, toleration 
would become easier. Whether any of the scales that have been proposed is actually 
well adapted to any of the various purposes for which scales are required, and, if so, 
which scale is adapted to which purpose—these are questions on which we express _ 


no opinion. But we cannot help believing that if the latitude w 
an arbitrary element 


adoption of standard 
rapid. 
There is a final question that 


) hich the presence of 
permits were generally recognized, progress towards the 
scales, each for its own particular purpose, would be more 


we are loth to attempt, but is almost sure to be 
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aised in any discussion of this matter. Is there any reason why it should be im- 
yossible to find a true scale of loudness? 

The only way to answer this is to examine the differences between physical 
magnitudes which can be measured and psychological magnitudes which, we feel, 
pught to be measurable, but which actually are not. The difference that appears to 

Ss most distinctive is this. Physical magnitudes are measured by processes de- 
ending on sensory judgments which can be made with any sense organ. Sight is 
usually employed, but that is merely for convenience. Given suitable apparatus a 
lind man could determine for himself a weight, a density, or even magnitudes 
losely connected with vision, such as wave-length or intensity of radiation. But it 
s inconceivable that he could measure colour or brightness. These terms depend 
or their meaning on visual judgments; anything that a blind man could measure 
ithout consultation with a sighted man would, ipso facto, not be colour or bright- 
ess. Psychological magnitudes are those which, if they are to be measured at all, 
ust involve judgments made with a single sense organ. Loudness is one of them, 
or its meaning is derived from fact (a). 

An equivalent but cruder way of expressing the difference is to say that the 
physical magnitudes are properties of all matter, while the psychological magnitudes 
are properties of the particular pieces of matter that form our sense organs. If that 
is so, some explanation appears of the fact that psychological magnitudes do not 
possess the properties that would make them measurable, They are not additive 
because our sense organs are not constituted in such a way as to make them so; 
additive mechanisms are generally very simple and our sense organs are very Com- 
plicated. Again they do not appear, generally, as constants in a numerical law be- 
tween physical magnitudes, because the only laws in which they could appear as 
constants would be those involving the operation of our sense organs, and the 
physical magnitudes characteristic of these organs are not open to observation in the 


living and conscious subject. 

Further we can see why some psychological magnitudes such as musical interval, 
discussed on pp. 158, 159, are measurable as B magnitudes. The reason is that they 
do not involve this structure so intimately as the others. They are all of the nature 
of differences; the difference between the effects of two stimuli on a mechanism may 
be more nearly independent of the structure of that mechanism than the effects 
themselves; it may be more nearly a property of matter. 

Does this mean that, if we knew more about the operation of our auditory 
organs, we could hope to measure loudness on a unique scale? Our answer is 
negative, so long as the general outlook on the problem remains what it is at present. 
Loudness can never be measured as an A magnitude, because it is not additive. 
That is a fact which nothing can change; ‘t would not be changed if we found that 
loudness was intimately connected with some A magnitude characteristic of the 
auditory organs, such as the rate at which impulses pass along some nerve system. 
The most that any further knowledge of these organs could do would be to correlate 
loudness with some magnitude H characteristic of these organs, so that the order of 
loudness would be the order of H. If H were a constant in a numerical law of these 
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organs, loudness could then be measured in the scale of H asa B magnitude. But 
+t does not follow that this scale would be satisfactory; it might be unsatisfactory 
just as the intensity scale is unsatisfactory for pure tones, although for them in- 
tensity is correlated exactly with loudness. If it were already satisfactory, we should 
have made no advance; if it were unsatisfactory, it would not become satisfactory 
because we had discovered that H and loudness were correlated. 

This is the crux. At present the reasons that determine whether a scale is satis- 
factory are based on facts (g), (1), (j). If these do not determine the matter, doubt 
can be removed either by finding other facts of the same kind, or by ceasing to 
attribute importance to these facts and being as indifferent to scales as we are in 
respect to some physical magnitudes. There is no third choice. It is perhaps too 
early to despair of the first; but in case it proves ultimately impracticable, it is worth 
while to point out that the second is open. If we could only rid ourselves of the 
feeling that loudness ought to be additive and that equally related sounds ought to 
be represented by numerals in some simple arithmetical relation, disputes con- 
cerning scales of loudness would vanish; the only remaining problem would be to 
measure the loudness of complex sounds on some scale, no matter what. We should 
concentrate on F and cease to be interested in F,, which might be any single-valued 
function of intensity. Then it would be quite possible that the best way to find F 
would be by means of H as intermediary. Here we find ourselves in complete 
agreement with what we understand to be the view of Fletcher and Munson, even | 
if we cannot accept all the arguments by which they support it. 


170 


§5. ACKNOWLEDGMENT 


We desire to acknowledge the help we have received from discussions with our 
colleague, Mr D. A. Oliver. 


DISCUSSION 


Dr J. H. Suaxsy. Two papers in this month’s Proceedings of the Royal Society B 
describe experimental investigations made recently by F. H. Gage, in this institute*, 
on the possibility of forming scales of sensation. The sensations chosen were bright 
ness and loudness, and the conclusion reached in both cases is that the method of | 
dividing a given sensation-interval into two equal parts does not lead to a consistent 
scale. Briefly, if we thus bisect the whole interval and then each of its halves and 
finally similarly divide the interval between the }-way and i-way points, we d 
pe oe again at the same stimulus as that for the original 4-way pointd The 
uae eek se to a taken as implying equality of differences of loudness or 
a ed ae ses Be ‘ ae i oe in the sense in which Campbell 
eo Implies the failure of other methods of founding 

; y Just-perceptible-difference step method, since the number of 


steps to bri i i i 
ps to bridge the interval to a brightness (for instance) lying half-way between two 
* The Physiology Institute, University College, Cardiff. . 
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iven brightnesses differs according to the means adopted for defining the stimulus 
iving the bisecting brightness, and this is indeterminate. 

A fact that emerged in the course of the work is of great interest. Many ob- 
ervers have in different researches halved sensations, as for instance in Churcher’s 
yaper referred to by the authors and in older work on brightnesses. We tried a some- 
vhat different procedure, namely the bisection of the interval between a moderate 
srightness and a very feeble one, repeating the tests with a progressively weaker 
lim light until the threshold was nearly reached. The limit of this, the bisection 
yetween the fixed brightness and zero brightness, would, one might have supposed, 
nave been equivalent to halving the fixed brightness. On the contrary, the bisecting 
timulus was but little above the feeble stimulus, and seemed to approach it as the 
atter approached the threshold. It is clear that the judgment made in this way is 
uite different from that in the halving experiments in which the influence of the 
omparison weak light is lacking. 

The observation is further evidence against the relation ¢=v—u, and possibly, 
hough not certainly, in favour of =v/u. 

While all who tried Gage’s bisections agreed that the judgment was definitely 
ossible and comparatively easy to make, none felt any certainty as to what they 
ere doing. Whether they were obtaining equal differences or equal ratios of loud- 
ness or brightness they did not know: all they were sure of was that there was some 
definite equality involved. In the authors’ phrase, the two intervals were equal. My 
own impression was that it was vot the differences which were equal, but that the 
difference between the greatest and medium sensations was larger than that between 
the medium and smallest, although the intervals were equal. 

The authors are not the first to demolish the mathematics of the Weber- 
Fechner law, but they have done it with unusual thoroughness. They do not add - 
the comment, itself not new, that an equation expressing the relation of sensation 
to stimulus as a continuous function and derived from another equation formally 
asserting the discontinuity of that relation, is indeed remarkable. 

But despite the mathematical illegitimacy of its origin the law does express, what 
the decibel scale of course also expresses, the fact that sensations seem to run more 
or less parallel to the logarithms of the energies of the stimuli which evoke them, 
while commonsense immediately rejects the suggestion that their values are pro- 
portional to the energies themselves. This surely is the fact, revealed by one scale 
and concealed by the other, which has given such undeserved prominence to the 
decibel scale and misled so many into regarding it as a scale of sensation and not 


merely as one of stimulus. 


Dr J. E. R. CONSTABLE. One small point may perhaps be added to the valuable 
analysis which the authors have given. I refer to their suggestion that the loudness- 
doubling upon which other authors’ work is based is probably only a ‘‘most-easily- 
recognized interval”. It has been argued that the agreement between loudness- 
doubling results and the monaural-binaural measurement Is an argument in support 
of the possibility of recognizing a factor of 2 in loudness. The experiments un- 
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doubtedly show that a sound when heard by two ears is perceived as hae nay 
when heard by one. It does not appear, however, to have been demonstrate 
the loudness is, in fact, twice as great in the former as in the latter case. Might it no ; 
be possible that the agreement between the experiments is due to the fact that the 
difference between monaural and binaural listening is a relation with which everyone 
must be familiar and might merely constitute the most-easily-recognized interv; 
to which the authors refer? 

As regards the practical aspect of the authors’ results it may be remarked tha 
even if the supposed loudness-doubling is only a most-easily-recognized interval 
the usefulness of loudness scales such as that put forward by Churcher, King ar 
Davies would not necessarily be impaired; for, from the practical point of view, a 
scale made up of a series of most-easily-recognized intervals is as significant as one 
based upon a succession of loudness-doublings. 


Mr C. R. Cosens. An alternative to the procedure outlined in the second para 
graph on page 163 suggests itself, which would appear to be free from the leading. 
question objection. Let there be two sounds, A and B, whose loudnesses are aa 
b respectively. The observer is required to determine what, in his opinion, is 
value of the ratio a/b. Provide two adjustable sources of sound X and Y (say loud- 
speakers fed from potentiometers) with an arbitrary calibration of their volume- 
controls (say the angle 6 through which the control-knob is turned). 

The observer first adjusts the knob of X until it appears to give the same loud- 
ness as A, and 6 (a) is recorded. He is then asked to adjust Y until it appears twicet 
as loud as X, and 6 (2a) is recorded. X is then adjusted to be twice as loud as Y,} 
giving @ (4a). This doubling process is repeated until the sound is undoubtedly 
louder than B, and a graph can then be plotted connecting loudness as estimated! 
with the arbitrary variable 0. | 

Sound B is then introduced, for the first time, to the observer, who is asked to 
adjust one of the sources, X or Y, until it is of the same loudness as B, and @ (0) is 
recorded. The value of the loudness of B in terms of multiples of @ can then be 
interpolated from the graph. 

A few rough experiments were made on these lines some years ago, the tuning- | 
note of the B.B.C. and a wireless receiver being used. | 

6 was the reading of a square-law voltmeter connected across the loud-speaker 
windings, the volume was adjusted to a definite @ in each case, and observers were 
asked to turn up the volume-control until the sound appeared to them to be twice 
as loud. Results of course varied considerably, but a more or less linear relation with 
6 was shown, leading to the conclusion that “twice as loud” meant four times the 
hs ieton Suan "8 16 times the power expended, so that for this 
Ae ree EP Ae ing trom one particular loudness, the mean observer 

€ ‘oudness to vary as the fourth root of the power converted into sound. 


Dr R.'T. Bearry. During the year which has elapsed since Dr Campbell read 
: paper on the measurement of sensation before this Society he has made a psycho- 
ogical advance, for the operations which he then described as ‘‘guessing’”’ he now 
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romotes to the rank of ‘‘mental estimates,” a term which is less suggestive of a 
ame of pure chance. 

The available experimental evidence as to subjective loudness may be sum- 
iarized in a single sentence as follows. In the domain of sensations of loudness the 
rain can perform the operations of multiplication and division. 

- Four investigations* are to hand in which observers were asked to alter the loud- 
ess of a sound to some multiple or sub-multiple of this loudness. For this opera- 
ion they depended solely on their own subjective intuitive judgment as to what the 

agnitude of the change in loudness might be. When the four curves are compared 
he maximum deviation from the mean curve does not exceed 8 decibels in a range 
f 80 decibels, ie. an intensity-ratio of 6:1 in an intensity-range of a hundred 

illion to one. If this is guessing, the guesses are remarkably consistent. They are 
urther supported by a deduction from the work of Fletcher and Munson}, a de- 
uction which Dr Campbell has failed to make, but which has now been pointed 
ut by Mr Churcher. A sound at a level of 100 decibels applied to one ear seems of 
he same loudness as a go-decibel sound applied to both ears. On the assumption 
derived from consideration of the numbers of nerve impulses) that binaural hear- 
ng gives twice the loudness of monaural hearing, we thus find that a reduction of 
o decibels gives a loudness-ratio of 2: 1, and soa (stimulus, sensation) curve can be 
lotted. The agreement of this curve with the curve deduced from mental estimates 
5 remarkable. The ratio 2:1 has now hurled itself so violently into the evidence 
hat it is difficult to ignore it. 

But the authors simply cannot understand how the idea of number can enter into 
sensations of loudness. I had hoped that my remarkst on the 1933 paper might 
furnish a clue. It is unnecessary to repeat the suggestion then made except to say 
that it indicated that the correlation between eye and hand involved in handling 
weights, together with the linear relation between weight and afferent nerve im- 
ulses, furnish a numerical relationship which might be transferred to the auditory 
or visual receptor system. 

Several attempts have been made to prove that Fechner’s law is mathematically 
unsound, but if our sensations were additive Fechner’s law would be valid, and 
indeed the analysis given in this paper can by a slight modification in the wording 
be used to prove that it is valid. This paradox is due to the fact that Fechner’s in- 
tegration is not a pure mathematical construction. Its history serves to warn us that 
the algebra of sensation is not necessarily the same as that of physical magnitudes. 

It is difficult to discover what, apart from conclusions of despair, the authors’ 
general conclusions are. One remark however, to which they seem to attach some 
importance, deserves comment. They say, “If we could only rid ourselves of the 
feeling...that equally related sounds ought to be represented by numerals in some 
simple arithmetical relation, disputes concerning scales of loudness would vanish.” 


and Parkinson, ¥. acoust. Soc. Amer. 3, 
(1933). Churcher, King and Davies, 


* Richardson and Ross, 7. gen. Psychol. p. 288 (193°): Ham 
511 (1932). Geiger and Firestone, ¥.. acoust. Soc. Amer. 5, 25 
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since five investigations* are 


174 
Why should we try to rid ourselves of this feeling, 
on record to show that such numerical relationships actually exist? 


Mr W. F. Froyp. I cannot agree with the desire of the authors, expressed by} 
one of them (G.C.M.) in his introductory remarks, to place this discussion outside ; 
the field of psychology. Loudness as defined in the paper in (a), or as defined in any | 
admissible way, is essentially a mental estimate. The estimate may be a psychological | 
correlate of the physiological change resulting from the stimulation of the outer ear, ) 
or it may be a simply definable function of the endo-somatic response dependent on 
whether we reject or accept a purely behaviourist (physico-chemical) description 
of human effort. Mental estimates are acceptable, statistically, to psychologists and 
form reliable measures, provided that the usual statistical conditions are satisfied, | 
namely that the sample is large and random and the experimental methods do not ' 
arbitrarily bias the results. If the authors believe that human effort may be ea 
plained in terms of physics and chemistry only, their problem is proper to te Fi 
physiologist and may be solved by experiments in which a measure is made of the 
potential-fields and barriers in the nervous system and the cortext. If they believe ' 
in mind they must accept mental estimates and the statistical methods of the psycho- 
logist, and use the mean value of mass data, with the variance, to set up a loudness 
scale and so determine their function (3). | 

The difficulties which the authors conceive in the construction of a scale for pure } 
tones of a single frequency by the method they designate “‘mental estimates” are 
difficulties of experimental technique only, which occur in all psychological ex- 
periments. It appears to me, as I interpret the authors’ statements, that the method 
§ 2, (i) which they would discard is based directly upon their first fact of audition, 
(a). Indeed, when the experimental technique is correct, the method is a restate- 
ment of the last sentence of (a). | 


In place of equation (16) of the paper I would suggest the relation 
AX=¢(x,Ax) =~ — "Sa (16a). 
This does represent the facts, subject to the condition that ¢ is monotonic and single- 
valued. 'T’o every variate of AX there correspond unique variates of the variables x | 
and Ax, and we have thereby avoided the error of assuming that all the AX’s are 
equal, an error which the authors condemn but which they commit on p- 165 when 
they say ‘‘The preceding sentence is important, for an attempt has been made to 
avoid Fechner’s mathematical absurdities by representing the just-perceptible- | 


difference scale as one obtained by adding a number of equal steps from the 
threshold.” 


The term 


— 


+) equal” is applicable where two stimuli, occurring alternately, 
arouse physiological changes which have undistinguishable psychological correlates. 
The term must be warily applied to increments in perceptions. A few experiments 


in this direction have shown the exponential relation between stimulus and percept 
to be approximately true for the subjects examined. 


* See footnotes *, +, on p, L732. 
+ Vide the work of Adrian, Lashley, and others. 
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Mr B. G. Cuurcuer. In the introductory part of the paper the authors have 
erformed a useful service in laying down with precision certain fundamental pro- 
ositions, with which most acoustical technicians will be, I imagine, in complete 
greement. The realization that loudness is not additive eliminates the necessity for 
onsidering two scales, viz. the decibel loudness scale and the scale based on the 
um of the observed just-perceptible increments of intensity. As the authors point 
ut, it is theoretically possible to use many types of scale. But, from both scientific 
nd utilitarian points of view, it is desirable to use a scale in which the numerical 
value assigned to a sound is in direct proportion to the loudness-sensation evoked 
yy that sound. If such a scale is possible, then to use any other kind is to create 
innecessary complication. To obtain such a linear scale has been the object of my 
solleagues and myself. Since most noise-measurements are stated in terms of the 
ntensity of the equally loud reference tone above threshold intensity, the relation 
etween decibels above threshold and loudness for a pure 1000-cycle tone is of 
articular interest. Since loudness is a sensation, the fundamental criterion of 
elative loudness is a representative individual’s assessment of it. Hence the method 
f mental estimates of relative loudness is an important guide even if it is not the 
ost precise method of arriving at the (decibel, loudness) relation. Loudness scales 
hich are in conflict with the data of representative mental estimates are open to 
uspicion. The authors have apparently misunderstood the method of mental 
stimates employed by my colleagues and myself and I do not think that their ob- 
ections hold. If the five investigations that have been carried out on this subject* 
e compared, it will be found that, one being omitted, a representative curve may 
e drawn relating decibels and loudness on a scale, such that the loudness evoked 
by 100 db. above threshold is designated 100 and that any individual investigation 
deviates from the curve by not more than 8 db. (A lantern slide was shown.) An 
explanation of the faculty of making intuitive estimates of relative loudness is 
afforded by the nerve-impulse theory of auditiont, which also explains the pheno- 
mena observed when a sound of given intensity is applied to one ear and alterna- 
tively to both ears. ‘The theory indicates that the loudness is doubled in the latter 
case. If the relative intensities for monaural and binaural listening for equal loud- 
ness are measured, a (decibel, loudness) relation can be deduced. Data from two in- 
dependent sources show good agreement and a representative curve can be drawn. 
(A slide was shown.) Fletcher and Munsonf have proposed another method based 
on their theory of the loudness of complex sounds. But the general validity of their 
theory is doubtful as no distinction has been made between sounds with harmonic- 
ally related components and those with non-harmonically related components. ‘The 
enhanced loudness obtained with harmonic relations is beyond doubt and has been 


* L. F. Richardson and J. 5S. Ross, #. gen. Psychol. 3, 288 (1930)- D.A. Laird, E. Taylor and H. H. 
Wille, ¥. acoust. Soc. Amer. 3, 393 (1932). L. B. Ham and J. S. Parkinson, f. acoust. Soc. Amer. 3, 
511 (1932)-" P. H. Geiger and F. A. Firestone, ¥. acoust. Soc. Amer. 5, 25 (1933). B. G. Churcher, 
A. J. King and H. Davies, ‘The measurement of noise with special reference to engineering noise 

> ¥ Instn elect. Engrs (October, 1934). rote erie i 
ey Ds ahs Bettys aides “The measurement of visual sensation, Discussion, Proc. phys. 


. 45, No. 249, p. 565 (July, 1933)- 
“- Harvey rience and W. A. Munson, 7. acoust. Soc. Amer. 5, 82 (1933): 
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recently confirmed by Fletcher himself. i cehedantarii a an ! 
fore, admissible for the construction of a loudness scale. bt e rep ae 
ene estimates and monaural-binaural curves be compare J a give a et 
a loudness-range of 200 down to 0-4 will be found. (A slide ce, - ei. : © : 
curve based on these results is quite well represented by the law . a pa ere 
L is the loudness and d the decibels above threshold. (A slide was shown.) The “4 
cordance of the nerve-impulse hypothesis, the mental estimates and the monau 


binaural results seems to indicate that a representative, if not a unique, loudness 
scale can be formulated. 
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Mr W. West. Experience with subjective tests (i.e. tests of what the autho / 
term “psychological magnitudes”) has led me to regard these as comparative only 
requiring skill to ensure that the comparison is both apt and fair. I am therefore 
surprised to learn (p. 168) that telephone engineers and others believe loudness scales 
to be “true” scales. The most universally employed loudness scale is, as I rege c 
it, no more than a means of ascribing numerical values to one aspect of noisiness 
It has been given the name ‘‘equivalent loudness” in order to avoid confusion 
with the general use of the word “‘loudness.”’ It equates, by subjective test (com-~ 
parison), the loudness of a noise with that of a standard tone (arbitrarily selected 
1000 c,/sec.), and states the equivalent loudness of the noise in terms of the so 
pressure of the standard tone (an exact physical measurement). It seems to me that 
this method is referred to, but misrepresented, in paragraph 2, (iv) on p. 166. Detail 
of standardization of this scheme may not yet be complete, but the principle is ve 
generally accepted by engineers who have to measure noises. I would refer the 
authors to some tests and theories of loudness by U. Steudel*. 


Mr A. J. Atpripce. The measurement of loudness is becoming increasingly 
important and obviously some scale is necessary. The authors have investigated 
various suggestions, and, so far as I have followed them, have indicated that no 
present method is satisfactory. They appear to doubt whether any true scale is 
possible. If this be so, the only thing which engineers can do is to carry on with the 
more or less arbitrary scales that have been selected as most suitable for the par- 
ticular purposes they have in hand. On the other hand the authors, after having 
made a detailed examination of existing scales, and incidentally having pulled them 


to pieces, should be in a good position to suggest some improvement. I think we 
are entitled to ask them to do so. 


Mr J. Guixp. The authors have given a very clear treatment of the problem of 
loudness-measurement, as that problem appears to be envisaged by the majority of 
acoustical engineers. There are some points in the development of their arguments 
with which I do not completely agree, but as none of these leads to any material 
difference in the significant conclusions I will abstain from discussing them. 

A somewhat startling conclusion which has emerged from the discussion which 
has followed the paper is that workers on acoustical problems, in so far as they were 


* Hochfrequenztech. u. Elektroakust. 41, 116 (1933). 
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presented by the participants in the discussion, hold views which are essentially 
fferent from those of Dr Campbell on the kind of association between number and 
agnitude which constitutes measurement. If the theory of measurement depended 
| any way on a specialized knowledge of each field of phenomena in which it is 
yplied, one could hardly escape the conclusion that with this weight of specialist 
thority against him Dr Campbell would be well advised to revise his ideas; but 
e principles which govern the association of numbers with magnitudes in order 
nat the former may be measures of the latter and not merely more or less arbitrary 
merical tickets, do not depend on the nature or properties of the thing measured. 
hey depend simply on the nature of measurement, and it is difficult to believe that 
y physicist does not accept as fundamental the general principles on which the 
guments in the present paper are based. 


Mr L. V. K. Rein. It seems advisable to record an aspect of the work that has 
ached, to all intents and purposes, international acceptance. The particular field 
the measurement of hearing-loss on the sensation-unit, decibel scale, as laid down 
r use in connection with the 2-A and 2-B (Bell Laboratory) audiometers. Over a 
eady series of researches carried out in this country and America during the last 
elve years, by otological and research groups, it has been definitely established 
at not only may an observer’s hearing-capacity be charted, but such progress has 
een made with the principle that libraries have been laid down where tens of 
housands of hearing-test charts are now kept, and characteristic audiograms for 
se in diagnosis have been conclusively arrived at as a result of these investigations. 

The concrete application of the principle has been further established as a result 
f the recent two years’ Hearing Aid Research Survey, carried out under the 
uspices of the Ministry of Health, whereby a series of instrument-specifications 
ased on performance curves calibrated in a state laboratory made possible the 
ractical application of the work. A series of these instrument-performance curves 
vere converted to the sensation-unit scale, so that it became possible to match the 
ndicated hearing-loss curve with an instrument-performance curve compensating 
he patient’s defect with an accuracy proved to be useful.* 

As a result of careful comparisons, results have proved that a working co-opera- 

ion with otologists using the half-intensity-unit (speed of decay of a tuning fork) 
ethod of testing is simple and satisfactory, and as a result of steady investigation 
here hundreds of cases have been tested by both fork and audiometer methods, 
rovided that tests are carried out under silence-room or equivalent conditions, 
he discrepancies have been found to be practically negligible. 
In the light of the vast field covered by the subject, an abstract taken from the 
lar discussion held recently by the German group 
in Berlin seems to express the present trend to reach a general agreement of inter- 
national understanding in setting up an agreed unit and measurement, and whilst 
it is the writer’s endeavour to take an unbiased view, the results of our practical 
principle are proving of such value that there is little likelihood of an immediate 
* FH, M. Wharry, The Practitioner, 129, No. 5. 


conclusions arrived at during a simi 


PHYS. SOC. XLVII, I 


N. R. Campbell and G. C. Marris : 


a further unit in connection with our branch of th 


178 
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i i being carri inction 
A series of routine tests are tat aan) 
with three of our hospital research groups, and it is to be hoped that a new insigh 


ili irecti s may be established, even in the 

into an observer’s ability to detect directional sounds may i | 
: 
| 


f investigations and experiments have been com# 
lready in progress. These investigations seek 41 
na much neglected subject, the percentaaay 
s hearing by air conduction in relation te 


instance of a person with normal hearing, when a series of goon ee a | 
the combined bone-conduction and air-conduction hearing curves gg — 

The object of bringing these facts to light is to eliminate any alte fa 
erroneous idea being formed in connection with the measurements © ; a | 
capacity by established sound-intensities over a series of Speers sss and to offer 
the assurance that data are to-day available which prove beyond any question 0 
doubt that the unit adopted in connection with our own field of work is adequate 
suitable, and offers a method of dealing in an entirely satisfactory manner with ¢ 
individual’s hearing-capacity, by the use of a measured scale which is now accepted 
and in use in centres and hospitals in the majority of cities throughout the world. 
The data, performance curves, and some thousands of audiograms taken in con 
junction with otological and research groups, together with records of the work 
accomplished in America and Germany in this field, have been compiled and it ist 
to be hoped that, when a little further investigation dealing with the aspect of bone- 
conduction hearing has been reached, full publication will be possible. 


Mr H. Davies. In considering the method of mental estimates, § 2 (i), the authors § 
have raised the question of the nature of the criterion involved in the decision that? 
one sound is, say, twice as loud as another. It has been suggested by Dr R. T.. 
Beatty* that for a pure tone the criterion is the number of afferent nerve impulses 
per second evoked by the stimulus and that we assign numerals to auditory sensa- 
tions by analogy with the nerve impulse frequencies involved in the more familiar 
experience of lifting weights. 

The idea is very suggestive and in a paper which is to be published within a 
few days+ I have shown that if this hypothesis is accepted it is possible to construct | 
a scale of loudness from the data of monaural and binaural minimum-perceptible 
changes of intensity by a method quite different from any of the four considered 
by the authors. Although it uses the minimum-perceptible-change data the method 
does not, of course, involve the process of integration of minimal changes to which 
the authors have administered so effective and so well merited a castigation. 

In § 2 (ii) the authors have instanced a recent publication of Messrs Churcher 
and King and myself as indicating that there is a unique loudness relation, analogous 
to the octave, which is more readily identified than any other by the untrained ear. 
Of this I am not convinced. The work referred to is not entirely conclusive on this’ 


* Proc. phys. Soc. 45, 572 (1933). t Phil. Mag. (Nov. 1934). 
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int, since the only ratios employed were 2: 1 and 4: 1, and if there is any par- 
cular facility associated with the octave relation it will presumably also be in- 
ved in some degree in the double octave. Fact (j) therefore still remains open to 
1estion, but on the ground of introspective experience I doubt whether it is true, 
‘cept in so far as 2: 1 is the simplest and most easily appreciated numerical ratio. 
he authors discuss the use of the 2: 1 ratio and they suggest that its simplicity is 
Jevant to counting but that “the facts on which counting is based have no ana- 
gues in the field of loudness.” But if, as has been suggested, the estimation of 
udness is essentially an estimate of nerve-impulse frequencies, then the process 
analogous to counting and the simplicity of the ratio 2:1 has significance. 

It will be agreed that in making an estimated partition of a straight line ruled on 
aper the easiest division is into two equal parts and that the difficulty of the opera- 
on increases with the complexity of the divisional fraction. Considering only the 
1ental state of the subject making loudness-estimates, I rather think that the facility 
onferred by particular ratios is much the same in the two cases. In fact, I should 

pect to obtain very similar results using estimates of 4 and } loudness, but would 
pect somewhat greater dispersions with estimates of, say, 3 or 7. 
Whilst discussing this matter the authors refer to the case where a sound B is 
0 a sound A as 2: 1 and a third sound C “‘bears to B the relation of B to A”, and 
ey state that to assign the numeral 4 to C is ‘‘simply blundering.” As one who 
as indeed done so, I am afraid that I am quite unrepentant. Surely this is only the 
uestion of interval again. If the difference between C and B is the same as the 
ifference between B and A, then, as the authors say, the numeral 3 should be 


ssigned to C. But if we accept 
Uv 
d (u, v) = 


hen when we say that C: B:: B: A we mean that the ratio of C to B is the same as 
he ratio of B to A, in which case we must assign to C the number 4. 

~ With regard to the facts set out in § 1 it has been usual, in the past, to consider 
hat the loudness of a combination of sounds is independent of the relative phasing 
f the components. Recent work by Chapin and Firestone* however has cast doubt 
pon this. If the effect of phasing is significant, then fact (e) as stated is not sufficient 
nd another variable must be introduced. Similarly relation (1) will not hold even 
f A and A’ are pure tones of the same frequency. 

The authors have provided such a valuable addition to the literature of this 
ubject that it may seem ungracious to raise objection to minor points, but is not 
he term ‘“‘mental estimates” sufficiently general to cover also the methods which 
he authors have classified as ‘equal relations”? I would like to suggest that the 
xpression ‘‘mental estimates” be reserved as a general description of all methods 
nvolving estimates of sensations and that the particular process referred to in 

2 (i) be termed, say, ‘estimated interpolation.” 


Dr W. D. Waricut. I believe that the problems which the authors are trying to 


* BE, K. Chapin and F. A. Firestone, ¥. acoust. Soc. Amer. 3, 173 (Jan. 1933)- 
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t because of two main misconceptions in thei 


‘deas. The first is that they do not yet appreciate the nature of a psychological ; a 

i i the discussion on Dr Campbell’s previous paper on the a 0 
ede I had occasion to quote a statement of Mr Guild’s and I feel tha 
it is very necessary to repeat and emphasize it here. The statement was to the effi ° 
that ‘“‘we cannot measure the magnitude of a sensation. We ae eS al 
isolate a unit of sensation from which to build up a quantitative sc a magnitu 
as required by all processes of measurement. This does not mean : at ae 
make subjective estimates of the magnitude of a sensation ; that in ae is the ony 
means we have of obtaining quantitative information about sensations. If we wish 
to measure a length, we lay a calibrated scale of length alongside the unknown leng 
and compare the two; if we wish to measure sensations, we must have a calibrate 
scale of sensation values before we can do so. Such a scale cannot be construct 
and the attempt at measurement must be abandoned. 

There is no evidence that this basic fact has been understood by the authors 
One example may serve to illustrate this point. They contend that loudness is n 
additive because (p. 154) ‘‘e can always be chosen so that if it is sounded simu 
taneously with a comparatively faint sound the combination is louder than that sound 
but that if it is sounded simultaneously with a loud sound, the combination is no 
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investigate in this paper only exis 


visual sensations, 


loudness is additive or not, because so long as we cannot isolate units of sensation’ 
it is impossible to carry out the experiments with the proper entities. 
myself conceive that it could be otherwise than additive, but that conviction 
admittedly in no sense an experimental proof. 

Although the authors entitle their paper ‘““The measurement of loudness,” 
they are not really concerned with such a measurement but are trying to find a 
comprehensive relation between stimulus magnitudes and sensation magnitudes,} 
which is very different from the measurement of a sensation. But just as sensation: 
measurement is an impossibility owing to the nature of the quantity to be ae 
so the derivation of a relation between stimulus and sensation is equally impossible, 
even if we could measure sensations, owing to the nature of the organ connecting 
the stimulus and the sensation. This is the second misconception of which the authors 
are victims. ‘hey seem to regard the sense organs as physical instruments in which 
when you apply a certain stimulus at one end, you will always get the same a 
at the other. This, of course, is quite wrong. In the case of the eye, two different 
coloured lights may be of equal brightness under one condition of the eye, but 
under another state of adaptation they may be of entirely different magnitudes. 
Evidently no stimulus-sensation relation can be postulated that will hold for both 
these conditions. It would be equivalent to using the same calibration curve for 
Bee iain ahr incey Effects of this kind are possible for any of the sense 

, and the facts must be faced. If they are faced, only one 
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nclusion is possible, namely that no stimulus-sensation relation can be found 
hich will be applicable to any but very limited variations of stimulation. 


Dr L. F. RicHarpson. (i) What is a fact? It is customary in psychology to admit - 


at phenomena peculiar to individual persons are facts. To demand universal 
lidity would be unscientific. Once this general principle is conceded, it follows 
at mental estimates of loudness are facts, and therefore respectable. And we 
:turally pass on to consider the means and standard deviations of mental estimates 
ade by numerous persons*. (ii) In a recent paper F. H. Gage shows that bisection 
intervals of loudness leads to a remarkable misfitt. But Gage assumed that a 
ed stimulus always produced the same sensation, thus neglecting successive con- 
ast. Contrast may account for the misfit which Gage has found. (iit) Is it necessary 
blame Fechner so severely for using an integral as an approximation to a sum? 


Autuors’ reply. (1) Two facts, unknown to us previously, emerged in the dis- 
ssion. We will state and examine them in a way concordant with the rest of our 
per. The first is that on which the monaural-binaural scale depends. The fact 
re is that, given a sound B, another sound M can be found such that M heard 
onaurally is as loud as B heard binaurally. It is not a fact that to sound M must 

attributed twice the loudness of sound B; that would be a fact only if binaural 

aring were the addition, in the physical sense, of two monaural hearings. But a 
und heard by one ear decreases the power of the other to hear very faint sounds; 
ere is therefore evidence of a decrease in sensitivity accompanying the first step, 
hich is fatal to additiveness. An analogy may help. If two similar bodies, each 
ated to 100° C., are dropped into water at o° C., the rise of temperature is not 
ice that which occurs when one is dropped in. That is because the first body in- 
eases the heat-capacity and therefore decreases the sensitivity. There is therefore 
definite reason for not calling the loudness of M twice that of B; if the monaural- 
inaural scale agrees with the 2: 1 scale, that is evidence against the latter. 
The second fact is that of Mr F. H. Gage. What he has shown is that relations, 
entified with equality because they are symmetrical, do not always (or usually) 
rove to be transitive. Equality in our discussion always implies transitiveness as 
ell as symmetry. (For this reason we do not accept the definition of equality 
ered by Mr Floyd in his last paragraph.) The method of equal relations demands 
oth qualities, as we pointed out. Accordingly within the range of Mr Gage’s facts 
at method must be impossible; here we agree with him and Prof. Shaxby. 

(2) For the rest we propose merely to underline and sometimes to expand state- 
ents made in our paper, taking them in the order in which they stand there. In 
ddressing a Physical Society we felt justified in using “measurement” and its 
lied terms in the sense familiar to physicists, and ignoring entirely the very differ- 
nt sense in which they are used by psychologists. There seem to be two chief 
ifferences. First (if we understand Mr Floyd) psychological magnitudes are all 
hat physicists call statistical magnitudes; the magnitudes we are concerned. with 


* L. F. Richardson and J. S. Ross, 7. gen. Psychol. 3, 288-360 (1930). 
+ F. H. Gage, Proc. roy. Soc. B, 116, 103-119. 
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are not statistical, but simple. Secondly, if we understand Dr Wright, a “magni- 
tude” can be “measured” psychologically, apart from all other magnitudes, what- 
ever its qualities. In physics only additive magnitudes can be measured by them- 
selves; all others are measured by means of relations between other magnitudes. 
Since loudness is not additive, it can only be measured in the second way. Accord- 
ingly establishing a relation between stimulus-magnitudes and sensation-magni- 
tudes is not, for a physicist, a different thing from measuring loudness; it is the only 
possible way of measuring it. 

As we said at the meeting, we do not believe that any part of our paper (except 
possibly § 4, which we do not defend seriously) has any relevance whatever to 
psychology. We address ourselves solely to physicists, who show by the discussion 
that they understand us except possibly in one particular: this is the significance of 
addition. The conditions stated in (1) are necessary, but not sufficient, criteria of 
additiveness. To state the sufficient criteria completely would take too long. Those 
who are inclined to doubt our statement that loudness is not additive should con- 
sider other cases of approximate additiveness, e.g. quantity of heat (mentioned 
above) or the output of a photoelectric rectifier cell. 

(3) It is ungracious to quarrel with such a staunch supporter as Mr Guild; but 
we wish he would not speak of the association of numbers and magnitudes. The idea 
that numbers are associated with all magnitudes is the source of the fallacy which 
Dr Beatty upholds in his last paragraph. Only A magnitudes are associated with 
numbers; other magnitudes are associated only with numerals. 

(4) We have never assumed responsibility for our ‘‘facts’’; we have merely 
chosen those which, if they are facts, give the greatest chance of establishing a scale 
of loudness. If they are not facts, as some critics suggest, then the only conclusion 
is that the chance of establishing such a scale is even less than we estimated. 
tal (5) In reply to a question put at the meeting, we define “‘intensity”’ by postulate; 
it is anything that makes (e) and (f) facts; both pressure and energy, measured in 
free space or in a telephone receiver, are intensities. : 

(6) We still refuse to define a fact formally. But it may help Dr L. F. Richardson 
if we point out that (in our sense) it is a fact that some people like blubber, but not 
a fact that blubber is delicious. Everyone agrees concerning the habits of the 

Eskimo, but not everyone shares their tastes. 
i aremtkg ere hiitore ns 
oe nce. king agreement for technical purposes, it is per- 
eee Fe panos: ares hac systematic, are small. (Such differences 
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Churcher’s various methods of obtaining a scale may arise from the use in all of 
them of the same arbitrary assumption concerning ¢. If so, change of the assump- 
tion will alter all the scales in the same way and leave the agreement unchanged. For 
this reason even true agreement between several scales would not show that all are 
based on facts. 

Our admission that systematic differences might be ignored for some purposes 
must not be taken as an admission that we regard those which Dr Beatty and Mr 
Churcher propose to ignore as actually negligible. On the contrary, in the branches 
of acoustics of which we have most experience, systematic discrepancies of 8 db. 
(a ratio of 6: 1) would be very important indeed. 

(8) We do not understand the relevance of Dr Beatty’s theory of afferent im- 
pulses. If it is consistent with the facts that mental estimates differ and that loudness 
is not additive, it may be true but it adds nothing to the facts. If it is not consistent, 
it is simply false. Theories may explain facts; they cannot explain them away. If it 
should ever prove possible to count the afferent impulses, the theory might be con- 
verted into a new set of facts. But we cannot see how they could help. If the re- 
lation of the number of afferent impulses excited by a sound X to that excited by a 
sound Y were the same for all observers, the number may be a function of intensity, 
but it cannot possibly be a function of directly estimated loudness. If it were not 
the same for all observers, how should we be advanced in our search for relations 
valid for all observers? 

(9) (Mr Cosens) No questions could fail to be leading questions, in our sense of 
the words, if the word “twice” were suggested at all to the observer. (Mr Davies) 
There is no blunder “‘in assigning the numeral 4 to C,”’ unless at the same time ‘‘re- 
lation” is identified with arithmetical difference. If relation means arithmetical 
ratio, of course the assignment is right. 

(10) We regard the physical errors of Fechnerism as even more disastrous than 
the mathematical; that is to say, the belief that all equations can be physically 


"integrated, or that non-additive magnitudes can be added. 


(11) We repeat that we do not regard a scale as necessarily useless because it is 
not based on facts. We accept fully Mr West’s and Dr Rein’s contention that certain 
scales are very useful in co-ordinating certain limited groups of observations. But 
we think they will find that their convenience arises merely from their providing a 
short name for a relatively complicated function of intensity; and that the observa- 
tions could be described completely, though more cumbrously, without reference 
to anything but intensity. 

(12) Finally we must deal with Mr Aldridge’s plea. No scale would be satis- 
factory, in the very limited sense of this paper, unless it were wholly based on facts. 
If the facts on which a satisfactory scale could be based are not at present available, 
we could do what he asks us only by providing new facts. New facts can be provided 
only by discovery or by creation; for the present we are leaving these functions to 
others more competent than ourselves. 


184 


THE RECTIFYING PEAK VOLTMETER AS A 
STANDARD INSTRUMENT 


By A. T. STARR, M.A., B.Sc., Faraday House, London 
Addendum to paper previously published* ; received September 9, 1934. 


4 
In §6 of the paper as published the error due to the ae = Ka ioe 
from the standard condenser to the rectifier was discusse * . zs “aps Tae 
shown to have a shunting effect whose value was calculated: it has, ; fe fe = : 
important effect on the error due to overbiasing, and discussion o 
eee Lae paper shows the actual configuration of the ea Pa 
voltmeter and figure 14 shows an exact equivalent. Appendix I show s that t = ae 
biasing produces a constant error of e volts in the latter configuration, so tha 


error is ( e=E ast) x 100 per cent, 
Pe: (¢ teen) x 100 per cent. 


The effect of the lead-capacity C, is thus to increase the overbias error from e 
to e(C+C,)/C. ; 

Dr L. G. Brazier discovered this effect experimentally. He used a sphere gap 
of 10upF. as condenser C, and the lead-capacity C, was 5000 eek. The rectifying 
system was full-wave, the valves were LP. 4, the grid bias was g V. on each valve, 
and the overbias was in the neighbourhood of 70 V. Dr Brazier found that there 
was a constant error of 25 kV. r.m.s. with this arrangement. The theory given above 
shows that the overbias of 70 V. is multiplied by 501 because of the lead-capacity, 
so that the error is as follows: 

70 x 501 = 35 kV. (peak) 
= 35/2 kV. r.m.s. 
=25 kV. r.m.s. 
This agrees very well with the experimental values. It was in fact the experiment 
which led to the discovery of the omission in the theory, and the author wishes to 
thank Dr Brazier for having thus directed him to the omission. 

The fact that the error due to overbiasing was constant at 2 5 kV. shows that the 
curvature of the valve characteristic had no appreciable effect. 

In conclusion we can say that the lead-capacity may be as high as 20,000 uF. 
so far as the shunting of the rectifier is concerned, but it must not be so large that 
e(C+C,)/C is an appreciable error. In practice the bias should be adjusted to be 
a little more than that required to suppress the zero current t. Then the bias should 


be intentionally increased by, Say, 50 per cent or 75 per cent}. If no change occurs 
in the rectified current, the error due to overbiasing is negligible. 


* Proc. phys. Soc. 46, 35 (1934). t+ With LP. 4 valves a grid bias of 4's V. is required. 
} With LP. 4 valves 1-5 or Bai : a 
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DEMONSTRATIONS 


“The velocity of sound in sheet materials.’’ Demonstration given by A. B. Woop, 
D.Sc., F.Inst.P. and F. D. Smit, D.Sc., A.M.I.E.E. November 16, 1934. 


A RECENT paper* on this subject describes a method of setting sheets of various 
materials into transverse vibration by bringing a vibrating nickel tube into contact 
with them. The reflection of these waves from the edges of the sheet produces a 
pattern of stationary waves which is made visible by sand scattered on the plate, 
after the manner of Chladni’s figures. The separation of the nodes in the pattern 
is of the same order as the half-wave-length for transverse vibrations. ‘The high 
frequency of vibration used by the authors results in a small wave-length and a 
pattern with a fine structure: in effect, a sheet of moderate size is large in com- 
parison with the wave-length. The fact that the extent of the sheet includes a large 
number of wave-lengths has practical advantages. If the transverse vibration is 
subject to appreciable attenuation, as with rubber, cardboard, paper, ebonite and 
similar materials, the waves reflected from the remote edges of the sheet are practi- 
cally extinguished: those reflected from the near edges produce simple interference 
patterns from which numerical values of the velocity of sound can readily be 
calculated. 

To demonstrate the results described in the paper, sand patterns were formed on 
sheets of various materials by bringing a magnetostriction oscillator vibrating at 
20,000 c./sec. into contact with the sheets. Complicated patterns of the usual 
Chladni type were formed on resonant materials, figure 1 of the paper: and rect- 
angular hyperbolas were obtained on ebonite, figure 3 of the paper. The hyperbolas 
can be used to calculate the velocity of sound in the material. 

In the demonstration a method of obtaining a simple pattern in a resonant 
material such as aluminium was shown, figure A. The aluminium sheet, of thick- 
ness 0°031 in., was damped by placing it between two sheets of spongy rubber ex- 
cept for a narrow strip along one edge. A light and uniform pressure was maintained 
on the damped portion of the sheet by a slab of solid rubber resting on the top. The 
undamped exposed strip was set into transverse vibration by bringing a magneto- 
striction oscillator into contact with it. The suppression of waves within the damped 
part of the sheet, without reflection at the damping edge, results in a simple pattern 
of parallel lines’ within the undamped part. Since these are spaced at half-wave- 
length intervals, the velocity of sound in aluminium can readily be found. 

If the magnetostriction oscillator is applied to the sheet at an angle instead of 
normally, more complicated modes of vibration involving tangential movement of 
the sheet are excited. A curious pattern formed in this way ona sheet of keramotT, 
0-031 in. thick, was shown, figure B. This material has appreciable internal damping 
and it is certain that the pattern ‘s not formed by interference with edge-reflected 


* Page 149 of this volume. + A commercial insulating material. 
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erns are also formed in other sheets, if edge-reflected waves are 
1 damping. The wave-length in the en is 
different from that of the simple transverse waves, as shown by the hyperbolas in 

ee hotograph. It seems that the pattern 1s due to interference between 
fi fas of = fe propagated outwards with different velocities from the ee 
of . itation. One of these is probably a transverse vibration of the type considere 
in eee: Pid is excited by a force normal to the Se eee en bi ie E 
a force tangential to the surface. The pattern 1s produce a yw oe 
ponents are present. Provided that the magnetostriction ET is =PP pea. 
ally to the sheet so as to excite simple transverse waves only, the anomalous p 


waves. Similar patt 
prevented by internal or externa 


do not occur. 
: In figure B the oscillator was placed in contact with the point marked O and 


inclined at an angle of about 45° to the line SO and at right angles to the line EOW. 
The normal component of force excited a transverse vibration radiating uniformly 
from O. The tangential component of force excited a tangential vibration radiating 
mainly in the directions ON and OS; these vibrations Were in opposite phase, with 
the result that the interference patterns on the opposite sides of the line EOW were 
complementary, the nodes of one corresponding to the antinodes of the other, As 
there was no tangential force in the directions OF and OW, there were no inter- 
ference patterns in their vicinity. 

The transmission of high-frequency vibrations through a long thin wire 
mechanically connected to the magnetostriction oscillator was also demonstrated, 
the remote end of the wire producing transverse vibrations in sheets as in the cases 
mentioned above. 
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““A simple apparatus for measuring the pull between two magnetized surfaces.” 

Demonstration given by Prof. J. T. MacGREGOR-Morris and C. R. STONER, 
B.Sc. (Eng.), A.M.I.E.E. October 19, 1934. 


Introductory. A comprehensive examination of electrical-engineering and physics 
laboratories reveals the fact that experiments illustrating the relation between the 
magnetic flux and the pull between magnetized surfaces are seldom performed. 
The present investigation was started many years ago in the hope of meeting this 
need. ‘The aim which the authors have had before them was to produce a robust 
and at the same time a fairly accurate piece of apparatus. A few laboratories have 
magnetic-pull permeammeters, but in some of these the apparatus is not used owing 
to its clumsiness in operation; and generally where any determined attempt has 
been made to correlate the pull with the flux, erratic results have been obtained and 
the value of the pull has been found to be too high, especially at low flux-densities. 
The apparatus about to be described was no exception as far as these matters were 


concerned, until a prolonged and concentrated effo 
difficulties. 


The pull between two magnetized surfaces as related to the flux passing across 
the gap has been examined experimentally by several workers. The theoretical re- 


rt had been made to master the 
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lationship was proved by Maxwell to be P= B?A/8z, where P is the pull in dynes, 
B the flux-density in lines per cm?, and A the cross-sectional area of the gap. Early 
experimenters obtained erratic results which were always higher than the values 
calculated from the formula, especially at low flux-densities. Later Threlfall dis- 
covered that this was due to the surfaces tending to tilt when parting; this increased 
the flux-density over a part of the surface, and although the area was decreased, 
yet because Poc B? the pull might be greater under such conditions than with a 
lower B over a larger area. This effect is found to be particularly noticeable when B 
is small, because then the reduction of area brought about by the tilt does not pro- 
duce saturation. Taylor-Jones, using guides and other refinements, obtained con- 
sistent experimental results which differed by only } per cent from the calculated 
values between B=6000 and B= 10,000. 
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Figure 1. Magnetic-pull apparatus. M, M, magnetizing coils; SC, search coils; PP, surfaces 
which part; UP, upper pole-piece; SP, spring; W, weight; CB, counterpoise; D, non-magnetic 
disc; C, collar. [The left-hand drawing has been reduced to }, but the right-hand drawing has 
not been reduced.] 


A number of workers have interested themselves in the problem of producing 
a permeammeter in which the value of B should be measured by the pull produced. 
Although, as we have seen, it is possible to produce such experimental conditions 
that agreement with theory is obtained, yet it is difficult to embody these conditions 
in a robust permeammeter. The important problem of flux-leakage has been almost 
entirely neglected in the permeammeters that have been developed, and either all 
the ampere-turns are assumed to be expended upon the specimen, or resort is made 
to a rather unsatisfactory calibration. 

Description of the authors’ apparatus. For their experimental investigations the 
authors have constructed the apparatus illustrated in figure 1. This has been de- 
signed to permit of comparisons between values of magnetic flux obtained from 
pull and search-coil measurements, and also an investigation has been begun into 
its possibilities as a permeammeter. Only the comparison work however will be 
discussed here. 

It will be seen that the magnetic circuit is completed through a stalloy spring 
which is treated as a fulcrum; the dimensions are 15 x 19 * 0:06 cm. The effect of 
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the manner in which the pull between the surfaces falls off as — mas a 

This has been obtained from tests with different ae wae “ 

Ree atk separators as described later. It will be seen ee t ee ae 

the decrease in attraction is so much more rapid than the decrease an 

moment of the weight that the mechanical stiffness of the spring can : a 

The top coil is mounted upon the top beam and therefore = RE ion a 
the current-carrying coils is added to the magnetic attraction. 1 his force W 


Moment due to weight 


me 
HELE 
| Ea 
Bs 
X 


Moment (gm.-cm. X 107°) 
bho 
i) 


; ae 
oa 
12 
104 ot i 
Separation (mm.) 
Figure 2. 


calculated and measured very approximately and found to be exceedingly small— 
less than the constraint produced by the spring. The attraction of the top beam by 
the lower coil was also found by experiment to be negligible. 

Method of measuring flux-density and pull. Two similar search coils having an 
equal number of turns are wound one on each pole-piece. These are first opposed 
in a ballistic galvanometer circuit and the currents in the magnetizing coils are ad- 
justed till minimum deflection of the galvanometer is obtained on reversal, this being 
less than 1 per cent of the deflection produced by either search coil alone. The search 
coil on the lower pole-piece is then used alone to measure the flux-linkages and 
hence B is obtained, the galvanometer being calibrated each time by means of an 
air-cored toroid of known dimensions. 

The pull is measured by cautiously moving the weight along the beam until the 
magnetized surfaces part, noting the distance at which this occurs, and hence, by 


} 


Demonstrations 189 


calculating moments, finding the pull at the gap. The current is then switched off 
the gap is closed by sliding back the weight, and then the current is switched on - 
the reverse direction. In this way the magnetic circuit is kept in a cyclic state and 
readings can be repeated. 

Results. In the apparatus in its original form comparison between B as measured 


‘by pull and the same quantity as measured by ballistic galvanometer showed erratic 


results, the pull-measurement being always too high; errors as great as 20 per cent 
were common at B=6000, and to per cent at B=12,000. Successive readings of 
the pull were as a rule consistent among themselves, but readings taken at different 
times usually showed quite different percentage errors. A systematic check of 


B at gap (c.g.s.u. X 107°) 


Ampere-turns 
Figure 3. A typical set of results. 


possible errors in the galvanometer-calibration etc. was made and failed to reveal 
any discrepancies. 

A study of the work of Threlfall and Taylor-Jones suggested that the irregulari- 
ties were due to tilting on parting, and so a collar with three guiding claws was 
devised. A rod was also screwed into the top of the upper pole-piece and this slid 
through a ring-shaped guide supported from the base of the instrument as indicated 
by the dotted lines in figure r. The screw thread on the upper pole-piece was opened 
out so that the guides could maintain a vertical movement of the pole-piece over 
a sufficient distance. The apparatus was now assembled while a magnetizing current 
was flowing. All constraints having been removed, the pole-piece was allowed to 
bed itself down magnetically into its correct position, and the guide was then locked 
in its place. A light was placed behind the gap so that the pole-piece and specimen 
could be seen to be in the correct position. The results obtained were disappointing, 
for they were as variable as before and errors were of the same magnitude. 

It was then decided to insert a thin disc of non-magnetic material between the 
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so as to produce a small permanent gap with pos ae 
for tilting. Now the errors were found to be greatly eg ; gu 
et aa a arious thicknesses were tried and figure 4 gives the percentage 
Tos seca ae of discs of different thicknesses operating at various flux- 
as uy : Bike. seen that the use of a disc between 0-1 and o-2 mm. thick brings 
eae i between pull and ballistic-galvanometer measurements to within 
a Sere values of B above 6000. The use of a thicker disc makes the pull- 
Pe cient deficient, owing in all probability to magnetic pee pl. 
Tests were then made with a ovIl mm. disc, and on removal o t - c mip. 
guide the results were found to be almost identical with those obtained when 
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Thickness of disc 
Figure 4. Curves of percentage error for different thicknesses of discs (in mm.). 


collar and guide were in use; it proved however desirable to retain the collar, as 
otherwise the disc occasionally worked out of the gap during the progress of a test. 

These results appear to prove that the guide was insufficiently rigid to prevent 
the extremely small tilt which caused the error, and the insertion of a non-magnetic 
disc provides a much simpler solution. 

It may be objected that it is bad policy to insert a definite air-gap in the magnetic 
circuit, but it should be remembered that no matter how perfectly the surfaces are 
worked up from the magnetic point of view there is always an equivalent air-gap, 
of small dimensions it is true, but still quite measurable in its magnetic effect and 
varying with the flux-density. 

It appeared to be better, therefore, to insert a definite gap intentionally so that 
its effect would be more nearly constant at all flux-densities and at the same time 
the errors due to incorrect parting would be reduced to a negligible amount. 

Conclusions. 'The apparatus has now been in the hands of students for some time 
and consistent results are obtained. It is believed to be more convenient and more 


accurate than any other apparatus which the authors have seen for the demonstration 
of the tractive force between magnetized surfaces. 
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REVIEWS OF BOOKS 


Higher Mathematics for Engineers and Physicists, by 1. S. SokotntKorr and E. 5. 


SoKOLNIKOFF. Pp. xiii+482. (New York and London: McGraw-Hill.) 
P2ASanct. 


_ We know what to expect in a book entitled “ Mathematics for Engineers” —a discus- 
sion of how many figures to retain in multiplying 19°34 by 14:17, a long disquisition on the 
differential equation # + k2) +m2y =cos nx, a bit about imaginaries, and all the rest of it. 
This is not one of the family. It is a book on Higher Mathematics for Engineers, and is an 
admirable introduction to its subject. For some reason (or rather, without reason), the 
authors apologize for addressing the book to physicists as well. Possibly conditions are 
different on the other side of the Atlantic, but certain it is that if every British physicist 
mastered this book, few of them would have wasted their time. 

The authors plunge into their subject with a chapter on elliptic integrals, and then deal 
with the numerical solution of algebraic and transcendental equations. Horner’s method 
is included, but one regrets to notice that the method of iteration is not mentioned. After 
a somewhat sketchy introduction to determinants and matrices, from which the multipli- 
cation law for matrices is omitted, we come to one of the best chapters in the book. 'This 
is on infinite series, and gives most of the common tests of convergence, deals clearly with 
uniform convergence, and even gives an example where Taylor’s development of a function 
does not sum to the generating function. Then come chapters on partial differentiation, 
Fourier series, multiple integrals (with Jacobian introduced), line integrals and improper 
integrals, and ordinary differential equations. The chapter on the latter again is noteworthy 
for its thoroughness, dealing as it does with non-linear equations of the second order, and 
with the method of variation of parameters. It is useful to find in the chapter on line in- 
tegrals a proper investigation of the conditions under which the value of the integral is 
independent of the path. 

The chapters on partial differential equations, vector analysis, and probability and 
curve-fitting are less distinguished, whilst the final chapter, on conformal representation, 
is again very good. This chapter is extracted from a lecture by another author, but one 
feels after reading the rest of the book that the Sokolnikoffs could have written one at least 
as good, and the rather noticeable change of style would not then have occurred. 

The book is well stocked with examples, mostly rather easy, and the publishers are to 
be commended on their foresight in printing the words “‘first edition” on the title-page. 

J.H.A. 


Mathematical Problems of Radiative Equilibrium, by EBERHARD Hopr. Pp. vit 105. 
(Cambridge Tracts in Mathematics and Mathematical Physics, No. 31. Camb. 


Univ. Press.) 6s. net. 


This tract treats of problems connected with a certain integral equation which occurs 
on the theory of the outer layers of a star. To quote the preface: “The astrophysicists 
mostly contented themselves with an approximate solution of these problems. Owing to 
a certain inherent beauty, however, they aroused also the interest of the rigorous mathema- 
tician. It is the purpose of this tract to attempt a coherent representation of all that has 
been achieved in the direction of a rigorous solution of those standard problems.” For the 
purpose in view, the tract is of high excellence. ne an 

In reading it, I have to struggle with a feeling that it 1s rather sacrilegious to treat a 
star in this way. Of course, it is not an actual star that is butchered to make a pure mathe- 
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> star invented by Schwarzschild, or a purely scattering 
i ted by Schuster. I fear the reader may not realize that, although the maa. 
eee nee roblems rigorously, he treats them more rigorously than an actu 
ee hay to do Cainly the rigorous mathematicians have secured one triumph. 
The Fe had a a kind of competition to give the best approximation to the ratio of pe 
ee dary temperature to the effective temperature in a gray star. eee enn = —_ 
ratio was first given by Schwarzschild as 0-5; there were four we r PP eee 
ranging between 0°42 and 0:44. Hopf and Bronstein, by difficult mathematics 
cupies many pages in this tract, found that the exact value was v al. y goes 
It may not be out of place to recall that Sir Arthur Schuster, w es e = ee ‘ 
was the pioneer on the astrophysical side of this subject, and his am a —— roug 
a Foggy Atmosphere” (1905) is continually referred to by modern writers as ac aie 
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matician’s holiday; it is a “gray 


Theoretical Physics, by G. Joos. Translated from the first German edition by I. M. 
FREEMAN. Pp. xxiv+748. (London: Blackie and Son, Ltd.) Price 25s. 


The first German edition of this book, published in 1932, had an immediate success, 
and the second edition is already announced. A new chapter on nuclear physics, which is 
being added to the second German edition, is incorporated in the English translation. 

The scope and general nature of the book are already well known to many English 
users, and the briefest description may suffice here. The text opens with a seventy-page 
mathematical introduction. This is followed by six sections dealing in turn with mechanics 
(including relativity mechanics), the field theory of electro-magnetic and optical pheno- 
mena, the atomistic nature of electrical phenomena, the phenomenological part of heat 
theory, the statistical part of heat theory (including quantum statistics), and finally 
nuclear, atomic and molecular structure and spectral theory. 

There are, of course, omissions, but the material has been very well selected, and the 
treatment is admirably suited to the needs of the average serious student of physics. Here 
and there the text is supplemented by examples, to which worked solutions are supplied. 
It is not to be expected that a book of this size should give an adequate knowledge of ad- 
vanced physics, but Prof. Joos has written a text which may serve as an excellent intro- 
duction to more detailed study or as a valuable synopsis of knowledge properly acquired 
in a less concentrated form. 

The publishers have hit upon the singularly happy idea of employing a translator with 
a knowledge of the subject and of the two necessary languages; in brief, the translation is 
good, and we only rarely encounter passages which might have been clearer if the trans- 
lator had been willing to take greater liberties with the original phrasing. The book is well 
produced, and is remarkably good value at the price. 

__ The one adverse criticism, which applies to any sound translation of a good Lehrbuch, 
is that the translation plays too much into the hands of those science students who are 
already only too content to remain bi-, uni-, or even semi-lingual. This is a pity. 


H.R.R. 


Atomic Structure and Spectral Lines, Vol. 1, by A. SomMeERFELD. Translated from 
the fifth German edition by H. L. Brosg, M.A., D.Phil., D.Sc. Pp. xi+675 


with 151 diagrams. (‘Third English edition. London: Methuen and Co. Ltd.) 
35s. net. 


In the latest German edition of Sommerfeld’s classic work the subject matter is divided 


into two volumes, volume 1, which ap d i i isi 
A ) - peared early in 1932, being a revision of the fourth 
(single-volume) German edition of the original Atombau und Spektrallinien, and volume 11 


| 
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Cs elaboration of the supplementary work Wellenmechanische Ergdnzungsband of 1928. 
Accordingly the new English edition is also to appear in two volumes, the first of which is 
now before us. Compared with the two previous English editions, this volume is in part 
an abbreviation and in part an extension; its scope will therefore be pretty well known to 
many readers, and need not be outlined here. Since, as Prof. Sommerfeld himself remarks 
in his preface, it is possible to understand the new quantum theory only by building it up 
from the old, the present volume deals both with the fundamental experimental material 
and also with the conception of orbits as a means of introducing the quantum numbers and 
as models for subsequent wave-mechanical calculations. The results established by the 
older theory are given throughout in the forms appropriate to the newer mechanics, the 
later proofs being reserved for the next volume. The methods of Hamiltonian mechanics, 
which previously appeared in the Mathematical Appendix, have now been included in the 
text, whilst certain other matter has been transferred from the text to the appendix. The 
treatment of multiplet structures has been revised and extended by the inclusion of Pault’s 
Principle and electron spin. In view of the extent and importance of the recent develop- 
ments of the study of band spectra, the treatment of this subject in the forty-page chapter 
to which Prof. A. Kratzer and Dr K. Bechert have contributed seems rather inadequate. 
Prof. Sommerfeld, it is true, points out in his preface that this short chapter makes no 
claim to be in any way complete, and contains only what is essential for wave-mechanics. 

It is pleasant to see that the figures in the new edition are supplied with captions which 
were entirely lacking in the earlier editions. Prof. Brose states in his preface that the author 
wished the translation not to be too literal, slight modifications being left to the translator’s 
discretion. Comparison of certain passages in the first edition with corresponding ones 
in the new shows that his exercise of this privilege has improved the work. Occasionally 
one wishes he had gone even farther in this direction, and abandoned some symbols, words, 
and phrases with which the German reader may be at home but the English reader is not. 
We are not, for instance, in the habit of using the words “partial band,” ““R-band,” 
“P_band,” “edge” and “disturbance” (Chapter 1x) for “band,” ‘“R-branch,” “P- 
branch,” “head” and “perturbation” respectively ; and as a symbol for moment of inertia 
we prefer J to 7 in a text in which the latter is also used for a quantum number. And why 
retain both j and 7 for one and the same quantum number in the same chapter? We could 
also wish that it were permissible for a translator to jettison the misnomer “ Bergmann 
series” (p. 352), since the term symbol mb of former editions is now replaced by nf’; even 
Gf the late Dr Hicks’s designation “ fundamental series” had not been adopted, there would 
have been little difficulty and much justice in coupling another investigator’s name with 
these series, for they were discovered by Saunders and by A. Fowler before Bergmann, 
working in Paschen’s laboratory, investigated them, and their significance was first clearly 
pointed out by Runge. ~ 

This English edition contains two sections which are not in the German editions but 
have deservedly received the approval of Prof. Sommerfeld. One of them is an excellent 
six-page account of hyper-fine structure and nuclear moments by Dr E. Gwynne Jones; 
‘tis well written and admirably suited to the main scheme of the work. The other is a very 
welcome addendum of five pages by Prof. Brose describing briefly the advances which 
have been made in atomic physics in the interval between the appearances of the last 
German edition and the present volume; the subjects of this addendum include investt- 
gations of cosmic radiation and nuclear transformations, and the discoveries of the positron, 
the neutron and the isotopic constitution of hydrogen. wae 

In so large a volume minor slips, especially in the matter of names and initials, are 
almost unavoidable; only a few so far have been noticed by the reviewer. “A. A. Milli- 
kan” (p. 15), ‘““Giaque” (p. TAZ); Je, WV Aston” (p. 171), “square brackets (p. 551), 
“nucleii” (p. 551), “Ann Arbor University” (p. 562), “‘ Lewin (pp. 566-7), “H.COOH 
(p. 586), and “ Birheland” (p. 598). The second sentence of the last paragraph on p. 559 
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as one finds on looking up the corresponding sentence in the first 
On p. 561 “equidistant sequences of lines 
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is meaningless, owing, : 
edition, to the omission of several words. 


re f equidistant lines.” 
ase Pcie scadente of atomic physics will feel more indebted than ever to 


Prof, Brose, and will welcome this new edition even more cordially than the old. — 


The Kinetic Theory of Gases (Some Modern Aspects), by Prof. M. KNuDsEN. Pp. 64. 
(London: Methuen and Co., Ltd.) Price 2s. 6d. 


This book practically reproduces the lectures given by Prof. porcine bes King’s 
College, London, in 1933. It deals almost exclusively with the author’s well- monte 
vestigations of phenomena occurring at low gas pressures. As a clear and concise first-han 
account of these important researches it is assured of a good reception. The beginner 
should, however, be warned that “Some Modern Aspects” is the operative phrase in the 
description of the text—he will find no summary of general kinetic theory. H.R.R. 


Geometrische Elektronenoptik, by E. BriicHe and O. ScHerzeR. (Berlin: Springer.) 
RM 26; cloth-bound RM 28.40. 


Although the general phenomena of the effects of electric and magnetic fields on 
electric discharges have been known for many years, it was only in 1926 that H. Bush 
showed theoretically that if such fields possessed an axial symmetry they could be used to 
focus the paths of electrons derived from a single point of origin. The full significance of 
this work was not at once realized and, broadly speaking, it was not followed up for some 
four years; but in the period from 1930 to the present time a great deal of work has been 
done which is ably summarized in the book.under review. Not only have the practical 
possibilities been studied in the period mentioned, but the realization of the wave-directed 
characteristics of electrons in motion has enabled Glaser and others to apply Hamiltonian 
methods to the discussion of the theory. 

On the practical side, the new methods have proved of the greatest value for the study 
of thermionic emission from surfaces, and have had valuable applications in the design of 
cathode-ray oscillograph tubes. It has also proved possible to obtain real images of objects 
irradiated by electron streams; these will bear a magnification of 8000 or more, even with 
the employment of magnetic fields for which no attempt has been made to eliminate the 
aberrations which are known to be present. Theory indicates an ultimately possible re- 
solving-power far out-reaching that of optical microscopy, and it is by no means impossible 
to deal with biological objects by special methods. The book presents a very complete 
picture of such practical developments up to the present date, and gives useful chapters 
on the theory, although the theoretical presentation makes a less coherent whole. The wave- 
mechanical theory, in spite of its mathematical beauty, proves over-strenuous, and more 
progress can. be made for practical purposes by more straightforward methods. 

Since there is such a complete analogy with Gaussian Optics in many respects, we may, 
perhaps, ask in passing why more attention is not given to the symmetrical form of the 
paraxial equations. A refractive index appears, for example, as proportional to the square 


root of a potential, and it would seem to be generally useful to quote the conjugate relation 
in such a form as 


’ 


<p f+ / 
ah ar ra or > 8 Eee p. 8 (Op,/dz)* dz= bia 


, > 
v ‘ = . . . . ~ - 
where / and I’ are conjugate distances. The corresponding Gaussian equation is 
non 2 n 


Unis ae 


Reviews of books 195 


: a well-known sign convention is used. Such equations convey far more information than 
hose usual in the book, which merely give an expression of the ‘focal length” as the 
esult of a theoretical discussion. 

___ In the discussion of such a large range of theoretical and practical matters a good deal 
is bound to lie outside the practical experience of any author, and it will not be surprising 
if such a book presents, on the whole, too easy an appearance to the whole subject. ‘The 
phenomena of the discharge tube are not by any means completely mastered, and although 
what appear to be results of surprising promise in ‘‘ microscopy” have already been achieved, 
there can be few subjects in which real advances will require more patience, skill, and 
technical resource. Consider some of the factors involved in the present image-production ; 
the very small angular apertures of the beams which have so far been found practicable for 
use, the heterogeneous character of the electron-energies, the aberrations of the lenses, 
only measurable with difficulty, and the various difficulties of vacuum work where high 
vacua must be maintained. It will be seen that the superficial reading of a text-book may 
easily produce a mental picture glowing in over-rosy hues. On the other hand the book 
does present a picture of a technical method which, although difficult, reveals no such un- 
surmountable barrier as that produced by the wave-length of light in optical microscopy ; 
no ultimate barrier, that is, in dealing with smaller and smaller objects until the region of 
the phantom electron wave-length is reached, in the neighbourhood of 10~* cm, or less. 
If technical methods of dealing with biological objects are successfully developed, the 
possibilities of advance are incalculable, and methods of microscopical examination of 
bodies far beyond resolving-power even of the ultra-violet microscope seem to be within 
the range of expectation. L.C.M. 


Diffraction of X-rays and electrons by amorphous solids, liquids and gases, by J. T. 
Ranpatt, M.Sc. Pp. xii+290. (London: Chapman and Hall, Ltd.) 21s. net. 


This book appears at an opportune moment. The discussions on the solid state at the 
recent conference showed that the centre of interest is shifting from a consideration of the 
structure of regular crystals to that of the irregularities which disturb the lattice and of the 
various non-crystalline and quasi-crystalline structures with which this book deals. In 
particular the problem of the transition from a liquid or a glassy state to perfect crystalline 
arrangement seems likely to occupy an increasing amount of attention in the next few years. 
The author has performed a valuable task in collecting together the very large amount 
of scattered work which bears on these problems and presenting it in a clear and logical 
order. His work will save a great deal of time and trouble to all working in this field and 
enable them to see more clearly the directions in which to advance. 

Apart from its purely scientific interest, the subject is of considerable industrial in- 
terest, especially as regards the study of glasses and organic fibres, so that it is appropriate 
that the author should be a member of one of the great commercial research institutions. 
The book is extremely up-to-date, and it is interesting to see the stress laid on electron- 
diffraction as an experimental method which has already proved its usefulness in this field 
and seems likely to have a rapid development. On the theoretical side the chief results are 
given with an indication of the way in which they have been obtained, but as a rule without 


detailed analysis. G.P.T. 


Thermionic Emission, by ARNOLD L. REIMANN. Pp. xi+324. (London: Chapman 
and Hall, Ltd.) 21s. net. 
In a volume of 324 pages the author gives an admirable survey of a subject which has 


received a vast amount of attention in recent years, particularly in the industrial research 
laboratories of manufacturers of thermionic valves, and it may be mentioned that the 


author is on the staff of the G.E.C. laboratories. 
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additions have been made to our theoretical and practical 
knowledge of thermionic phenomena. The classical theory has been Bp by a 
quantum statistics in the theory of electrons in metals and in a vacuum, and by the appli- 
cation of the wave-mechanical theory of the transmission of electrons through potential 
barriers. On the practical side the employment of modern high-vacuum technique has 
resulted in a marked increase in the quantity and accuracy of the data available. o 

The volume is primarily concerned with thermal electron-emission and the principal 
emitters are the metals and certain other electronic conductors. Thirty-three years have 
elapsed since O. W. Richardson derived his emission formula to fit the experimental re- 
sults for the emission of electrons from metals. In his theory the velocity-distribution of 
the electrons available for emission was assumed to be the Maxwellian. Later this theory 
was involved in so many difficulties that it had to be abandoned and has been replaced by 
the theory of electrons in metals originally put forward by Pauli and Sommerfeld and since 
modified and extended by Bloch and others. This theory assumes the existence of effec- 
tively free electrons, whose velocity-distribution, instead of being Maxwellian, is governed 
by the new quantum statistical principles of Fermi and Dirac. 

It has been shown by Nordheim and Sommerfeld that the substitution in Richardson’s 
derivation of his original formula of the Fermi-Dirac distribution for the Maxwellian dis- 
tribution leads to an emission formula concerning whose essential validity there can be 
no reasonable doubt. It is interesting to note in this connection that H. A. Wilson deduced 
an emission formula by thermodynamic reasoning without any assumption as to the actual 
mechanism of the emission, and this theory was further developed by Wilson and Richard- 
son. Later developments of the thermodynamical theory are due to M. V. Laue, W. 
Schottky and 5. Dushman. In its final form the formula derived thermodynamically agrees 
perfectly with that obtained by Nordheim and Sommerfeld by the quantum statistical 
method referred to above. 

Hence it will be apparent that the study of thermionics touches directly on the electrical — 
constitution of conductors and that the thermal emission of electrons is related to other — 
electron emission phenomena such as the photoelectric effect. In the present volume the 
theory is presented in a simple form, and where it has not been possible to discuss in any 
detail such branches of physics as quantum statistics and the modern electron theory of 
ee ~ author has tried to show by what processes of reasoning the results have been 

ved at. 

‘The book should prove of great value to those interested in the various practical appli- 
a of thermionic phenomena, and the author is to be warmly congratulated on the 
results of his labours in the production of the volume under review. E.G. 
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